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On a safety distribution for a class of SEIRS epidemic model

Y. Difaa, O. Baiz and H. Benaissa™

ABSTRACT: The present paper analyse conditions on a given a non-linear SEIRS epidemic model parameters,
to provide a safety set for the epidemic containment. After having determined this set, we look for control
actions constraining the epidemic to remain within the safety set with infection rates below an allowed thresh-
old. This means that for any initial state in a certain safety set of the state space, there exists an appropriate
control strategy maintaining the state of the system in the considered safety set. To ensure the solvability
under feedback control of our problem, sufficient assumptions are derived in terms of linear inequalities on the
input vectors at the vertices of a polytope.
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1. Introduction

Infectious disease surveillance plays a major role in analyzing the evolution of epidemic containment
within populations, since it allows public health services to prepare recommendations and intervention
strategies. For this, it is well known that the essential tool is the epidemic modelling. Indeed, based
on mathematical models and surveillance data, it describe dynamics and spread of such epidemics [7,
17,25,26,16]. Kermack and McK-endrick, in 1927, proposed the first mathematical epidemiology model,
namely, a basic SIR model (Susceptible-Infectious-Recovered), which assumes that a fixed population,
can be divided into three compartments: susceptible people (not infected but could become infected),
infectious people (have the disease and are able to infect others), and recovered people (those who were
infected and are now immune). This model assumes that the total number of people remains constant
as well as homogeneous mixing, i.e., each individual is equally likely to come in contact with any other,
see [2,9,10,17,27] when the individual can recover from the disease with immunity, and [1,8,11] for SIRS
models, i.e., when the recovered individual does not show immunity, and then it is again a susceptible
individual. In the case of some infectious diseases such as tuberculosis, HIV or influenza-like illnesses, one
needs to extend the standard SIR model and introduce a fourth compartment and state corresponding to
the disease’s latency period, when a person is infected but not yet able to infect others [12,17,18]. This
extension is called the SEIR models (Susceptible-Exposed-Infected-Recovered) and SEIRS models if we
assume that recovered individual does not show immunity, and then becomes again susceptible. Several
estimators have been previously designed to track the states of SEIR models, and strong assumptions these
model parameters allow the design of estimators converging towards the true state values [3,17,22,30].
However, the problem of observer design for SEIR models becomes very challenging in practice, when it
is necessary to take into account the presence of uncertain parameters whose values are only known to
belong to an interval or a polytope [15,16,19]. An interval/polytope estimation approach can address
such problems. Indeed, using input and output measurements, an observer has to estimate the set of
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admissible values (interval or polytope) for the states at each instant of time. A major advantage of
the interval/polytope estimation methodology is that it allows us to take into account many types of
uncertainties in the system, see i.e., [15,13].

Here, we are looking for conditions to determine a safety distribution of population (or safety set of
population) Susceptible, Exposed, Infected and Recovered, where the proportion of infected individuals
can be reduced or maintained within the appropriate levels. This is a case of models representing the
evolution of an epidemic where it is very important to design control actions so that the evolution of
the disease remains within certain security levels and does not extend to the entire population [4,5,14,
20,21,29,32]. This paper deals with a particular class of non-linear discrete-time SEIRS epidemic models
and aims to verify if it is possible to maintain the correspond state inside some safety set by choosing an
adequate control actions, such as population recruitment, i.e., to ensure that the state of the epidemic
system belongs in a certain region of the state space. For that, the spread of a disease is modelled by
means of a non-autonomous SEIRS model with a bounded population, along the time.

Our adequate control approach is geometric, i.e., by considering a polytope that limits the proportion
of infected individuals, as a safety set to guarantee an acceptable evolution of the disease. Moreover, a
class of functions based on the vertices of the polytope is constructed. This kind of functions will allow
us to derive the feedback control ensuring that the state trajectory of the closed-loop system stays in
such a region. This control strategy allows us to increase the susceptible population and maintain the
distribution of individuals within the appropriate levels established by such a safety set. Motivated by
the recent paper [13], we focus here on the analysis of a general SEIRS epidemic model.

The rest of the paper is organised as follows. Section 2 gives a description of the epidemic model to
be studied and the positivity property is also examined. In Section 3, an adequate control policy to keep
the trajectory of the epidemic system in some safety set is chosen. In Section 4, some conditions are
provided, to find control actions so that the epidemic remains within the security set with infection rates
below an allowed amount. Finally, some conclusions are given, and an appendix to includes the notation
and preliminaries results used throughout this work, is provided.

2. SEIRS Model Statement

Consider a SEIRS dynamic process for an epidemic disease where the population of individuals can be
divided into four dynamic sub-populations : Susceptible z1(t), Exposed z2(t), Infected x3(t) and Immune
or Recovered x4(t). The mathematical model of such model is given by a system (A.1) in term of the
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Figure 1: The Susceptible-Exposed-Infected-Recovered (SEIR) model.
variable = (2;)1<;<4 € C'([0,00),R%) and the non-negative input u € C*([0, 00), R} ), that is
(t+1) = Ax(t) + f(x(t)) + B(u(t)). (2.1)
To provide A, f and B in the previous system, we first need to introduce different sub-populations rates

s, e : Survival rates of susceptible individuals and exposed individuals, respectively,

i, r : Survival rates of infected individuals and recovered individuals, respectively.
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and theirs corresponding parameters of transmission rates, given as follows.

Exposition rate of susceptible individuals by contact with an infected individual.
Transition rate of exposed individuals to infected individuals.

Transition rate of infected individuals to recovered individuals.

Transition rate of susceptible individuals to recovered individuals (immune individuals).
Transition rate of recovered individuals to susceptible individuals.

Ex®x 2> 09

These parameters has an epidemiological meaning if it is assumed that they satisfy the constraints
a>0, 0<u<s<l, O<p<e<l]l, 0<y<i<l and 0<Lw<r<l1.

These constraints ensure non-negativity of the state z of System (A.1). According to these, we have

A= 0 p L=y
" 0 ¥ r—w
—ax(t)zs(t)
fa) = | Tl
0

Since new susceptible individuals can only be added by increasing the susceptible population z1, then

A newly added individual population is time-dependent and can be seen as a control action to achieve
our goals, for example, model stability and efficiency, or maintaining adequate population size. In our
case, this control action is used to find a safety distribution population, called a safety set. It follows
from Proposition A.1 that System (2.1) is positive if and only if one has

axy(t)xs(t) < (s —p)z1(t) +waalt), VE>0,
or equivalently, for all ¢ > 0, if and only if
0< (s—p—axs(t)) z1(t) + waa(t).

