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L2- Decay of Solutions of Three Dimensional Incompressible MHD Equations: A Modified
Approach

Shraddha Sadavarte, Sanjay Sarwe∗ and R. V. Saraykar

abstract: In this paper, we adopt a recent and modified approach to prove L2-decay properties of solutions
of incompressible MHD equations following the methods in H. Sohr [“The Navier-Stokes Equations: An
Elementary Functional Analytic Approach”, Birkhauser Advanced Texts, Birkhauser Verlag, Basel, 2001. ]
and Duong and Khai [TNU Journal of Science and Technology, Vol. 225 (02), 45-51 (2020) ] Also, we compare
our results with previously known results in the literature and find that our results (decay rate) are sharper
than previously proven results. Last Theorem is an additional property of solutions of MHD equations, namely
that they approach solution of homogeneous system as t → ∞

Key Words: : Incompressible Magnetohydrodynamic Equations, L2- decay of solutions, Homoge-
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1. Introduction

Magnetohydrodynamics (MHD) deals with dynamics of conducting fluid moving in an electromagnetic
field, especially when the current set in the matter by induction, modifies the field, and thus the field
and dynamic equations are coupled to govern the moving conducting fluid. The equations describing the
motion of a viscous incompressible conducting fluid moving in a magnetic field are described by coupling
Navier-Stokes (N-S) equations with Maxwell’s electromagnetic equations together with the expression for
the Lorentz force. The domain in which the fluid is moving is either a bounded subset of R3 or the whole
space R3.

Importance of proving qualitative properties of hydrodynamic and hydromagnetic flows like existence
and uniqueness of solutions, their stability, regularity and large time behaviour, have been known to
theoretical and applied mathematicians since last six decades or more. In spite of many monumental
research papers published from time to time by pioneering workers, the global existence problem for three
dimensional Navier-Stokes equations and MHD equations is still open. Nevertheless, many important
qualitative properties mentioned above have been proved and improved over during last four decades by
using methods from Non-linear Functional Analysis.

In particular, large time behaviour and L2-Decay properties of solutions of Navier-Stokes equations
and MHD equations have been proved by various authors (see for example [1,2,3,4,5,6] ). S. D. Mo-
hgaonkar and R. V. Saraykar [7] proved such L2-Decay properties for MHD equations by using method
of Fourier transform.

In this paper, we use modified and simple approach to prove L2-decay properties for MHD equations
in general domains. Our results are an improvement over previously known results.
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Thus, in section 2, we give preliminary notations and describe MHD equations with appropriate initial
and boundary conditions. We also describe some basic results on the Laplacian operator and state certain
inequalities which will be used in proving our main theorems. Herein, we state our main theorems also.
In section 3, we state and prove some Lemmas. In section 4, we give proof of our main theorems on L2-
decay properties. We conclude the paper with some remarks about previously known results in various
contexts, in section 5.

2. MHD equations, preliminary results and statement of main theorems

Let Ω be a non-empty connected open subset of R3, bounded or unbounded, with boundary ∂Ω and
[0, T ) being time interval, 0 < T ≤ ∞. The motion of the viscous incompressible conducting fluid moving
in a domain Ω under the influence of magnetic field is described by the system of equations [7]:

ut + u.∇u−B.∇B − ϑ∆u+∇P = 0

Bt + u.∇B −B.∇u− λ∆B = 0

∇.u = 0, ∇.B = 0

u(x, 0) = u0, B(x, 0) = B0

and u|∂Ω = 0, B|∂Ω = 0

(2.1)

where u is the velocity of conducting fluid and B is the magnetic field acting on the conducting moving
fluid, ut =

∂u
∂t , Bt =

∂B
∂t , ϑ is the kinematic coefficient of viscosity, λ is magnetic diffusivity and P is the

external pressure. For mathematical convenience, we take ϑ = λ = 1.
Now, we briefly describe the requisite function spaces, definitions of weak and strong solutions to (2.1)

and introduce some notations required for describing our results. In this paper, sometimes we use the
notation A ≲ B as an equivalent to A ≤ CB with a uniform constant C. The notation A ≃ B means
that A ≲ B and B ≲ A.

The notation ⟨. , .⟩Ω denotes pairing of functions, vector fields etc. on Ω and ⟨. , .⟩Ω,T means the
corresponding pairing on [0, T )× Ω.

