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On Abu-Shady-Kaabar Fractional Chebyshev Differential Equation of the First Kind

Francisco Martinez and Mohammed K. A. Kaabar*

ABSTRACT: The newly proposed Abu-Shady-Kaabar (A-S-K) fractional derivative, initiated as generalized
form of fractional derivative, is studied in this paper. New results are obtained via this newly proposed
definition are investigated. The derivability and integrability of the sum function of fractional power series are
studied in this context. Likewise, the homogeneous sequential linear A-S-K fractional differential equation of
order 2a solutions’ existence around an ordinary point is analysed. The series solutions of the first kind A-S-K
fractional Chebyshev differential equation, briefly named in this work as A-S-K Chebyshev-I for simplicity, are
obtained. Some interesting properties of the A-S-K Chebyshev-I polynomials are also included. The novelty
of this work lies in introducing the A-S-K derivative, which generalizes fractional calculus by integrating a
new definition of the fractional derivative through an incremental ratio based on a power law. The A-S-K
derivative provides a framework that is differentiable, integrable, and capable of handling complex fractional
systems effectively.
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1. Introduction

The theory of fractional calculus (FC) has been actively the current focus of several researchers in mul-
tidisciplinary fields of research due to its applicability in various systems in physics and engineering. FC
can be categorized into two types: nonlocal and local definitions. The most common nonlocal definitions
of FC are Riemann-Liouville and Caputo (sometimes known as Liouville-Caputo in some research works)
(see[1,2,3,4,5] for more details about such definitions). One of the most commonly known local definitions
of FC is called the conformable derivative definition [6], interpreted physically in [7] and geometrically
in [8], which was proposed to overcome the obstacles associated with classical nonlocal FC definitions in
solving differential equations, formulated in the context of FC, analytically without the need for modified
or complex numerical methods. This definition has received some criticism in some research works [9],
indicating that this definition has some disadvantages in comparison to the classical nonlocal definition of
Caputo. In the cited paper it is shown how the use of the conformable operator produces a substantially
larger error compared to the Caputo derivative when used to solve fractional models. As a result, in
[10], Abu-Shady and Kaabar formulated the A-S-K fractional derivative, to create an alternative defini-
tion to all previously mentioned definitions that can efficiently solve differential equations of fractional
orders analytically, while having the same results that agree with the nonlocal classical definitions of
Riemann-Liouville and Liouville-Caputo results. A-S-K definition has been theoretically studied in [11]
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and applied in [17,18] for the diatomic molecules in the Deng-Fan model and heavy tetraquark masses
spectra, respectively.
In this context, we can highlight the following topics as main objectives of this research work:

1. First, we extend the integral fractional ASK theory introduced in [10], studying important prop-
erties such as Barrow’s rule, the mean value theorem or some properties of the modules of this
integral.

2. The results on derivability and integrability of the sum function of fractional power series are
established in this context.

3. The A-S-K fractional power series method is introduced.

4. The above method is employed to find the solutions of the A-S-K Chebyshev-I.

This study is constructed as: The A-S-K derivative with its essential properties are mentioned in Section
2. Novel results on the A-S-K a-integrals are investigated in Section 3 to extend the obtained results
in [10]. In Section 4, several essential results on the A-S-K fractional power series are discussed; in
particular, the A-S-K fractional differentiability and the integrability of the sum of a power series are
studied. In addition, the solutions’ existence around an ordinary point of homogeneous sequential linear
A-S-K fractional differential equation of order 2« is studied in detail. In Section 5, the series solutions
of A-S-K Chebyshev-I are obtained via the A-S-K fractional power series method. This research study is
finalized by establishing interesting properties of the A-S-K Chebyshev-I polynomials. Section 6 concludes
our work.

2. Preliminaries

In this section, basic concepts and definitions are stated to use them in the results of this work.
Definition 1. For function m : [0,00) — R, the A-S-K derivative of order 0 < a <1, of m at t >0 is
expressed as [10]:

m(t+ ( % )stl’o‘) —m(t)

DATS=E iy (1) = lim ., B>-1,8€ R . (2.1)
e—0 3
If m is a-differentiable function (a-DF) in some (0,a), a > 0, and lim;_,o+ DA™K m (t) exists,

then it is written as:

DA K n (0) = lim DA™K m(t) . (2.2)
t—0+
On one hand, in Eq. (2.1), the constraint § > — 1 is mentioned so that the Gamma function in

Definition 1 is well-defined positive and finite, since Gamma function is defined for all complex numbers
except for the non-positive integers. On the other hand, if 8 < —1, the Gamma function will not hold, and
this can cause it to be infinite, which will not be mathematically in agreement with the ASK derivative’s
definition.