Hence, to ensure the positivity of System (2.1), the following condition are sufficient

23(t)) < 2 - iy (2.2)

Let us assume that, for an initial condition z(0) = (x;(0)); € R%, System (2.1) describes the evolution of
an initial population Py = x1(0) + 22(0) + 25(0) + 24(0) € R, and hence it must obviously be a positive
system, and if no controls are applied, due to the survival of individuals, the solution must tend to zero.
Moreover, the state x(¢) of an autonomous system can be formulated as follows

fla(t—=1))
z(t) = At 2(0)+[TA .- A1 : , Vt>0. (2.3)
f(2(0))
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Thus, if A is stable matrix and f : ¢ — f(¢) is a bounded function, the population tends to extinct. Let’s
go back now to System (2.1), we determine the eigenvalues of A by resolving the following equation of
an unknown A.

I 0 0

0 e—p—A 0
P(\) = det(A — \) = 0 /; A

I 0 Y

or equivalently,

(e=p=N(i—7=AN[N=(s+r—p—w)A+s(r—w)—ru| =0.

Hence
A=e—pou A=i—7 ou N> —(s—pu+7r—w)\+ (sr —sw—ru) =0.

Consequently, the eigenvalues of the matrix A are e — p, i — v and

/\1,2:%((5+7’—M—w):|:\/(S—M—FT—w)Q—4(87‘—80.)—7‘/1)). (2.4)

Using Gershgorin circle Theorem A.1, it is deduced that the spectrum of A is contained into the line
segment |0, 1[. Tt is due to the fact that every eigenvalue of A lies on one of Gershgorin’s discs, which are

D(s—p,s), D(e—p,e), D(i—~,i) and D(r —w,r).
Hence |A3 4] < 1, that is, the matrix A is stable. Then, considering an initial population Py such that

5 —
Py < a and zero controls, thus the autonomous system (2.1) is positive and its solution tends to 0.

3. Equilibrium points for a bounded non-autonomous system

We focus on general case of a non-autonomous system with a bounded population along the time, i.e.,

As this model describes an epidemic process, from an initial state z(0) = (21(0) mg(O)OO)T, we are
interested in analysing the dynamic process when some infected individuals are introduced. The main
goal of this study is to provide a safety set and to look for the conditions so that if the state x(t) of
System (2.1) belongs to the provided set, then the trajectory of a system remains in that set forever.
Once this set is determined, one could study under what conditions, the system trajectory can be leads
to that set. However, we will show a case in which we can search for the set of reachable states that have
the structure we are looking for, and how we can find a control sequence that leads us to that set. To do
that, consider that the state x(t) of System (2.1) can be written as follows.

u(t —1) fla(t—1))
z(t) = A'x(0) + [BAB --- A"'B] : +[ITA--- ATY : : (3.1)
u(0) f(2(0))
We introduce the concept of positively reachable (non-negative) state at ¢ steps. A non-negative state
is positively reachable from x(0) > 0 if there exists a non-negative sequence u(0),...,u(t —1) > 0 such

that x(i) > 0 for all : € {1,...,¢t — 1} and z(¢t) = Z. For instance, if ;x = 0, one has

u(t — 1) u(t—1)+ - .o. + p'~1u(0)
[BAB --- A" 'B] : = : (3.2)

u(0)
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Then, the set of positively reachable states from x(0) in ¢ steps is given by
i—1
R:(z(0)) = {x eRY: Ja; >0; 2 =A'z(0) + Z (' ey + AT f(a(d))] } (3.3)
i=0
We from now would consider the control sequence that in ¢ steps takes the path from the initial state
2(0) to a final state x € R;(x(0)) belonging to the safety set.
To construct the safety set, we must first study conditions on the asymptotic stability of System (2.1).
For that, we consider that our equilibrium point is of the form (z*,u*)T. Note that the equilibrium points
(x*,u*)T are defined by the solution of the following algebraic system

4
¥ = Ax™ + f(2z*) + Bu® under the condition Z(x*)z <P (3.4)
i=1
These solutions are the disease-free equilibrium point £y and the endemic equilibrium points. Taking u*
and focused on the disease-free equilibrium point E; = (z*, u*)T, that is, the point at which no disease
in the population, so 25 = 0. Then, DFE point E; = (z*,u*)T = (2}, 25,0,z},u*)T is given by the
constrained system (3.4), that is

xt s—pu 0 0 w xf —axi(t)xi(t) u*
2z | 0 e—p O 0 x5 n axi(t) z5(t) n 0
0 0 p 71—y 0 0 0 0
) I 0 vy or—w| |z} 0 0

Thus, the previous equation leads to the following system

] =(s—p) ] +waj +u’

x5 = (e —p) s

0=pzs

xh = pa]+ (r—w)aj
which implies that

:U‘ * :uw ) * U*.

I;ZO, szmml, (1—$+ﬂ—m Ty =

Hence

. l—r+w N

T = U

T st w) -

x5 =0

. W l—-r+w .

x4: u .

l—-r4+w (l-s+p)(l—r+w)—uw
Finally, we conclude that the DFE point E is as follows
(1-—r+w)u*
1—s+p)(l—r+w)— pw

(1,0,0 L)u) (3.5)

Ef:((xT7$;707$Z)au*):<( s Uy 71—T+w

s —
Moreover, we have x% = TR (see (2.3)), hence, Ey is a positive equilibrium point of System (2.1).
«

4
Recalling that the population is assumed to be bounded, i.e.; > z;(t) < P, it comes from (3.5) that
i=1
4
Zx;‘kzx’{—i—xé)i: (1—-r+w) (1—1—#)1/‘
P I-s+p)(l—r+w)— puw l—-r4w (3.6)
= L-rtwtp u* <P

=5+ —r+w)—pw
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Then, one has
P
(1 - 1-— — . 3.7
u S g (s ) - w) - (37)
Now, we study the behaviour of disease-free equilibrium for System (2.1). To achieve this, the model
is linearised around the DFE point and we obtain the eigenvalues of the coefficient matrix. The stability
of the DFE point is then directly related to the spectral radius of this coefficient matrix. We notice that
around Ef, we have z;(t) = z(t) — 2* and w;(t) = u(t) — u*, then by approximating f(z(t)), we get