For 1 ≤ q ≤ ∞, we use the well known Lebesgue and Sobolev spaces Lq(Ω),W k,p(Ω), with norms
∥ . ∥Lq(Ω) = ∥ . ∥q and ∥ . ∥Wk,p(Ω) = ∥ . ∥k,p. We also need the Bochner spaces Ls(0, T ;Lp(Ω)), 1 ≤
s, p ≤ ∞ with the norm

|| . ||Ls(0,T ;Lp(Ω)) =
(∫ T

0

|| . ||spdt
)1/s

= || . ||p,s,T

Furthermore, let C∞
0 denote the space of C∞ functions with compact support in Ω, and let

C∞
0,σ(Ω) = {u ∈ C∞

0 (Ω) | div u = 0}

Then L2
σ(Ω) = C∞

0,σ(Ω) with respect to L2− norm , W 1,2
0 (Ω) = C∞

0 (Ω) with respect to W 1,2−
norm and W 1,2

0,σ (Ω) = C∞
0,σ(Ω) with respect to W 1,2− norm.

P denotes Helmholtz projection function, P : L2(Ω) → L2
σ(Ω). We define Stokes operator A as

follows: A = −P∆ : D(A) → L2
σ(Ω) with the domain of definition

D(A) =
{
u ∈ W 1,2

0,σ (Ω),∃ f ∈ L2
σ(Ω) : ⟨∇u,∇φ⟩Ω = ⟨f, φ⟩Ω ,∀φ ∈ W 1,2

0,σ (Ω)
}

is defined as Au = −P∆u = f , where u ∈ D(A).
We define the fractional powers as in [1] Aα : D(Aα) → L2

σ(Ω),−1 ≤ α ≤ 1
and we note that D(A) ⊂ D(Aα) ⊂ L2

σ(Ω) for α ∈ (0, 1]. For any domain Ω ⊂ R3, it is well known that
the operator A is self –adjoint and generates a bounded analytic semi group e−tA, t ≥ 0 on L2

σ(Ω).
In the theory of Navier-Stokes equations, the following embedding properties play a basic role:∥∥∥A−β

2 Pu
∥∥∥
2
≤ C ∥u∥q , u ∈ Lq

σ(Ω) where
1

2
≤ β <

3

2
,
1

q
=

1

2
+

β

3
. (2.2)

Furthermore, we shall use the Stokes semigroup estimates∥∥Aαe−tAu
∥∥
2
≤ t−α ∥u∥2 with u ∈ L2

σ(Ω), 0 ≤ α ≤ 1. (2.3)
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Next, we define weak and strong solutions of MHD system (2.1): In what follows, we use standard
norm for vectors in a Cartesian product of Banach spaces:
If X and Y are two Banach spaces with norms ||.||X & ||.||Y respectively, then for (x, y) ∈ X × Y , we
define ||(x, y)|| by ||(x, y)||2 = ||x||2X + ||y||2Y .

Definition 2.1 Weak Solution
A vector field

(u,B) ∈ L∞(0, T, L2
σ(Ω)× L2

σ(Ω)) ∩ L2([0, T );W 1,2
0,σ (Ω)×W 1,2

0,σ ) (2.4)

is called a weak solution in the sense of Leary-Hopf of system (2.1) with initial value
u(0, x) = u0, B(0, x) = B0 if the relations

−⟨u,wt⟩Ω,T + ⟨∇u,∇w⟩Ω,T + ⟨u.∇u,w⟩Ω,T − ⟨B.∇B,w⟩Ω,T = ⟨u0, w⟩Ω (2.5)

and
−⟨B,wt⟩Ω,T + ⟨∇B,∇w⟩Ω,T + ⟨u.∇B,w⟩Ω,T − ⟨B.∇u,w⟩Ω,T = ⟨B0, w⟩Ω (2.6)

are satisfied for all test functions w ∈ C∞
0 ([0, T ];C∞

0,σ(Ω)), and additionally the energy inequality

∥u(t)∥22 + ∥B(t)∥22 + 2

t∫
0

∥∇u(τ)∥22 dτ + 2

t∫
0

∥∇B(τ)∥22 dτ ≤ ∥u0∥22 + ∥B0∥22 (2.7)

is satisfied for all t ∈ [0, T ). The energy inequality (2.7) can be written in product norms,

∥(u(t), B(t))∥22 + 2

t∫
0

∥(∇u(τ),∇B(τ))∥22 dτ ≤ ∥(u(t0), B(t0))∥22 (2.8)

Definition 2.2 Strong Solution
A weak solution (u,B) is called a strong solution of MHD equations (2.1) if additionally local Serrin’s
condition

(u,B) ∈ Ls
loc([0, T );L

q(Ω)× Lq(Ω)) (2.9)

is satisfied with 2 < s < ∞, 3 < q < ∞ where 2
s + 3

q ≤ 1.