Theorem 1. [10]. Assume that 0 < a <1, 3> —1,8 € R"and suppose that m,p be a-DF at a point
t > 0. Then, we get:

1. DAS=K [am+bp] = a DA5-K [m] +b DA=5-K [p], Va,b € R.

3. DA=S=K [u] =0, Yconstant functions m (t) = pu.

4. DAS=E [mp] = mDA=5=K [p] + pDA=5—K [m)].

5. DA [(m)] = p2A N ot o g,

P p?
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6. If, additionally, m is DF, then we have:

F(ﬂ) lfadm

DA K (t) = TG ail E(t)'

The A-S-K a-derivative of certain functions is:

1. DA=S-K [1] =0,

2. DA [sin (s1)] = gyt cos (s1)

3. DA feos (s1)] = — i gt~ in st),
o s sI’ —a s

4 DATSTK (o] = i

In addition, the A-S-K «a-derivative of the following functions are expressed as:

A-S—-K [L(B=a+1) a
1. D O] =1,

2. DA-S-K sin(r(ﬁ atl) sa ]—COS( (8- O‘H)t")

al'(B) ) al'(B)
3. DA=S-K [cog (F(ﬁ at1) to‘)] —sin (F(fp(og)'l)to‘>

1 DA [ _ (S

Theorem 2 (Chain Rule). [11]. Suppose that 0 < a <1, 3> —1,8€ R", pis A-S-K a-DF at t >0
and m is DF at p(t) then

DATSTE [m p] (t) = m” (p(1)) DA p(1). (2.3)
Remark 1. [11]. Since the differentiability indicated that the A-S-K a-differentiability and suppos-
ing that p (¢) > 0, the Eq. (2.3) can be expressed as:

w1l A-S-K
DAS=K [ p] (1) = Wp (t) D m (p(t)) DA5K p(4). (2.4)

Theorem 3. (Rolle’s Theorem for A-S-K «-DFs). [7]. Suppose that a > 0, o € (0,1] and
m: [a,b] = R be a given function that satisfies:

1. m is continuous on [a,b].
2. mis A-S-K «-DF on (a,b).
3. m(a) =m(b).
Then, 3 v € (a,b), > DA™K m (v) = 0.
Theorem 4. (Mean Value Theorem for A-S-K a-DFs). [7]. Assume that a > 0, o € (0,1] and

m: [a,b] = R be a given function that satisfies:

1. m is continuous on [a,b].

2. mis A-S-K «-DF on (a,b).
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Then, 3v € (a,b), >

m (b) —m (a)

DA K (v) = F" —a®)

(2.5)
r(B—a+l)

al'(B) -
Theorem 5. [11]. Suppose that a >0, a € (0,1] and m : [a,b] — R be a given function that satisfies

where k =

1. m is continuous on [a,b].
2. mis A-S-K a-DF on (a,b).

If DA=5K m(t) =0, Vt € (a,b), then m is a constant on [a,b].
Corollary 1. [11]. Assume that a > 0, o € (0,1], and M,P : [a,b] — R be functions such that
DA=S=K M (t) = DA=S=K P(t) V t € (a,b). Then, 3 a real constant C, such that

M (t)=P(t)+C. (2.6)
The A-S-K a-integral of a function f starting from a > 0 is expressed as:

Definition 2. [10] I&(m)(t) = F([;_(g;'l) f(f Zi(_z(z dx, where this integral is the known Riemann improper

integration, and o« € (0, 1].

According to Definition 2, the following is obtained:

Theorem 6. [10]. DA~5=K 12 (m) (t) = m(t), for t > a, where m is any continuous function in the
domain of I,.

To call the A-S-K derivative a fractional derivative, we need to prove that the fundamental property of
every fractional order of derivative must be obey the semigroup property as follows:

Suppose that the function m(t) in Definition 1 is m (t) = t* , s € RT, where s > —1, we show that

Dﬁ_s_KDg_S_Kts = Dé;g_KtS as follows:
By using the results in [10], we obtain: DgiS*Kts = %tsfﬁ.

From the left-hand side, we have:

A—S—K nA—S—K,s _ L(s+1) A-s—r,s—B6  L(s+1) L(s=B+1) 5.4
Da D3 t _r(s—ﬂH)Da t _F(sfﬁJrl)F(szfaJrl)t
F(S + 1) tsfﬁfa
N(s—B—a+1)

From the right-hand side, we get:

DA—S—Kts — F(S + 1) tsf(oHrB) F(S + 1) tsfafﬁ

ath I'(s—(a+B)+1) I's—a—p+1)

Both sides are equivalent, and hence the A-S-K derivative satisfies the semigroup property.

For A-S-K integral, from the results in [10], we suppose that the function m(¢) in Definition 2 is m (t) =
t*, s € RY where s > —1, and a = 0, we show that I(’j’S’K[BA_S_KtS = I;‘;IBS_KtS.

From the left-hand side, we obtain:

sk, T(B—-04+1) togs rg-p+1) t57 F(ﬁ—5+1)ts+6
L =00 /oxl—f”d‘”: () /o“”” e = e T

F(l) ts+8 - 1 tst8 - tst8
r@)s+p Tr@B)s+B  I'B)(s+P)

A—S—K teth ~ TI'(a—a+1) L asth v I'la—a+1) txs+[3*1+a .
fa (F(ﬁ)(Hﬂ))_F(a)F(ﬁ)(8+B)/o i _F(a)F(ﬂ)(erﬁ)/o I
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I'a—a+1) tsth+a r(1) tst+B+a tsth+a

D@ B)(s+ph)s+B+a (@I B)(s+B)s+B+a '@ (B)(s+B)(s+B+a)

From the right-hand side, we obtain:

a s r,s Tl@+B—(a+p)+1) [ a° CT(a+B=(a+B)+1) [* 104
lass =T arp) /Ml,w)dx— I'(a+h) /”” e

B F(l) ts+a+ﬁ
_F(a—l—ﬁ)s—i—a—i—ﬁ

1 tstatp tstotp
" T(a+BstatB T(atp)(statp)
From Gamma function identity and Beta function, we have:
I'(a+p)= ng)arg) where B (a, f) = 3 in this example.
Thus, T (o + §) = ") = (5 4 B)T (o) (B).

s+8
Then, by substitution the above in the result of right-hand side, we get:

JA-S-Kys _ tetots

a+p (s+ BT (a)T(B)(s+a+p)

Since both sides are equivalent, and the A-S-K integral satisfies the semigroup property.

Now, we suppose that the function m(t) in Definitions 1 and 2 is m (t) =t*, s € RT, where s > —1, we
show that Df’S’K(Ig_S_KtS) = Dé__g_Kts as follows:

By using all of the previously obtained results, we get the following;:

From the left-hand side, we have:

. ts+8
R ST
DA—S—K< to+h ) _ 1 I'(s+B8+1) s+B—a
“ re)s+p)) I'B)(s+p)I'(s+B—-a+1l)
= F(S+ﬁ+1) s«
r@)(s+p)rs+ps-—a+1)
 GEATEHA) s
rg)(s+8)rs+s—-—a+1)
_ I'(s+B) s+B—a

B (s+B—-a+1)

By using the Beta function relationship with Gamma function, we get:

A—S—K to+h _ I' (s +B) s+B—a
Pa (Fw)(sw))‘r(mr(sw—amt
_ F(5+1)F(ﬂ) ts+ﬁfoz: F(5+1) tSJFB*Oé
rg)yrs+s—-—a+1 '(s+p—a+1)

From the right-hand side, we obtain:

F(S+1) terBfa
I'is+B—-a+1)

A—S—K s __
DAZE Ky =

Since both sides are equal to each other, then the semigroup property is satisfied only if & > 5. As a
result, the ASK derivative is a fractional derivative.
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3. Novel results on A-S-K a-Integrals

New results concerning the A-S-K a-integral, extended from [10], are discussed in detail in this section.
Theorem 7. Assume that a > 0, a € (0,1] and m be a continuous real-valued function (R-VF) on
[a,b]. Let P any R-VF with the property DA=5=K (P)(t) =m (t) for all t € [a,b]. Then, we get:

I'-a+l) [Fm()
dt =P (b) — P(a). 1
o [ =P - P (31)
Proof. We suppose that M be a function on [a, b] defined as M (t) = F(B O‘H) f 2) dz, which can

be named as the A-S-K a— integral function of m.

From Theorem 6, DA~5=K (M) (t) = m (¢) for all ¢ € [a, b].

Since M and P have the same A-S-K derivative, then by Corollary 1, 3 a real constant C such that
Pt)=M(@)+CVte]la,bl.

Thus, P (b) — P (a) is written as:

P(b) = Pla)=(M@D)+C )= (M(a)+C)

T@—a+l) [ [Pm@),  [m) rB—a+1) ["m(t) (3:2)
A (a ot o O dt) I'(p) a T

Note that the term % in the definite integral in Theorem 7 can be denoted as the coefficient

¢(a, B), which can be interpreted as the Mellin transform of the product m (t)-w (a, b) , where the w(a, b)
is the window function such that

w(a,b){ 1, if a<t<hb,

0, otherwise

where this Mellin transform exists for a > 0, and it is generally defined in the complex domain with
v = p+in where p > 0 . As a result, the Mellin transform can be generalized as follows:

Pm ()
t=

Mm (t) - w(a,b)] (v) = dt,

a

that extends naturally to the complex domain with v = p + 7, and the A-S-K integral can be re-defined
in terms of Mellin transform as follows:

IE;*S*K[m ®](t) = (e, B) f: %daz with an inverse Mellin transform, expressed as:

c+ioco m
m(t) - w(a,b) = 1 / wd%

27i ico tY

The above approach is just an outline of future extension of the current results to make them applicable
in broader settings such as computational modeling in engineering sciences.
Remark 2. It is easy to propose the following conformable version of the classical Mean Value Theorem
for A-S-K a- integrals.
Theorem 8. Assume that a >0 and m : [a,b] — R be a given function that satisfies:

(i) F(B a+1) ft Zi(fz dz Vt € [a,b], exists for some o € (0,1].

(ii) mh <m(t) < %H Vt € [a,b], for certain real numbers h and H.

Then, 3 p € [h, H] such that

FB=at) ["m@), e
a0 [ edt= 0 ). (3.3)

Proof. By the monotonicity property of the usual definite integrals, [12], we have:

h b h FrB—a+1) [Pm(t) " H H
— o @ = < < _ <7 Q@ @
5 (b a®) /a tl_adtf T ) e dtf/a tl_adtf o (b a®)
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.. a
Multiplying by 3z2—, then

h<upu<H. (3.4)

where y = % e ff :fgcz dt. Hence, Eq. (3.3) is obtained, and the proof is completed.

Corollary 2. If m is a continuous function on the closed interval [a,b], then 3 v € [a,b] such that

r—a+1) (Pm()  m@)
e J, oo

(% —a%). (3.5)

Proof. By simply applying the classical Maximum and Minimum Value Theorem, [13], to Eq. (3.5).
Theorem 9. Let a >0 and m : [a,b] — R be continuous function. Then, for « € (0,1],

FB-atl) (*m@) | _TB-atl) [*|m@)
r L e < oy [ e (36)
Proof. The result follows directly since
rB—a+1) "*m() rB—a+1) [*|m() rB—a+1) (*m(t)]
A R e L B A
Corollary 3. Let m: [a,b] = R be continuous function such that
H= r[r;i)}(|m(t)| .
Then, any t € [a,b], a € (0,1] ,
rB—a+1) Pm() rB—a+1) H,, .
O A S e Gl (3.8)
Proof. From Theorem 9, we have that for any ¢t € [a,b], a € (0,1]
rB—a+1) [*m(t) r—a+1) [*|m()
), et < gy
F(ﬂ_a—’_l) bafl 7F(ﬁ_a+1)H o «
SI_'(B)H/at dt—w;(b 7&)

4. The A-S-K Power Series Representation

In [14], some essential results concerning the classical power series are generalized to the fractional power
series. In this section, our goal is to establish various differentiability and integrability theorems for the
sum of a fractional power series in the sense of the A-S-K derivative and integral definitions.

First, let us recall some elements about the fractional power series [14].

Definition 3. A power series representation is expressed in the following form:

D ealt —10)™ =coter(t—to) + calt —t0)* + ... (4.1)
s=0

where 0 < a« < 1 and t > tg > 0 is called as the fractional power series about tg, and cs’s are
constants which are called the coefficients of the series.
In particular, when ¢y = 0, Z:io cst®® is known as a fractional Maclaurin series. For simplicity, we will
only present the case when ty = 0 as follows:
Theorem 10. [14]. We have the following two cases for the fractional power series Zzio cst®™, t>0:
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1. If the fractional power series Z:io cst®™ is convergent when t = b > 0, then it is convergent
whenever 0 <t < b.

2. If the fractional power series y .o, cst°* is divergent when t = d > 0, then it is divergent whenever
t>d.

Theorem 11. [14]. For the fractional power series Y . ,cst>* , ¢ >0, there are only three cases:

1. > cst®™ is convergent only when t =0,
2. > est*™is convergent for each t > 0,

3. There is a positive real number R such that the series is convergent whenever 0 <t < R, and it is
divergent whenever t > R.

Remark 3. From Theorem 11 case (3), R is the radius of convergence of the fractional power series. By
convention, the radius of convergence is R = 0 in case 1 and R = oo in case (2).

Remark 4. Assume that the following fractional power series > oo cst*®, t > 0 has R > 0. As in
the classical case, [12], it is easy to prove that if 0 < p < R, then the fractional power series converges
uniformly on the interval [0, p], and the sum of the series is continuous in [0, R).

Remark 5. To investigate the convergence of the fractional power series, we test that by ratio test as
follows [15]:

. cst®® . Cs
lim | —————| = lim
5—00 CS+1t(3+ o 5—00 CS+1tO‘
Now if we assume [ = limg_, o cci , then:

1. If [ = 0, the series will diverge for all ¢ # 0.
2. If0 < I < oo, then Y ¢st** converges if 0 <t < l= and diverges if t > l=.
3. If | = oo, the series converges for all ¢ € [0,00).

Example 1. Applying the above result, we study the convergence of some fractional power series.

k
1. The geometric series Y - (—1)"t =14t 442 44324 has radius of convergence R = 1,
= 1. At t = 1, the series becomes 1 + 1+ 1+ 1+ ..., which diverges.

since | = limy_,

Ck+41
Thus, the interval of convergence of the power series is [0,1). The series converges uniformly on
[0, p] for every 0 < p < 1, but it does not converge uniformly on [0,1).

k [e3 2 [e3
2. Let 0 < a < 1. The power series Y po (M) t;—, =14 fCatlyor (F(B_O‘H)) 2y

al'(B) al'(B) al'(B) 2
(%) % 4+ ... has a radius of convergence R = oo, since | = limg C:il
. SO NV k)|
= llmk;ﬁoo (F(Bia;,}()ﬂ)) k-k| = hmk—)oo F(C[;I:(fllf) (k + 1) =0 .
(F(Bfoﬂrl)) :

3. The power series > poo ((2k + 1)!) t5® = 14 (31) ¢t™ + (5!) t2* + (7!) t3* +. .. has a radius of conver-

gence R = 0, since | = limy_, o ’cgil %‘ = limp_ 00 m =0.

= limy 0

Remark 6. As in the classical case, we will show that the sum of a fractional power series m (t) =
co + 1t + cot®® + c3t3* + ... is infinitely A-S-K «a-DF inside its interval of convergence, and it’s A-S-K
a—derivative:

DA K m (t) = %acl + %20@2” + %3@03#0‘ + ... is given by the term-by-term
differentiation. To show this, we first prove that the term-by-term A-S-K a—derivative of a fractional
power series has the same radius of convergence as the original fractional power series.
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Theorem 12. Assume that the fractional power series Zzio cst®® has radius of convergence R. Then,

the fractional power series y .o, %sacst(‘g_l)a also has radius of convergence R.

Proof. See the proof of Theorem 3.3 in [14], and note that > oo ¢st** and > o | %sacst(“l)“
have the same behaviour.

Theorem 13. Assume that the fractional power series m (t) = Y oo cst** for all t € [0, R) , has the
radius of convergence R > 0 and sum m. Then, m is A-S-K a-DF in [0,R), and

5 I'(8)
DA S K Z sae t(s 1)a
= I'(B—a+l)

Proof. According to the term-by-term differentiation of the fractional power series, it is convergent

n [0,R) by Theorem 12. Suppose that its sum is p(t) = > o, %saqt(sfl)“. Assume that

0 < p < R. Then, by Remark 4, the fractional power series for m and p both converge uniformly in [0, p) .
By applying the classical result on the differentiability of the sequences of functions [9] to their succession
of partial sums, we conclude that m is differentiable in [0, p) and DA=5=% m () = p(¢). Since this holds
for every 0 < p < R, it follows that m is differentiable in [0, R) and DA~5~K m (t) = p(t), which the
result is proven.

Repeated application of theorem 13 implies that the sum of a fractional power series is infinitely A-S-K
a-DF inside its interval of convergence and its derivatives are given by the term-by-term differentiation
of the fractional power series. In addition, we can get an expression for the coefficients ¢4 in terms of the
function m, named as as the fractional Taylor coefficients of m at ¢ = 0.

Theorem 14. If the fractional power series m (t) = > oo, cst** has a radius of convergence R > 0, then

m is infinitely A-S-K «-DF in [0,R), and cs = (Ff;(o‘ﬁ';l)) (S)D%:K mO) where () DA=S—K =
DA—S—K DA—S—K . “DA—S—K

m, s times.
Proof. By applying Theorem 13 to the power series m (t) = co + 1t + cat?* + c3t3* + -+ - + et +. . .,
n times, we find that m has a—derivatives of every order in [0, R), and

W pA=S-K (t) =T ar 1 (6F—(§)+ 0 acy + 27F (5F—(§)+ 0 acot® + 37]’ (5F—(§)+ 0 acst?® 4 ...
r (ﬁ) (s—1)a
+ s§——""——aqc,t +...
Irg—a+1
(F (8) '\ G ’
(2)DA_S_K m (t) :2<F(/B—a—|—1)a> C2 + (3 . 2) (WQ> C3ta + ...

+s(s—1) (F(Bp—(fz)—i-l)a) et 4

G pA=S=K (1) =(3-2- 1)<F —a—i—la)

3
+s(s—1)(s 2)<F(F_(§+1) )ct(5‘3)“+...

3

M DA=S=K 1 (1) = (n)) (F(ﬁp—(i)—i—l)a> Cn+ ...

+s(s=1(s=2)...(s—n+1) (1“(511(&1)O‘> ¢ tls=ma 4

where all of these power series have the same radius of convergence R. Finally, we obtain:

r'(B—a+1 —S— a+1 n(")DASKmO
(5F(ﬂJ)r)(1)DA S=K m(0) , ... 7Cn:( = +)) : (0)

co=m(0),c = o7 (P

the result.
Remark 7. If the power series is centred at point ¢y > 0, that is,
m(t) =3 oo gcs(t —to)*, for all t € [to,tg + R).

, which proves
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from the above theorem, it is easy to obtain:

1)\ ® () pA-S—K
¢ = (Plrpsr) R mte) for every 5 = 0,1,2,

Finally, we will show that the fractional power series can be integrated term by term on every closed
interval that contains in its interval of convergence.

Theorem 15. Assume that the fractional power series Zjio cst®® has a radius of convergence R > 0.
Then:

1. The A-S-K a—integrated power series 25 0 %c tHDa conpverges for all t € [0,R).

2. If t€[0,R), it is verified that

rg—a+1 rB—a+1) (¥ ., do
L0l [ (S )mla—zw/om

_Z — Oé+ 1) t(s+1)a
aF (s + 1) '

Proof.

I a+1
1. From a certain s, % <1, V¢t € [0,R). Then, we have:

M (s+1)a M sa sa
af(ﬂ)(s—i—l)cst < al (B) (s + 1) les| % < e | 5.

According to the comparison test, the integrated series converges.

1. Since Y csx® is a series of continuous functions that converge uniformly in the closed interval
[0,t], we can integrate term by term. The above equality is a consequence of the convergence of

D %cst(sﬂ)a at both 0 and ¢.