-1 -1 -1
1 1 N 1 "
flz(t) =« 0 x1(t)xs(t) = « 0 (xiz3(t) + 21 (t)25) = @ 0 xjxs(t). (3.8)
0 0 0
Thus, the new linearised systems is as follows
0 0 —az] O
~ ~ 0 0 azj O
z(t+1)=(A+ A) z;(t) + Buy(t) where A = 0 0 0 0 (3.9)
0 0 0 0
Then, the approximation of the solution of a non-linear system is
Zapp(t) = z(t) + ™. (3.10)
Note that the characteristic polynomial of A 4+ A is as follows
S—p—A 0 —az] w
= _ 0 e—p—2A ax] 0
det((A+ A) — AI) = 0 P iy — A 0
I 0 ¥ r—w—A
=NV =(s—p+r—w)A+s(r—w)—pur))
(N =(e—p+i—7) A+ (e—p)(i—1) — paz}).
Hence, the spectrum of matrix A + A is given as follows
1
Ao = 5 ((sfqur—w):I:\/(5—u+7"7w)2—4(5(1"—w) — pr) ),
1 . . - *
Naa =5 ((e—pri=m)+\le—p+i—n?—4(e-p)li—7)—pasi) ) (3.11)

=2 (e—pti-nE (- G-) +4pasi) ) eR

See that the eigenvalue \; 5 of A+ A is the same eigenvalue of A given in (2.4), which satisfies |A; 2| < 1.
Then, to ensure the stability of the matrix A + A, the following condition is necessary and sufficient

dpazi < (2=(c—p+i—7))" = (e=p)—(-)"
That is
pazx] < (1+y—1)(1+p—e).
(I-r+w)u*
I-s+pl—r4+w) —pw

Remembering z7 = , given by (3.5), the previous condition becomes
w

Oyt
u* < o o) (T=s+p)(1—r+w)—uw). (3.12)
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Hence, the system stability is directly related to the control action that can be used in the process. This
result can be interpreted as the maximum population recruitment to fulfil the stability of the model. In
our case the control «* must satisfy condition (3.12). Moreover, since the spectral radius of matrix A+ A
is less than 1, the linearised system (3.9) is asymptotically stable ltlolgl 2;(t) = 0, which means that the

disease-free equilibrium point is globally asymptotically stable.

The previous comments will now be summarized in the following theorems.

4

Theorem 3.1 If the control input u* satisfy (3.7) and (3.12), then > xf < P holds and System (2.1)
i=1

is stable.

Theorem 3.2 If u* satisfies condition (3.7) and not condition (3.12), that is

(1+’yfi)(1+pfe)< u* < p
pa(l—r+w) T (Ql-s+p)l-r4+w)—pw - 1l-r+w+p’

(3.13)

4
then the contrainte Y, xF < P holds and System (2.1) is unstable.

i=1
We are looking for conditions to determine a distribution of population, Susceptible, Exposed, Infected
and Recovered, where the proportion of infected individuals can be maintained within the appropriate
levels. This means that there are still some infected individuals in the population while condition of
Theorem 3.2 should hold and therefore, the population size satisfies

(1+v—i)(1+1;€)(1+ﬁ) <aP.

4. Safety population distribution

Here, we obtain some conditions to find control actions so that the epidemic remains within the
safety set with infection rates below an allowed positive amount . First, let us assume that condition of
Theorem 3.2 holds. Then, the population size P satisfies

. 1—e W
(L4y=0)(1+ ; )(1+(1_r+w))gap. (4.1)
In this case, the epidemic process is not stable around the DFE point. Despite having system instability,
we analyse if it is possible to choose an adequate control strategy to keep the trajectory of an epidemic
system inside some safety set, that is, to guarantee that the system state x(t) = (x;(t))1<i<a belongs in
a certain subset of the admissible state space such that a percentage of infected population is less than
a safety bound
e=7P>0 with 0<7<1.

Recalling a non-negative condition (2.3) of System (2.1), the size of the infected population should satisfy

z3(t) <e< - o (4.2)

Moreover, we can assume that the susceptible individuals are a suitable percentage of the non-infected
individuals (1 — 7)P. Thus, for any population size P and any 7 > 0 satisfying (4.1)-(4.2), we gather
these conditions in an admissible set X of all z = (z;)1<i<4 € Ri satisfying

4
ZIlSP,
=1

o1 < k(1-7)P, where 0<7<k(l—7)<1 and 0<Fk<1. (4.3)
zo < akt(l—1)P,
£U3§TP
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Then, see that X = P(V) is a polytope for the vertices set V = {v;; 0 < ¢ < 15} defined as follows

v = (0,0,0,0) = P(k(1—17),0,0,0)
= P(0,akT(1—17),0,0) :P(0,0,T 0)
vy =P (0,0,0,1) :P(k(l —71),akt(1—7),0,0)
v = P(k(1—7),0,7,0) = P(0,akr(1—7),7,0)
vg = P(k(1—7),0,0,1 —k(1—7)) wg=P(0,akr(l—7),0,1—akr(l—71))
vip = P(0,0,7,1 —7) vi1 = P(0,akr(1 —7),7,1 — 7 — akt(1 — 7)) (4.9)
vig =Pkl —-7),0,7,1 -7 —k;(l—T))
vz =Pk(1—7),0kt(1—7),0,1 - k(1 —7) — akr(l — 7))
vig = P(k(1 —71),akr(1 —7),7 )
vis = P(k(1—7),akt(1 = 7), 7,1 =7 — k(1 —7) — ak7(1 — 7)).

Now, we propose to solve the following problem : From an initial state x(0) in a subset of X, to construct
a feedback control u(t) = h(xz(t)) keeping the state trajectory x(t) of the closed-loop system in this set, for
all t > 0. For that, we focus our attention on the following function class

4
e = {9 : X — R 0(x) = ZC" T + ¢ 1T + cg T1T3 + c7 xoxs where ¢; 0 € R} (4.5)

i=1

First, for each function 6 € O, it is straightforward to see that for any state x € X, the image 6(x) can
be written as a linear combination of the images of the vertices set V, defined in (4.4), of a polytope X.

7
Theorem 4.1 Let 6 € © be given. Then, for all state x € X, one has 0(x) = Z i0(v;) where

B T B T T1To B akt(1—71)z123 — E(1 — T) 2273
k(1—7)P (ak?72(1—71)2)P? (ak?72(1 — 7)2) P2 ’
B o _ TXT — k(1 —7)xows N T3 T 1173
T akr(l—nP  (akr2(1-nppz 0 P TP T (akr2(l-1)P? (46)
1T QAT X1T3 — T2X3 Ta2X3
y Q5= g = ar =

(ak27(1 —T1)2)P2 (akt2(1—71))P2 ~’ (ak2(1 — 7)) P2’

Proof: First, consider the image of # on the vertices set V characterising a polytope X, that is

O(v1)) =1 k(1—=7)P ; O(va) =coakr(1—7)P ; O(vs) =c3TP ; 6O(vy) = csP,
0(vs) = c1 k(1 —T7)P + ca akt(1 — 7)P + c5 ak®7(1 — 7)* P2,