If the domain Ω is bounded, by routine methods, we can prove the existence of weak solution (u,B)
as in definition (2.1) which additionally satisfies the strong energy inequality, given as

∥u(t)∥22 + ∥B(t)∥22 + 2

t∫
t′

∥∇u(s)∥22 ds+ 2

t∫
t′

∥∇B(s)∥22 ds ≤ ∥u(t′)∥22 + ∥B(t′)∥22 (2.10)

for almost all t′ ∈ [0, T ) and all t ∈ [t′, T ) [1]. The energy inequality (2.10) can be written in product
norms,

∥(u(t), B(t))∥22 + 2

t∫
t′

∥(∇u(s),∇B(s))∥22 ds ≤ ∥(u(t′), B(t′))∥22 (2.11)

For results in the case of unbounded domain for Navier-Stokes equations, we refer the reader to [8].
These results are easily extendible to MHD case and we omit the details.

In what follows, we shall need the following standard inequalities:
(1)Holder inequality: - if f1 ∈ Lp and f2 ∈ Lq with p, q > 1 and 1

p+
1
q = 1, then

∫
|f1.f2| ≤ ∥f1∥p . ∥f2∥q

Variant of Holder inequality [8] :-

If p, q, r > 1 and
1

p
+

1

q
=

1

r
then ∥f1.f2∥r ≤ ∥f1∥p . ∥f2∥q (2.12)
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(2) Gagliardo – Nirenberg Interpolation inequality:-
We need a special case of this, called generalized Ladyzhensakaya’s inequality which is stated as follows:-
Whenever n = dim.Ω = 2 or 3, p > q ≥ 1,

s > n
(

1
2 − 1

p

)
and 1

p = α
q + (1− α)

(
1
2 − s

n

)
, we have, ∥u∥p ≤ C. ∥u∥αq ∥u∥1−α

Hs
0

In what follows, we shall take p = 3
β , α = β − 1

2 ,
1
2 ≤ β < 3

2 , q = 2, s = 1 and n = 3. Then above
conditions are satisfied and we get

∥u∥ 3
β
≤ C ∥u∥β−

1
2

2 ∥∇u∥
3
2−β
2 (2.13)

since ∥u∥H1
0
≤ C1 ∥∇u∥2

We now state our main Theorems:

Theorem 2.1 Let Ω ⊂ R3 be a general domain, (u0, B0) ∈ L2
σ ×L2

σ and (u,B) is a weak solution of the
MHD system (2.1) satisfying the strong energy inequality (2.11). Then

a) If
∥∥(e−tAu0, e

−tAB0)
∥∥
2
= O(t−α) for some 0 ≤ α ≤ 3

4 ,
then ∥(u(t), B(t))∥2 = O(t−α) as t → ∞

b) If
∥∥(e−tAu0, e

−tAB0)
∥∥
2
= o(t−α) for some 0 ≤ α ≤ 3

4 ,
then ∥(u(t), B(t))∥2 = o(t−α) as t → ∞

Here O and o denote big order and small order respectively.

Theorem 2.2 Let Ω ⊂ R3 be a general domain, (u0, B0) ∈ L2
σ(Ω)×L2

σ(Ω) and (u,B) is a weak solution
of the MHD system (2.1) satisfying strong energy inequality (2.11).
If (u0, B0) ∈ (Lq(Ω)× Lq(Ω)) ∩

(
L2
σ(Ω)× L2

σ(Ω)
)
, 1 < q < 2 then

∥(u(t), B(t))∥2 = o
(
t
−1
2 ( 1

q−
1
2 )
)

as t → ∞

Theorem 2.3 Let Ω ⊂ R3 be a general domain (u0, B0) ∈ L2
σ(Ω)× L2

σ(Ω) and (u,B) is a weak solution
of MHD system (2.1) satisfying the strong energy inequality (2.11). If there exist positive constants
t0, C1, C2 such that
C1t

−α1 ≤
∥∥(e−tAu0, e

−taB0)
∥∥ ≤ C2t

−α2 for t ≥ t0
where α1 and α2 are constants satisfying 0 ≤ α2 < 1

2 and α2 ≤ α1 < α2 +
1
4

Then

lim
t→∞

∥∥(u(t), B(t))− (e−tAu0, e
−tAB0)

∥∥
2

∥(u(t), B(t))∥2
= 0

Proofs of these theorems will be given in Section 4.

3. