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Application of contraction theory for the Synchronization of complex chaotic T-system

Rogayyeh Soltani, Saeed Nezhadhosein, Bashir Naderi* and Aghileh Heydari

ABSTRACT: In this paper, we investigate the synchronization of the complex chaotic T-system, with known
and unknown parameters. In addition, the behavior of this system for new parameters is discussed. The
controllers and estimation rule of unknown parameter are designed by using contraction theory (CT). The
main feature of the proposed approach is that the control design and stability of the synchronization error are
obtained without using Lyapunov functions. The numerical simulations confirm that the intended method is
robust and applicable to the mentioned systems.
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1. Introduction

Chaos, as an important behavior in nonlinear dynamical systems, has been studied over the last four
decades [16,23,32,24,10,31,2]. Hyper (chaotic) systems are nonlinear deterministic systems, such that
they have complex and unpredictable behavior without any random state variable or nondeterministic
parameter. The sensitivity of chaotic systems dependents on initial conditions and the systems’ parameter
variations. These systems have many important applications in science and engineering, e.g., nonlinear
circuits, laser physics, secure communications, neural networks, synchronization, control, and active wave
propagation [10,25,30,21,12,3,1,6,8]. Also, there are many interesting cases involving complex variables
that have been explored. For example the complex Lorenz equations used to describe and simulate the
physics of a detuned laser and thermal convection of liquid flows [22,26,7]. The electric field amplitude
and the atomic polarization amplitude are both complex, for details, see [26] and references therein.
Complex Chen and Lii chaotic systems have also been introduced and studied recently in [17].

Synchronization of chaotic systems with real variables, described by Pecora and Carroll [24], has
been received significant attention in the last few years. Chaos synchronization, as an essential subject
in science, has been widely investigated in many fields, such as physics, chemistry, ecological science,
and secure communications [9,4,31,40,42]. Recently, synchronization of chaotic complex systems was
studied in [18,41]. The complete synchronization, of two identical hyper(chaotic) complex systems with
certain and uncertain parameters is studied in [19,44,47]. The synchronization of different-order chaotic
systems and externally perturbed chaotic oscillators are discussed in [46,45]. The antisynchronization and
adaptive antisynchronization of two different chaotic complex systems are investigated in [15,14]. Phase
and antiphase synchronization, adaptive synchronization, and optimal adaptive synchronization of two
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identical hyperchaotic complex nonlinear systems are studied in [20,41,44]. Projective synchronization
and modified projective synchronization are performed on the chaotic and complex systems in [17,11].
In 2005, G. Tigan [27] introduced a nonlinear dynamic chaotic system as follows:

& = a(y—x)
y = (c—a)x—azxz (1.1)
z = xy-—bz,

with a # 0,b and c real parameters. The system (1.1) is called T-system, and some results about it are
presented, in [28,29,13]. Recently, in [?], the dynamical behavior and synchronization of the complex
chaotic T-system discussed for some value of parameters and complex conjugates of z and y. The
corresponding state space equations are as follow:

i o= a(y—x)
y = (c—a)r—axz (1.2)
i o= L(zy+ay) bz,

where © = 1 + 9%, ¥y = Y1 + iy» are complex variables, i = /—1 and z is a real variable. The over-bar
Z and gy denote the complex conjugate of x and y, respectively.

Control and synchronization of complex chaotic T-system, given in (1.2), are discussed in previous
works. For example, the authors in [44] used adaptive optimal control to synchronize this system. Also,
the optimal adaptive sliding mode is used in [43] to synchronization.

Contraction theory (CT), was introduced by Slotine in 1998 [37], is used as a robust tool for analyzing
the convergence behavior of nonlinear systems. In [34], CT was applied to control uncertain nonlinear
systems and used to generalize of Krasovskii’s theorem for the stability of these systems. In 2000, CT was
used to design the controller of mechanical systems [33]. In 2009, this method was used to synchronize
chaotic systems [37]. In 2013, CT has been used for the synchronization of the Lurie system [39]. In 2017,
the system controller was based on the nonlinear feedback of the contractile metric [36]. An adaptive
nonlinear control was proposed as a contraction metric in [35].

Motivated by the mentioned advantages of CT in control of dynamical systems, here, we used it
for the synchronization of complex T-system with new unknown parameters. The dynamical behavior
and synchronization of this system for new unknown parameters are presented. Moreover, we use this
idea with a parameter estimation roll as an adaptive approach, for a complex system with unknown
parameters. The main feature of the proposed controller is that it has less computational cost.

The paper is outlined as follows: In Section 2, the behavior of complex T-system and the concept
of CT are discussed. The synchronization of this system, based on the CT approach and numerical
simulations with known and unknown parameters, is given in section 3. Our concluding remarks are
given in Section 4.

2. Preliminaries

In this section, we discuss the dynamics and behavior of complex T-system with new parameters.
Also, a brief introduction to CT is given.

2.1. Complex T-system

As a extension of the chaotic T-system (1.1), which introduced by G. Tigan in 2005 [27], consider the
following complex version of this system [41,44]:

1 = a(yr — 1)

T2 = a(y2 — 12)

1 = (c—a)ry —azizy (2.1)
Yo = (c—a)re —axezy

Z1 = xiy1 + Taye — bz,

where a, b and ¢ are given similar to (1.1) in [40]. In [40] the behavior of system (2.1) studied for b = 0.6,
a =2.1and 0 < ¢ < 30. Recently, the dynamical behavior, synchronization, and application are discussed
in [41,44,43).
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In different approach, in this study, we focus on a complex T-system with new parameters b = 0.6,
¢ =29 and 0 < a < 30. The goal is to investigate the dynamical behavior and synchronization of it. First
of all, we calculate the Lyapunov exponents and bifurcation diagram as a chaotically proof of complex
T-system (2.1). The graphical results of Lyaponuve exponents and bifurcation are given in Figures 1 and
2, respectively. These figures show that the complex T-system is chaotic. Attractors of system (2.1) are
given in Figure 3.

[=—LyswovL 2 — LyapunovL 3] [ Lyspunov L 4 ¢ LyapunovL 5|
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Figure 1: Lyapunov exponents of system (2.1), for b = 0.6, ¢ = 29 and 0 < a < 30, and the initial
, 24(0) = —2, and z5(0) =0

conditions z1(0) = 1, z2(0) = —1, z3(0) =

Figure 2: Bifurcation diagram of system (2.1), for b = 0.6, ¢ = 29 and 0 < a < 30, and the initial
conditions z1(0) = 1, z2(0) = —1, 23(0) = 2, 24(0) = —2, and z5(0) = 0.
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Figure 3: Attractor of system (2.1).

2.2. Contraction theory (CT)

In this subsection, some basic preliminary of CT are discussed. Based on the concept of virtual
displacement between two different neighboring trajectories, TC scheme was introduced by Lohmiller
and Slotine in 1998 [38]. Let the nonlinear, non-autonomous dynamic system as follows:

= f(X,1), (2.2)

where x is the n x 1 dimensional state vector and f is the n x 1 nonlinear vector function, with J = g—)f(

is the Jacobian matrices of system (2.2). Now, consider the following inequality:

%(6TX5X) < 2 mae (0T X6X),

where X = X (t + 6t) — X (¢) is the virtual displacement between two different neighboring trajectories
and A4, is the largest eigenvalue of the symmetric part of the Jacobian matrix J; = %(J + Jb).
It can be proved that:

[6]| < [|6a]|efo Amaz (=TT, (2.3)

From the inequality (2.3), it is evident that if A,qq(x,t) is uniformly strictly negative, then [|dz| will
converge exponentially to zero. So the solution of system (2.2) will converge to a single trajectory,
exponentially [38].

Definition 2.1 [39] Consider the dynamic system X = f(X,Y). A region of the state space is called a

contraction region if the Jacobian matriz J = X is uniformly negative definite in that region, that is:

1,0f oTf
> = (=L 4+ )< — ) )
38 >0, Vz,Vt > 0, Js 2(8X+8X)_ BI <0 (2.4)
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The CT, is used in Section 3 for synchronization of complex T-system. For more details about the
CT, such as generalized Jacobian matrix and partial CT, see [34,36,37]. In previous works [41,44], for
investigating the stability of synchronization of CT, the Lyapunov function should be defined, but in the
proposed method, it is not required. Also, designing the controllers is simpler.

3. Synchronization of complex T-system

To use CT for synchronization of system (2.1), consider two identical systems, drive and slave sys-
tem. The goal of designing a controller is make the response system follow the drive system, until they
ultimately become the same. Let the drive system as follows:

g = a(yid — 1)

Taq = a(y2qd — Z2q)

tha = (c—a)ria—azriizia (3.1)
Yod = (Cc—a)T2q— ax2z14

214 = X14Y1d + T24Y2d — bz14-

Where, subscript id is used to determine the drive system. Now, we discuss the synchronization of
complex T-system in two following cases:

e Synchronization with known parameter
e Synchronization with unknown parameter

3.1. Synchronization with known parameter

Let system (3.1) as a drive system, and define the slave system with known parameters as follows,
respectively:

T = a(yis — 1s) + k(215 — 214)

Bos = a(yos — T2s) + k2(w25 — T24)

s = (c—a)rs —axisz1is + k3(yis — Y1a) (3.2)
Yos = (c—a)ras — awasz1s + ka(y2s — Yoa)

2l = TisYis + Tasyas — bzis + ks(215 — 214),

Now, similar to [5], we define the virtual system for (3.1) and (3.2) as follow:

«riv == a(ylv - :Elv) + kl («rlv - xld)

oy = (Y20 — Toy) + k2(220 — T2q)

Yo = (c—a)ri, —ax1v210 + k3(Y10 — Y1a) (3.3)
Yo = (c—a)ray — ax2y210 + ka(Y2o — Y2a)

Zly = Ti¥le + T2ol2e — 0210 + ks(210 — 214),

Let J be the Jacobian matrix of (3.3) and J, is the symmetric part of J, which are follows:

—a+ kq 0 a 0 0
0 —a+ ko 0 a 0
J=1| (c—a)—az, 0 ks 0 —aT1y (3.4)
0 (c—a)—az, 0 ki —axg,
Yiv Y2u Tiv T2 —b + k5
a—ki 0 =M _q 0 i
0 —a — ks 0 c—aM M
J JT 2 27(1
_J=— +2 A ks 0o  ME- (3.5)
0 c—¢21M 0 —ky M(127a)
M M M(l—a M(l—a
2 2 (2 ) (2 ) —b—Fks

where, M is the maximum of state variables. For simplicity in calculating the determinant of matrix
and sub-matrix (3.5), we let
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H 0 A 0 C
0 J 0 K C

Jys=-Jo=| A 0 L 0 B (3.6)
0 K 0 N B
C ¢ B B O

Based on CT, for synchronization, we need the J,, to be a positive definite matrix. So, the following
conditions be satisfied:

e H>0
e HJ >0

—A2J+HJL>0

o (HL— A?)(HJ — K% >0

(—=JB2+L(0J —C?))H? + ((—JL+ K?)B?+2C(AJ+ KL)B + (A2 — JL)C? — O(A2J + K2L))H +
A2B2J — 2ACK (A + K)B + K2(0A2 + C2L) > 0

For numerical experiments of the mentioned theoretical method, consider complex T-system with param-
eter in Table 1. It is clear that for the following values of parameters and controller gain in Table 1, the
positive definite condition of matrix J,s is satisfied. So the master system (3.1) and slave system (3.2)
are synchronized for every initial conditions. The numerical simulation of results for arbitrary initial
conditions, such as (1,—.5,1,1,—1.5) and (—4,5, —4,—2,2) are given in Figures 4 and 5. These Figures
show that the synchronization and convergence occur after a bit of time.

Table 1: The parameters and controller gains.
a=4 k‘l =0
b=0.6 ko =0
c=29 ks = —170
M =50 || kg =—170

- ks — —2413
10 —=
o == X1d
— X
10 . 1s
0 0.5 1 15 2
5 T
0 F ,,,,, — | %25
5 . . . ‘ — %y
0 0.5 1 1.5 2
20 T T T
NI ———
-20 : L . — Vg
0 0.5 1 1.5 2
2 T
oS> Yas
2 . . . —— Y
0 0.5 1 1.5 2
20 T T T
OF/\/\’—\“ — 2
20 . . . —— %
0 0.5 1 15 2

Figure 4: Synchronization of systems (3.1) and (3.2).
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Figure 5: Error of synchronization systems (3.1) and (3.2).

3.2. Synchronization with unknown parameter

In this subsection, we define the slave system with unknown parameter b as follows:

s = a(yrs — 1) + k1(T1s — T14)

Tas = a(yos — Tas) + ka2 (w25 — T2q)

yis = (c—a)zis — arisz1s + k3(Y1s — Y1a) (3.7)
y2s = (c—a)ras — az2s21s + ka(y2s — Y2a)

Zls = T1sYis + Tasy2s — bz1s + ks(215 — 214),

Now, similar to [5], we choose the parameter estimation rule as follows:

ZA) = 72’15(215 - Zld) (38)

Based on CT and similar to [5], consider t the virtual system for systems (3.8), (3.1) and (3.7) as follow:

Ty = a(Yiv — T10) + k(71 — T14)

mév - a(va - x2v> + k2(-r2v - de)

yiv = (C - a)zlv — AX1pZ10 T k3 (ylv - yld)

Yo = (c—a)a — arzz1e + ka(y20 — Y2d) (3.9)
Zlo = Tyl + T2uY2e — b21y + ks(210 — 21a),

b == _Zlv(zlv - Zld)

Now, by calculating the Jacobian matrix J of (3.9) and J, the symmetric part of it J, we have:

—a+ kp 0 a 0 0 0
0 —a+ ko 0 a 0 0
| (e=a)—az, 0 ks 0 —ax1y 0
J = 0 (c—a)—az, 0 ki —axg, 0 (3.10)
Yiv You Tiv T2y *b + k'5 —Z1lv
0 0 0 0 —2210 0

we let the upper bound M M1 for state and parameter estimate variables.
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[ a-k 0 M _g 0 % 0
0 —a— ko 0 Lo u 0
J+JT cmaM _ 0 ks 0 M=a)
Jps = —Js = — = 2 2 3.11
p 2 0 cfézM 0 kg JV[(12 ) ( )
M M M(1-a) M(1—a) N 3210
2 2 2 2 5 2
i 0 0 0 0 321 0 |

where, we let, M is the maximum of state variables. For simplicity in calculating the determinant of
the matrix and sub-matrix, we let

(3.12)

cQomom
ocQXXowo
ocWwo~o
ocw=zoXxo
TOWWAQ
oo ococo

Based on CT, for synchronization, we need the Js to be a negative definite matrix. So, the following
conditions be satisfied:

e H>0

e HJ " >0

e —A2J+HJL >0

e A2K? - 1JNA?-1HLK?*+HJLN >0

o A2B?J + A2C?N + B?’HK? + C?K?’L + A>’K?0 —2ABCK? - 2A’BCK — B>HJL —
B°’HJN-C*HLN-C?JLN-A2JNO-HK?LO+2ABCJN+2BCHKL+HJLNO >
0

o P(PA’K?-1JNPA?> - 1HLPK*+HJLNP)>0

For numerical experiments, and evidence of the theoretical proposed method, consider the systems
with new parameters 2. It is clear that the positive definite condition in Jps is satisfied. So the master
system (3.1) and slave system (3.7) are synchronized for estimation rule (3.8) every initial condition. The
numerical simulation of results for initial conditions (1, —.5,1,1,—1.5) and (—4,5, —4, —2,2) are given in
Figures 6, 7 and 8.

Table 2: parameters and controller gain
a=4 k‘l =-9
b=0.6 ke = —10
c=29 ks = —6
M =50 | ky=-26
- = ks = —9
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Figure 7: Error of synchronization systems (3.1) and (3.7).
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Figure 8: Estimation of unknown parameter in (3.7).
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4. Conclusion

In this paper, we study the behavior of a chaotic complex T-system for some new parameters. Also, the

synchronization of this system is discussed in terms of known and unknown parameters. The controllers
and parameter estimation rules in synchronization are obtained by CT. In the proposed approach, the
methods stability is satisfied without using Lyapunov functions. Numerical simulations show the efficiency
of the method used.
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