O(ve) = c1 k(1 = 7)P + e3P + cg kr(1 — 1) P?,

O(v7) = coakt(1 —7)P 4 c3 TP + c7 akt?(1 — 7)P?,
0(vs) = c1 k(1 —7)P + ¢y (1 — k(1 —7))P,

0(vo) = ca akT(1—7)P +c4 (1 — akr(1—17))P,
O(vip) = c3TP +cy (1 —7)P,

O(v11) =coakr(l—7)P+c3smP4+cs(1—7—akr(l—7))P+ ¢y ak72(1 —7) P2,
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O(viz) = c1 k(1 =T)P4+c37P +cy (1 —7 — k(1 —7))P + cg kr(1 — 7)P?,
O(viz) =c1k(l—71)P+coakr(l—7)P+ca (1 —k(l —7) —akr(1 —7))P
+cs ak?*r(1 —1)2 P2,
O(vig) = c1 k(1 = T)P 4+ co akt(1 — T)P + c3 TP + c5 ak?7(1 — 7)? P? 4 ¢ kr(1 — 7) P2
+ crakr?(1 — 1) P2,
O(vis) =c1k(l —7)P+coakr(l—7)P+cstTP+cy(1—7—k(l—7)—akr(l—7))P
+c5 ak?7(1 — 1)2P? + ¢ k(1 — 7)P? + ¢y akr?(1 — 7) P2
15
Then, equation #(z) = l; a;0(v;) which can be written as follows

4

E Ci T; + C5 12 + Cg X133 + C7 Xxo2x3 = E (o7} 9(%)
i=1 i

implies that
xy =k(1 =7)P (a1 + a5+ as + ag + a2 + a3 + oy + o)
T = OékT(l — T)P ((12 + a5 + ar +ag + a1 + a3 + g + (115)
x3 = TP (a3 + ag + a7 + a0 + a1 + a2 + a4 + ais)

xg=Plag+(1—-k(1-=7)ag+ (1 —akr(l1—7))ag+ (1 —7)aig
+(1—-7—akt(l—7)an+ 1 —-7—k(1—7)) a2
+1-k(l=—7)—akr(l=7)ars+(1—7—k(1—7) —akt(1 — 7)) a15)),
z129 = (ak?7(1 — 7)%)P? (a5 + a1z + a5),
r1w3 = (k7(1 — T))P2 (o6 + a7 + a1q + a15),
a3 = (ak7?(1 = 7))P? (a7 + a1 + o).
Now, by considering the solution corresponding to ag = ay, ..., a5 = 0, one deduce
21 =k(1—7)P(a1+as+as) , x2=akt(l—7)P (a2 + a5+ ar)
r3=7P(az+as+ar) , x4=Pay , zi122=(ak’r(1—71)*)P?as,

123 = (k7(1 = 7))P% (ag + o) ,  xow3 = (akT?(1 — 7)) P? oy,

that is
= Ly o — T1T2 o — ToT3
TP T T (a2r(1—=n))P2 T T (akr2(1— 1) P
_ Tr1x3 _ Tr1x3 o3 _ AT 13 — T2T3
W k(@ —rP2 T er(l—7)P?  (akr2(1—7)P2  (akr2(l—1))P?’
- ﬁ _ _ $3 QAT L1T3
WETp T T Ip T (akt2(1 — 7)) P2’
€2 T1T2 T2T3
Qg = — —

aktr(1—=7)P  (ak?r7(1 —7)2)P2  (akt2(1 —7))P2%’
X2 _ TII?l’I‘Q*k'(l*T) Tol3
akt(l1—71)P (ak?272(1 —71)2)P2 ~’
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o = X1 _ T1X9 . QAT X113 — T2X3
e kE(1—7)P (ak?r(1—7)2)P2 (ak7?(1l—1))P?
B 1 B TIT1To B akt(1 — 1) x5 — k(1 — 7) 2023
E(1—7)P (ak?72(1 —T1)%2)P2 (ak?72(1 — 1)2)P? '

Our goal is to find a subset X of the state space X, in which for any given 6 € O satisfying
9(1}1) S .j('v, Vou; € ‘7 = {Ul,’Ug, . ,1}7},

we can ensure that the image of any state of that region is also in it. First, we look for an admissible
subset X C X, so that the linear combination 6(x) = ZZ:1 a;0(v;) is a convex linear combination, i.e.,

their coefficients a; are non-negative and their coefficients sum Z:Zl «; less than 1. For this, we can
state the following theorem.

Theorem 4.2 The coefficients «; in (4.6) satisfy 0 < a; <1 and 21.721 a; <1 if and only if
r=(z;), € X cC X,
where

?E:{IEX; x4§P(1— L1 )( Z2 1’3) T2T3 }

T (s T o L T ()T 2 A

Proof: The fact that (a;)1<i<7 belong on [0, 1) follows directly from conditions (4.3). Moreover, we have

27: 1 TT1To akt(1 —7)z23 — k(1 — 7) 2073
a — _ _
p " k(l—-7)P  (ak272(1 —T)2)P2 (ak?72(1 —1)2)P?
n To | TT1T — k(1 —7)xows T3 oT X123
akt(l—71)P (ak?72(1 — 7)2) P2 TP  (akt?(1 —71))P?
Ty T1X9 AT X1T3 — T2T3 XT3
TP T a1 B2 T k(L —)P? T (akr(1 - 1) P2
. m 3 T3 w4 129
- k(1-T1)P + akt(l—7)P + TP + (ak?7(1 — 1)2) P2
T1T3 o3

Gr(1— P2 2 (akr2(1 - 7))P2

7
Then, the coefficients sum satisfies Y «; < 1 if and only if
i=1
e [ - 723
P~ k(1-7)P akt(l—7)P 7P (akt2(1 — 7)) P2’

or equivalently,

I xTo I3 ToX3
<P(1l- —"F)(1-——F2——— - 2) 2= __
T4= ( k(1 — T)p) ( akr(l—1)P Tp) (akt2(1—1))P

7 ~ N
From x € X, the condition Y a; <1 holds if and only if z € X C X with X’ defined in (4.7).
i=1
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Remark 4.1 [t is straightforward to observe that X is a polytope and X C X is not_it. This remark
motivates the need to reduce the set of states by considering a polytope contained in X. For that, it is
sufficient to consider the region limited by some tangent hyperplan to the geometrical form S defined by

I ST S . .t T Lal3
S P (1 k(1 — T)P) (1 akt(l—T1)P TP) (akt2(1 — 7)) P2’

at a point N = (29 29 2% 29)T € S. Then, since this tangent hyperplan is wrtten as follows

& (z1 —af) + & (32 — 23) 4 &3 (w3 — 23) — (w4 — 2]) = 0.