Example 2. Let 0 < a < 1. The power series > ©__ (k+ 1)%,5@

ar(s)
’ = limg 00 7F(BF&+>U(I€+1) =
T —atD) (k+2)

ka
By taking f (t) =>_ (k+1) F(%iiﬁnt for all t € [0,1), we have:

LB—a+1) [ dt  TB-a+1) [f < al'(B) )| dt
o O (,?k MRS CErE ) s
-« + 1) al'(B) . dt
_Z /()(k+l)F(ﬂ—a+1)tk ti-a
_ Zt (k+1)a 1 ot

By differentiating both sides of the above equality, we obtain:

A-S—K _ pA-s—k [t _al'(p) 1
b JH=D (1—ta)_r(ﬁ—a+l)(1—ta)2'

has a radius of convergence

R =1 since we have: | = limy_, ot

Now, we consider the most general sequential linear homogeneous A-S-K fractional differential equa-
tion, expressed as:

MDAy ()t ap_y () "IDAE y (1) 4 b ay ) VDA K y(t) +ag (1) y (1) =0.  (4.2)
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Definition 4. Let o € (0,1] and m (t) be a real function defined on [0,a]. In this case, m (t) is said
to be a A-S-K «- analytic at 0 if m (t) can be written as:

o0

chtm (cs €R)

s=0

YVt e [0,R). R is the radius of convergence of this fractional power series.

Definition 5. Let a € (0,1] and the functions as(t) be a A-S-K «- analytic at t = 0, for s =
0,1,2,..., n—1. In this case, the point t =0 is said to be a A-S-K «-ordinary point of Eq. (4.2).
Theorem 16. Let o € (0,1] and co,c1 € R. If t =0 is a A-S-K «- ordinary point of the fractional
differential equation

BDAT y (#) +a () VDATS Ty () +b() y (1) =0, (4.3)

then there is a solution of the above equation as:

y(t) = Z cst® . (4.4)
s=0

for t € [0,R) with R = min{Ry, Ro} and initial conditions y(0) = co and W DA=5=K 4(0) =
%acl, where Ry and Ra are the radii of convergence of a(t) and b(t), respectively.
Proof. Since t = 0 a A-S-K a-analytic point of Eq. (4.3), by Definitions 4 and 5, we can write:

a(t)=> ait™, Vte[0,Ry). (4.5)
s=0
and
b(t) =) bit™, Vte[0,Ry). (4.6)
s=0

Now, we look for a solution in the form Eq. (4.4) of Eq. (4.3). By substituting Eq. (4.4) and it is
A-S-K a-derivative in Eq. (4.3), then we obtain:

Z<F(ﬁ_a+1>a> (s+2)(s+1)cs+2t +<;)ast )(gf(,@—a—i—l) (s+1) s+1t >

s=0

- (En) ($5e) -0
s=0 s=0

Then, it is easy to see that the coefficients ¢, satisfy the following recurrence formula:

OV sneane =<3 (LDt an e )
(Fmarme) Craeene =3 (rE et ot thoe). @0

Next, we are going to show that if the coefficients ¢4 defined by the above formula, then the fractional
series y (t) = Yoo cst*™ is convergent for ¢ € [0,R). Let us fix p, such that 0 < p < R. Since the
fractional series in Eq. (4.5) and Eq. (4.6) are convergent for ¢ € [0, p), there is a constant H > 0 such
that

H

|as—n| < W’

|bs—n| < (se NU{0},0<n<s). (4.8)

p(s—n)a ’
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Using Eq. (4.8) in Eq. (4.7), we obtain:

(rmae) G+

H r
< 72 (F(ﬂ—(i)—&—l) (n+1) |Cn+1|+|0n|> p" + H |cpi1] p®.

s
P n=0

2 (5t Dlewsal + el ) o

n=0

Now, we define:
Co = |co|, C1 = |ca

and

2 S
(F(B))a> (s+2)(s+1)C = pH Z (F(ﬁ)a (n+1)Chir + Cn) P+ HCsy1p%.

r—-—a+1 042 = r—a+1)
(4.9)
for s > 2.
Using mathematical induction, it is easy to prove that |c,| < C,, C, >0 for n =0,1,2,...
Now, we are going to study so that t the series:
oo
> oo (4.10)
s=0
is convergent.
Using Eq. (4.10), we obtain:
re) Y H (T
— < a s(s+1)C = an+1)Chi1 +C, ) pP"*+HCp”.
<F(ﬁ—a—|—1) ) ( ) . p(81)an¥0<l—‘(/8_a+l) ( ) Cni1 )p p
(4.11)

I'(B) ?  H X I (B) o )
<Wa) 5(8—1)08—Mg(wa(n+l)0n+l+cn>p +HC,_1p>.
(4.12)

From Eq. (4.11) and Eq. (4.12), we have:

aia:s :&azss_ Lﬂ)asa 2a
P (p( ) ) (+1)CS+1 (r( ] ) (s—1)C + Hsp“Cyot+ HCyp

B_atl B_atl TB-arD
(4.13)
Hence,
a(_r® )
C, p (ma) s(s+1)
= 2
Cata (71«(;_(&11)04) s(s = 1)+ F—arD a)_H)oszpa—FHan

is obtained. By the help of ratio test, we have that

. Cs
lim = p“
S§—00

Cs+1

Thus, the series Eq. (4.10) converges for ¢ € [0, p). This implies that the series Eq. (4.4) converges for
t € [0,p). Since p was any number satisfying 0 < p < R, the series Eq. (4.4) converges for ¢t € [0, R).
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5. The A-S-K Chebyshev-I and its solutions
Consider the following A-S-K Chebyshev-I:

se ) 5- I (5) ’
17t2o¢ (2)DA S—K 1) — > (I)DA S—K t 2 t) = 0.
(1) V0~ F e v+ (FEoag®) W

(5.1)
where o € [0,1), t > 0 and w is a real constant. If « = 8 = 1, then Eq. (5.1) becomes the classical

Chebyshev’s differential equation [13]. ¢ = 0 is an ordinary point of Eq. (5.1). Now, by using the A-S-K
fractional power series method and proposing the following solution:

y(t) =) ct™ (5.2)
s=0

By substituting Eq. (5.2) and the A-S-K fractional derivatives in Eq. (5.1), we have:

(oo}
2co 4+ 3+ 2 c3t® — e1t® + wcy + wie t* + Z [(s +2)(s+1)coqa — (82 — w2> c

5=2 s

[t =0,
The above equation implies:
2co + w200 =0.

3:2c5— (1—w?) ey =0.

(s—|—2)(s—|—1)cs+2—<82—w2)c ,8>2 .
s

Note that the recurrence formula above can be written as:

9 2
_ s° —w <9
Coi9 = —————C5 ,5>2 .
P G5+2)(s+1)
Hence, we obtain:
w2
62—7?60.
1 —w?
C3 = 31 Cy.
4 — w? w2(4—w2)
Ccy = Cy = — c
RVIE B 4! 0
. 9—w26 (1711)2)(97102)C
> 5.4 0T 51 1'

In general, we can write:

(—w?) (4-w?) (16— w?)... (25 -2)° —w)

(29)! co-
(1-w?) (9 —w?) (25— w?)... (25 = 1) = w)
Cos+1 = 25+ 1)! cy.

for s > 1.

As a result, we have the following general solution of Eq. (5.1):

w?) (4= w?) (16— w?) ... (25— 2)" —w”)
(29)!

t2soz

y (1) = co 1+2(_
s=1



14 F. MARTINEZ AND M. K. A. KAABAR

—w?) (9 - w?) (25— w?) .. (25— 1) -

S w2> (2541)
« 2s+1)a
o)t +; 25 1 1) t

Remark 7. Note that the above equation can be written in the following form:

y(t) = coy1 (t) + c1y2 (t)

where

o0 (—w2 —w? — . —w
=1+ ; @) . (5.3)

o (1-w?) (9 —w?) (25 — w?) ... ((2s — 1)° -
wH=1"+3, 25+ 1) (

s=1

w
) t(25+1)a' (54)

To find the radius of convergence of the series Eq. (5.3) and Eq. (5.4), we will use the ratio test as
follows:

y (25 +2)! (—w?) (4 — w?) (16 — w?) .. (23— —w ) L (254225 +1)

im =lim ——F————=1
s7ee (25)! (—w?) (4 — w?) (16 — w?) .. ( ) s7ee ((23)2 —w )

. (25 +3)! (1-w?) (9= w?) (25— w?) ... (25— 1)* — ) L syt
72l (25 4 1)1 (1—w?) (9 — w?) (25— w?) ... ((25 +1)2 - w2) e ((25 +1)2 - w2)

Hence, from Remark 5 it follows that the radius of convergence is R = 1 in both cases, and in that case
y (t) converges for ¢t € [0, 1).

Remark 8. Note that if w € N, one of the above series Eq. (5.3) or Eq. (5.4) is truncated at s = 212 if
w is even, or at § = “’T“ if w is odd. In the first case, a polynomial of degree w is obtained that has only
even powers of t*, and in the second case, a polynomial that has only odd powers of t*, also of degree w,
In short, is that if w € N polynomial solution of A-S-K Chebyshev-I is obtained.

For example, if w = 2,4, 6,8 the corresponding polynomial solutions are

W (t) =1-— 2>,
W (t) = 1 — 82« + 8t*e,
W (t) =1 — 18t> + 48t — 32¢%.
W (t) = 1 — 326** — 160t + 2561°* — 128¢5.

and if w =1, 3,5,7 the corresponding polynomial solutions are

W (t) = t°.
4
W (t) = t* — 3%,
(® .
16
W (t) = t* — 483 + gtf’

64
W (t) = t* — 8t3* 4+ 16t°* — 71&70‘.

These polynomials, when multiplied by a suitable constant, are known as A-S-K Chebyshev-I polynomials,
as shown below.
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Remark 9. Based on the definition of A-S-K of order « and its properties, the A-S-K Chebyshev-I
polynomials can be expressed by the following Rodrigues’ type formula:

felt)= (_(;);'w' <F T (O[ﬁ)+ 1)>wm(w)D”K (1—t2)" %, (5.5)

for w =10,1,2,... and o € (0,1]. If « = 8 = 1, then Eq. (5.5) becomes the classical Rodrigues’
formula for Chebyshev-I polynomials [13]. Thus, from Eq. (5.5) the A-S-K Chebyshev-I polynomials can
be obtained by putting w =0,1,2,... as:
T8 (t) = 1.

T (t) = t°.
TS (t) = 262> — 1.
TS (t) = 43> — 3t~
T (t) = 8t1™ — 82> 1.
TS (t) = 16t°* — 2063 + 5.
TO (1) = 325 — 48¢™ + 182 — 1.
TS () = 64t™ — 112t° 4 5613 — 7t~
TS (t) = 1285 — 256t°* + 160t — 3262~ 4 1.

and so on.
Remark 10. As in the classical case, also the A-S-K Chebyshev-I polynomials can be defined by the
condition:

TS (t) = cos (weos™ (t*) ) , we NU{0} , t€[0,1) . (5.6)
It is easy to show that these polynomials satisfy the following recurrence formula, which involves the

A-S-K derivative of T (t):

F(ﬂ*O&%’l) _ {2« A-S—-K . = _wteTe wT®
T () (1-¢**)D Tw(t) tT (t) +wTp_y (t) . (5.7)

Indeed, if we take the following change of variable:
0 = cos™* (%) .

Therefore, from Theorem 2 we have:

r-—a+1) . A-S—K A-S—-K I'(B) 1
t*=cos = 1= ——————~sinbD 6= D 0=— .
cos al' (B) s rg-—a+ 1)a sinf
Then, according to the equation above, we have that
A—S—K @ A-S—K I'(B) sin (wo)
D T,t) =D (cos (wh)) = ow . (5.8)

rg—a+1 sinf
Finally, using Eq. (5.8) we are going to construct Eq. (5.7) from its right-hand side:

—wt*To (t) + wTy_q (t) = — wt“cos (wh) + weos ((w — 1) 6)
= — wit“cos (wh) + w (cos (wh) cosh + sin (wh) sind)

= —wt%cos (wh) + wt“cos (wh) + wsin (wh) sind = wsin (wh) sinb
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_TB-a+l) > reg)  ,smwl)y _I'B-a+l) ey pa-s-x :
n al (B) 9(F(ﬂ—o¢+1) sinb ) ol (B) (1 t )D Tw ®) -

Remark 11. When the first two A-S-K Chebyshev-I polynomials T§ (t) and Tf (¢) are known, all the
remaining polynomials T (¢) for w > 2 can be obtained from the recurrence formula

(), tel0,1) . (5.9)

In fact, if we take in Eq. (5.8) the change of variable § = cos™! (%) , one can write

w—1

T () = 26T (t) — Ty

Ty (t) =cos ((w+ 1) 0) = cos (wh) cosd + sin (wh) sin 0
“ 1 (t) =cos ((w —1)0) = cos (wh) cosh — sin (wh) sinb.

w—1
Finally, by a*dding the above equations our result follows directly.
Remark 12. We end this section by including another form of the A-S-K Chebyshev-I in Eq. (5.1).
Therefore, this equation can be converted to a simpler form using the change of variable § = cos™! (t) .

Indeed, since DA5—K ¢ = —%aﬁ using Theorem 2 we have:
DA-S-K (B 1 dy

v= _F(B—a—i—l)asinedﬂ'
() pA-S-K |, _ re 1 (dy  cost dy
r(B—a+1) ) sin®0 \do> sinf df )’
Substituting the expressions of the A-S-K derivatives into the Eq. (5.1) gives:

@y

do?

The general solution of the above equation is given by the formula:

+w?y = 0.

y (0) = Cycos (wh) + Casin (wh) ,

which can be also written as:
y (0) = Ccos (wh + 7).

Here, C1, C3, and C, v are arbitrary real numbers. For simplicity, we can set v = 0. Then the general
solution of the original A-S-K Chebyshev-I will be given by the formula:

y (t) = Ccos (weos™" (%) ).

In this expression, w may be any real number. However, if w € N U {0}, this given function represents,
as known by the A-S-K Chebyshev-I polynomials.

6. Conclusion

Essential properties of the A-S-K fractional integral have been achieved, such as Barrow’s rule or the
mean value theorem. Likewise, the A-S-K fractional power series technique has been established, which
has been successfully applied to find the solutions of the A-S-K Chebyshev-I. Also, some interesting
properties of the A-S-K Chebyshev-I polynomials are derived. The research carried out highlights the
fact that these recently obtained results are considered as a natural extension of classical differential
calculus. The potential of this new definition of fractional derivative, both from a theoretical point
of view and due to its applications, is evident through the developments and remarks included in the
previous section. In short, this research can open a path for future works in which the results of classical
mathematical analysis are extended in the sense of A-S-K derivative. Likewise, focusing on the field
of applications, it may be interesting to extend the results obtained to important classical differential
equations, such as those of Legendre, Hermite or Airy. In addition, a full numerical study based on our
obtained theoretical results in this paper will be conducted in our future research studies.
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