where
_ Oxy B 1 ) )
b= 87261(]\[) T k(I —7) (1 Cakr(l—-7)P ﬁ)
B 1 akt(l1—71)P — 23 — ak(1l — 1) 2%
k(1 —1) ( akt(1—71)P )’
- 8554 _ 1 x? ng
b2 = 572(]\[) T akr(1—7) (1 - kQ—-7)P * ﬁ)
B 1 kr(1 —71)P — 729 +2k(1 — 7) 29
T akr(1—7) ( kr(1—T1)P )’
_ Oxy 1 9 229
b = ang,W) B 7( TEI=DP " (akr(i= T))p)

B 7l(ak7(1 —7)P—ara + 2x8)
N akt(l—7)P

.
Next, by multiplying by —ak?72(1 — 7)2P, equation (4.8) can be rewrite as follows
& (1 — %) + & (22 — 29) + & (23 — 23) + & (24 — 23) = 0.
where
& = (akt*(1 = 7)P — 725 — ak7(1 — 1) x3),
&= (kr(1—71)P — 7l + 2k(1 — 7) %),
& = (ak®>t(1 = 7)*P — akr(1 — 1) 2 4+ 2k(1 — 7) 29),

According to the above remark, equation (4.8) can be reformulated in the following way
4
ar+&wa+&as+&rs=M with M= Z{;z?
i=1
Now, by using equation (4.11), we are able to consider a polytope included in X , that is
Py ={z=(2:)ie € X5 Gar+ &+ s+ aa < M}

where coefficients { and a constant M are defined in equations (4.10) and (4.11).

(4.9)

(4.10)

(4.11)

(4.12)

Theorem 4.3 Consider Py and V = {v1,..,v7} previously defined. If 6 € O satisfies 0(v;) € Py for

any v; € ‘7, then, one has 6(x) € Py for all x € Py.
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Proof: For each v; € 17, let O(v;) = (Q(Ui)l 0(v;)2 0(v;)3 9(@1)4)71. Since 6(v;) € Py C X C X, we have
4
Ze(vi)j <P, )1 <k(1—7)P, 0(vi)2 <akr(l—-r1)P,
j=1

and

4
9(11,‘)3 ST]D7 Zg; 9(1}1‘)]‘ SM
j=1
Given x € Py, it follows from Theorem 4.1 and Theorem 4.2 that for all v; € ‘7, we can write

7 7
O(z) = a;f(v;) with 0<a; <1 and Y o < L.

i=1 i=1

Then, we deduce
7 7
O(x) =Y if(vi) <Y aik(l—7)P <k(1—T1)P,
=1 =1

7 7
0(z)2 =Y i 0(vi)a <Y oyakr(l—7)P < akr(l-r1)P,

=1 i=1
7 7

0(z)s = Zai 0(vi)3 < Zai TP < TP.
=1 i=1

Moreover, we have

4 4 7 7 4
ZG(JT)J :Z aie(vi)j :ZaiZG(vi)j SZO@PSP~
Jj=1 j=11:=1 =1 j=1 1=1
and
4 4 7 7 4 7
J=1 Jj=1 =1 =1 Jj=1 =1

Finally, we conclude that 6(z) € Py, and that finishs the proof.
O

Now, in order to simplify the explicit expression of the control that maintains the solution trajectory
within the polytope, we consider the tangent hyperplan to S at N = vy = (0 0 0 P)”. Hence, keeping in
mind (4.10)-(4.12), the polytope corresponding to this point is given by

= 1 1 1
P_— — — )4 [ — — — <
v =1z = (2:)i € X K1 —7) ml—’—akr(l—T) x2+7_:c3+x47P} (4.13)

As the coefficients (o )1<;<7 satisfy conditions in Theorem 4.2, then for z € Py and 6 € © given, on has
0(vi)) € Py, Yo €V = 0(z) € Py

From here, let us assume that the initial state is in Py, and that, for all # € ©, 0(x) is a convex
combination of the images of the vertices in V. Remembering System (2.1), we have

z(t+1) =g(z(t)) + Bu(t) with g(x)=Az+ f(x).
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Keeping in mind (4.5), the function g belongs to O, since it can be written as follows

S — i 0 0 w T —T1T3
_ 0 e—p 0 0 T2 aT1T3
g(@) = 0 p i— 0 x3 + 0
| M 0 ¥ rT—w T4 i 0
[ (s—p)x1 +way —azyT3 ]
_ (e — p)xo 4| cns
pxo+ (i —7)zs 0
| prrFyas 4+ (r—w)ay 0 ]
[s—pu 0 0 w —a
= 0 xr1 + e-r To + 0 xr3 + 0 T4 + @ 1z
.z 0 ¥ r—w 0

We are now going to look for a feedback control u(t) = h(z(t)) such that the new function
g : x> g(x) + h(z) where h= Bhe© (4.14)
of the closed-loop system
o(t+1) = g(z(t)) + h(z(t)), (0) € X, Yt e [0,00), (4.15)

belonging also in © and that Py is invariant by function g, that is g.(Py) C Px. To this end, using
Theorem 4.3, it suffices to analyse conditions in order to get

ge(vi) = g(v;) + B(vi) € Py, Y € V.
Theorem 4.4 Let P >0, e = 7P with 7 € (0,1), satisfying (4.1)-(4.2). Consider k € (0,1] such that
apk(l—7)<1—(i—"7). (4.16)
Assume a function h : Py — R satisfies Bh(xz) € © and the following conditions hold.
h(v1) < Pk(l—7)a, h(ve) < Pk(1—7)b, h(vs) < Pk(l1—17)c
h(vy) < Pk(l—7)d — Pw , h(vs) < Pk(1 —7)e, (4.17)
h(vg) < Pf, h(v7) < Pg, v; € % for 1=1,2,...,7.
where
a=1l—-s+pu—pk(l—7),b=1—-e+p—apk(l—1),
c=1—-i+~v1-7),d=1-r+w, e=a+b-1,
f=a+c—-1+(ar—1)P, g=b+c—1.
Then, under the control feedback u(t) = h(x(t)) (t € [1,00), the trajectory of closed-loop system (4.15)
remains in a polytope Py for all initial state x(0) € P
Remark 4.2 The condition (4.16) and it direct consequence apk(l — 1) < 1 well be used to prove the
theorem above.
Proof: Since Bh(z) € ©, Theorem 4.1 implies that h(z) = Bh(z) = B Z?:lozih(vi). Taking the control

feedback u(t) = h(x(t)), we will prove that the function of the closed loop system

ge(x) = Az + f(z) + h(z)
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satisfies B
gc(vi) c Pﬁ, Vv, € V.

Note that from (4.13), a state  belong to Py if and only if

d a <P (4.18)
i=1

z1 <k(1-1)P, (4.19)
xo < akt(l—71)P, (4.20)
3 < TP, (4.21)

1 1
= < P. 4.22
k(l—T)m1+akr(l—7’)$2+7'x3+x4* ( )

Since all three positive terms k(1 — 7), ak7(1 — 7) and 7 are less than 1, one has
ix-<#x +;x —1—1:10 +x
— SR =n) T T akr(l=n) T e
Hence the condition (4.22) implies the condition (4.18), and then, we have to prove that for each v; € ]7,
the entries of the vectors g.(v;) satisfy the conditions (4.19)-(4.22). For that, we note that
1. We have gc(v1) = g(v1) + Bh(vi) = ((s — p)Pk(1 — 7) + h(v1), 0,0, uPk(1 — T))T, then
(s =p)Pk(l—=7)+h(v1)) <kE(1—-T)P

e (v Px o
9e () € Py = (su)P+k(hl(_)T)+qu(lT)§P
h(v1) < PE(1 = 7)(1 — s + p)
= ( )P _hlvr) Pk(1-7)< P
S— [ +k(1—7)+'u —7T) =<

Since sk(1 — 7) > 0, we have a < 1 — s + u, then combined with hypothesis (4.17), we get
h(v)) < Pk(1—7)a< Pk(1—7)(1 —s+ p).
Thus, the first condition holds. For the second condition, it is straightforward to see that

h(v1)

1= 1) +puPk(1—7) < ((s —p) +a+pk(l—7))P

(s = )P+
<(s—p+l—s+p—pk(l—7)+pk(l—71))P =P

2. We have g.(v2) = (h(v2), aPk(1 — 7)7(e — p), apPk(1 — 7)7, O)T € Py if and only if
h(ve) < Pk(1 —17),
aPk(l —1)71(e — p) < aPk(1 —7)T,
ap Pk(1 — 7)1 < TP,

h(v2)
E(1—71)

Keeping in mind the condition (4.16), the previous conditions are equivalent to

+Ple—p)+apPk(l—7) <P.

h(v) < Pk(1 — 1),
e—p<1,
h(vo) < Pk(1—=7)(1—e+p—apk(l —1)).
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Recalling that 0 < 7 < k(1 —7) <1,0<p<e<land a >0, we find 0 < e — p < 1, and then
O<b=1—e+p—apk(l —7) < 1. Thus, the second condition holds, the third condition follows
from assumptions (4.17) and the first conditions comes from the third one since h(vs) < Pk(1—7)b
and as b € (0,1). Finally, all the tree conditions holds.

. We have g.(v3) = (h(v3),0, (i — )P, Py7)", then
h(vs) < Pk(1 — 1),
(i —~v)P1 < Pr,

h(vs)
E(1—71)

gc(l}g) S ’Pﬁ <

+(i—7)P+Pyr < P.

h(vs) < Pk(1 —17),
— < 1—7<1,

h(vs) < Pk(1—7)(1 —i+~y(1—1)).

From0<y(l1—-7)<y<i<l1l,wededucei—y<land0<c=1—i+7(1—7)<1. Hence the
second condition holds, the third condition follows from assumption (4.17) and the first condition
holds also since ¢ € (0,1).

. We have g.(vs4) = (h(vs4) + wP,0,0, (r —w)P)T, then
h(vs) + wP < Pk(1 —7)

9ge(va) € Py <= { h(vy) + wP

eV el — <
= 7) +(r—w)P<P

h(vg) + wP < Pk(1 —7)
h(vg) < Pk(1—=7)(1 =7+ w) — wP
Using0 < w <r<1,weget 0 <r—w < 1andthen0 < 1—(r—w) < 1. Thus, the second condition

implies the first one, since h(vq) +wP < Pk(1—7)(1—r+w) = Pk(1—7)(1— (r—w)) < Pk(1—7).
Further, keeping in mind hypothesis (4.17), we get that all diserd conditions hold.

. We have g.(vs) = ((s — u)Pk(1 — 7) + h(vs), a(e — p) PkT(1 — 1), apPkt(1 — 7), uPk(1 — 7))T, then
(s = p)Pk(1 — 1) + h(vs) < Pk(1 — 1),

ale —p)PkT(1 —7) < aPk7(1 — 1),

9e(vs) € Py <= § apPkr(1—1) < 7P,

h(vs)
E(1—1)

Recalling the condition (4.16), these conditions are equivalent to

(s — )P+ +(e—=p)P+ apPk(l — 1) + uPk(1 — 1) < P.

h(vs) < PE(1 = 7)(1 = s+ p),
e—p<1,
h(vs) < Pk(1—7)(a+b—1).
Since 0 < p < e < 1, we have e — p < 1, and since pk(l —7) > 0 and ap k(1 —7) > 0, we also have
e=a+b-1<l-s+pu—e+p<l—s+u.

Thus, the second condition holds, the fist condition follows from the third condition and this last
one comes from assumptions (4.17). Finally, all the previous conditions hold.
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6. First, we have g.(vs) = (71,22,73,24)7 where 1 = (s — p)Pk(1 — 7) — aP%k7(1 — 7) + h(vg),
ry = aP?kr(1—7), 23 = (i —v)P7 and 24 = pPk(1 — 7) +yP1. Then, g.(vs) € Py if and only if
(s —w)Pk(1 —7) — aP?kt(1 —7) + h(vs) < Pk(1 — 1),
(i —v)PT < TP,

(s—u)P—aPQT—I—k(hl(%))+P2—|—(i—7)P+quz(1—T)—I—’yPrgP.
-7

ie,;
h(ve) < Pk(1 —7)(1 — s+ p+ aPT),

h(v)

Using < 0 < v < i <1, wegeti—~ <1, and then the second condition holds. Further, as seen
previously, we have a < 1 — s+ g and ¢ — 1 < 0, then f < (1 — s+ u + aP7) and hence the
first condition comes from the third condition and this last one follows from (4.17). Finally, all the
desired conditions hold.

7. We have g.(v7) = (h(v7),a(e — p)PkT(1 —7),apPkt(1 —7) + (i — v) P7,vP7)" € Py if and only if

h(v7) < Pk(1 —7),
ale—p)Pkr(1 —7) < aPkt(1—1)
apPkr(l1—7)+ (i —~v)Pr < 1P

h(vr)
k(1—7)

+(e—p)P+apPk(l—7)+ (i —v)P+~yPT < P.
Taking into account the condition (4.16), these conditions are equivalent to

h(vr) < Pk(1 — 1),
e—p<1,

h(vr)
—— < P(b —1)=Pg.
E(l—71) — (bte—1) &
As done for the previous cases, we have 0 < p < e < 1, then e — p < 1. Furthermore, we have b < 1
and ¢ < 1, then the fist condition follows from the third condition and this last one comes from
assumption (4.17). Thus, all the desired conditions hold.

Remark 4.3 What is intended with the result of the previous theorem is to determine conditions on the
control actions that can be taken to ensure that if the initial condition is within the security set then
applying those control actions the trajectory of the model will remain within that set.
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If we take the function h(z) = > a;h (v;) where coefficients «; given in (4.6) and quantities h(v;) are
i=1
equal to the upper bounds given in (4.17), we get

h(z) =a1h(v1) + ash(ve) + ash(vs) + ash(vs) + as(vs) + agh(vg) + azh(vr)

( B T1To _(17'3311'3—$2.133)a+(ﬂ_7'3311‘2—]{}(1—7').732]}3)1)
Y (akr(1=7)P (at2)P ar (akr2(1 — 7)) P
xs3 r1T3 T1T2
- - ——)k(1— kKl-7)d+ ———F———=
O G yp R et mk( - T e
QT X1T3 — T2T3 ToX3
at?P at?P
1T QAT 13 — T2X3 I2 TIL1X2 — ]{3(1 — T) ToX3
= - - — - b
(xl (akr(l—=71))P (ar?)P ) at (aT (ak7?(1—1))P )
X3 xr123 T1T2
= k(1 - kKl-7)d+ ———F——— b-1
= yp R - Dot k(- dt o (kb - )
QT T1T3 — TaT3 T3
M—QP(a+c—1+(aT—1)P)+ 2P (b4+c—-1)
=ax —i—Ex +52 +k(l—-7)day — ———x12
TE T e g 4 akt(1—71)P 1
+( 2b 1_0[7—).’E$—(i—|—1_a7—)x$
at?P 2 e TP e
Hence, the function h = Bh can be written as function of class © defined by (4.5), that is
. 4
h(l‘) = Zéﬂz + 55I1I3
i=1
where the entries of the vectors ¢; are given as follows
- - b _ c .
@h=a,(@h=_—, (@E@hr=_, (E)=k1-7)d
—1-(1- P
(&5)1 = & s (51')]' =0 for i= 1, ..,5, j = 2, ..,4.
TP
Finally, for this specific control feedback u(z(t)) = h(z(t)), the closed-loop system is
z(t+1) = Az(t) + f(x(t)) + h(z(t)) = Ax(t) + F(z(t)) (4.23)
where ~ ~ R ~
s—p+ (@)1 (G2)1 (G)1 wA (G
T 0 e—p O 0
A= 0 P i— 0
W 0 ¥ r—w
and R
—o + (65)1
o
F(z(t) = 0 1 (t)z3(t).
0

Note that system (4.23) will be stable if F(z(t)) is bounded and the spectral radius of A is smaller than
the unit.
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Conclusion

We have considered here a dynamic SEIRS process for the spread of a disease. We have obtained
conditions to provide a distribution of the population (safety distribution) into Susceptible, Exposed,
Infected and Recovered subgroups, where the proportion of infected individuals is assumed to be kept
below a safety threshold. This has allowed us to define the security set and search for its structure as a
polytope, determined by its vertices. Moreover, conditions are obtained so that if a state of the system
lies in the safety set, the system trajectory remains in that safety set, forever. We note that contrary
to dimension 3 where we can trace an exemple of a polytope of security and trajectories of the system
studied (see for example [13]), it is more delicate in dimension 4 to illustrate obtained results by an
example. Finally, we recall that ensuring solvability under feedback control requires certain assumptions,
notably the boundedness of the studied population. Therefore, we plan to explore the problem without
this restrictive hypothesis in future work.

Acknowledgments

We think the editors and reviewers for their valuable comments.

References

1. Abouelkheir, I., El Kihal, F., Rachik, M., Zakary, O., Elmouki, I., A multiregions SIRS discrete epidemic model with a
travel-blocking vicinity optimal control approach on cells. Journal of Advances in Mathematics and Computer Science,
20(4), 1-16, (2017).

2. Allen, L.J.S., Van den Driessche, P., The basic reproduction number in some discrete-time epidemic models. Journal of
difference equations and applications, 14(10-11), 1127-1147, (2008).

3. Althoff, M., Stursberg, O., Buss, M., Reachability analysis of monlinear systems with uncertain parameters using
conservative linearization. In 2008 47th IEEE Conference on Decision and Control, 4042-4048, Cancun, Mexico, Dec
2-6, 2008.

4. Bartosiewicz, Z., Local positive reachability of nonlinear continuous- time systems. IEEE Trans Autom Control, 61(12),
4217-4221, (2015).

5. Bartosiewicz, Z., Positive reachability of discrete-time nonlinear systems. In IEEE Conference on Control Applications,
1203-1208, Buenos Aires, Argentina, Sep 19-22, 2016.

6. Berman, A., Plemmons, R.J., Nonnegative matrices in the mathematical sciences, Vol.9, Siam, Philadelphia, 1994.

7. Bhunu, C.P., Garira, W., A two strain tuberculosis transmission model with therapy and quarantine. Mathematical
Modelling and Analysis, 14(3), 291-312, (2009).

8. Calatayud, J., Cortés, J.C., Jornet, M., Villanueva, R.J., Computational uncertainty quantification for random time
discrete epidemiological models using adaptive gPC. Mathematical Methods in the Applied Sciences, 41(18), 9618-9627,
(2018).

9. Cantd, B., Coll, C., Sdnchez, E., Structured parametric epidemic models. Int. J. Comp. Math., 91(2), 188-197, (2014).

10. Canté, B., Coll, C., Sanchez, E., Estimation of parameters in a structured SIR model. Advances in Difference Equations,
2017(1), 1-13, (2017).

11. Capasso, V., Mathematical structures of epidemic systems, Vol. 88, Springer Science, 1998.

12. Castillo-Chavez, C., Cooke, K., Huang, W., Levin, S.A., The role of long incubation periods in the dynamics of
HIV/AIDS. Part 1: Single populations models. Journal of Mathematical Biology, 27, 373-398, (1989).

13. Coll, C., Romero-Vivo, S., Sanchez, E., On a Safety Set for an Epidemic Model with a Bounded Population. Mathe-
matical Modelling and Analysis, 27(2), 263-281, (2022).

14. Dang, T., Le Guernic, C., Maler, O., Computing reachable states for monlinear biological models. In International
Conference on Computational Methods in Systems Biology, 126-141, (2009).

15. K.H. Degue, D. Efimov and J.P. Richard. Stabilization of linear impulsive systems under well-time constraints: Interval
observer-based framework. European Journal of Control, 42, 1-14, (2018).

16. Degue, K. H., Le Ny, J.. Estimation and outbreak detection with interval observers for uncertain discrete-time SEIR
epidemic models, International Journal of Control, 93(11), 2707-2718, (2020).

17. Dukic, V., Lopes, H.F., Polson, N.G., Tracking epidemics with google flu trends data and a state-space SEIR model.
Journal of the American Statistical Association, 107(500), 1410-1426, (2012).



18.

19.
20.

21.

22.

23.

24.

25.

26.
27.

28.

29.

30.

31.

32.

ON A SAFETY DISTRIBUTION FOR A CLASS OF SEIRS EPIDEMIC MODEL 19

Feng, Z., Huang, W., Chavez, C.C., On the role of variable latent periods in mathematical models for Tuberculosis.
Journal of Dynamics and Differential Equations, 13(2), 425-452, (2001).

Gruiibaum, B., Convex polytopes, Vol. 221. Springer Science & Business Media, 2013.

Gumel, A.B., C-Chavez, C., Mickens, R.E., Clemence, D.P., Mathematical studies on human disease dynamics: emerg-
ing paradigms and challenges, Vol. 410. Amer. Math. Soc., Boston, USA, 2006.

Habets, L.C.G.J.M., Van Schuppen, J.H., A control problem for affine dynamical systems on a full-dimensional polytope.
Automat, 40(1), 21-35, (2004).

Ibeas, A., De la Sen, M., Quesada, S.A., Zamani, 1., Shafiee, M., Observer design for SEIR discrete-time epidemic
models. Proceedings of the 13th international conference on control automation robotics vision, 1321-1326. Marina Bay
Sands, Singapore, 2014.

Kaczorek, T., positive nonlinear systems. In European Control Conference, 1792-1797, Cambridge, United Kingdom,
Sep 1-4, 2003.

Kaczorek, T., Positivity and stability of discrete-time and continuous-time non-linear systems. In 16th International
Conference on Computational Problems of Electrical Engineering, 59-61, Lviv, Ukraine, Sep 2-5, 2015.

Kaplan, E.H., Craft, D. L., Wein, L.M., Emergency response to a smallpozx attack: The case for mass vaccination.
Proceedings of the National Academy of Sciences of the United States of America, 99(16), 10935-10940, (2002).

Keeling, M.J., Rohani, P., Modelling infectious diseases in humans and animals. Princeton University Press, 2008.

Ma, X., Zhou, Y., Cao, H., Global stability of the endemic equilibrium of a discrete SIR epidemic model. Adv. Diff.
Eq., 2013(1). 42, (2013).

Mitchell, R.M., Whitlock, R.H., Stehman, S.M., Benedictys, A., Chapagain, P.P., Grohn, Y.T., Schukken, Y.H.,
Simulation modelling to evaluate the persistence of Mycobacterium avium subsp. paratuberculosis (MAP) on commercial
dairy farms in the United States. Preventive Veterinary Medicine, 83(3-4), 360-380, (2008).

Naim, M., Lahmidi, F., Namir. A., Controllability and observability analysis of nonlinear positive discrete systems.
Discrete Dyn. in Nat. and Soc., 2018, (2018).

Quesada, S.A. , De la Sen, M., Agarwal, R., Ibeas, A., An observer-based vaccination control law for an SEIR epidemic
model based on feedback linearization techniques for nonlinear systems. Advances in Difference Equations, 2012(1), 191,
(2012).

Rakovic, S.V., Kerrigan, E.C., Mayne, D.Q., Lygeros, J., Reachability analysis of discrete-time systems with distur-
bances. IEEE Trans. Autom. Control, 51(4), 546-561, (2006).

Renshaw, E., Modelling biological populations in space and time, Vol. 11. Cambridge University Press, 1993.

A. Appendix : Preliminaries

We recall here some useful notations, definitions and lemmas which will be used in the current paper

Definition A.1 Let A = (a;;) € M,(R) be real matriz. Then

1. A is said to be non-negative (positive), denoted A >0 (A>0), if

ai; >0 (a;; >0) forall 1<4,j<n.

2. The spectrum of A is the set of its eigenvalues, that is the set of reals A such that

det(A — AI,,) # 0.

3. the spectral radius of o(A) is the mazimum of the absolute values of its eigenvalues.

Lemma A.1 (see [6]) The matriz A is said to be stable if its spectral radius is less than 1, i.e.;

A is stable <= p(A) < 1.

An autonomous discrete-time linear system x(t + 1) = Ax(t) is asymptotically stable to 0 if and only if

A is a stable matriz, that is p(A) < 1.
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Let m > n+ 1, we consider a set of points V' = {v1,...,v,,} in the space R™ such that there exist no
hyperplanes of R™ containing all these m points. A full-dimensional polytope P(V) is defined as the con-
vex hull of V, see [19] and references theirein. If a point v;, i € {1,...,m} cannot be written as a convex
combination of V'\ {v;}, the point v; is called a polytope’s vertex. We recall that, a full-dimensional
polytope is characterised by its set of vertices.

Consider the discrete-time non-linear system given by
x(t+1) = Ax(t) + f(x(t)) + Bu(t), Yt>0 (A1)

with z(-) € R", u(-) € R, A € M,(R), B € R" and f : R}? — R™ a bound differentiable function
satisfying f(0) = 0 and f(Ae;) = 0 for all A > 0, where B = (e;);=1,.. », the canonical basis of R".

In general, positive systems are those systems whose trajectory from any initial non-negative condition
remains in the positive orthant for all future time, that is, a system is positive if from any non-negative
initial state and any non-negative input sequence the solution trajectory is non-negative. The notion of
local positiveness of a non-linear time-varying system and necessary and sufficient conditions for positiv-
ity of a class of non-linear systems are introduced and established in [23,24].

Denoting f(z) = (fi(x))i=1,.. »n and Az = ((Az);)i=1,.. n, we have the following characterization.

Proposition A.1 System (A.1) is positive if and only if A >0, B > 0 and for every x € R™, one has

|fi(z)| < (Az); for any i satisfying fi(xz) < 0.

Definition A.2 Let A = (a; ;) be an n x n matriz with entries in C. For eachi € {1,--- ,n}, we define
Ri = Z |ai7j|.
J#i

The sets D; :={z € C; |z —a;;| < R;} withi € {1,--- ,n}, are called the Gershgorin disks of A.

Theorem A.1 (Gershgorin circle Theorem) Let A = (a;;) be an n X n matriz with entries in C.
The eigenvalues of A belong to the union of its Gershgorin disks.
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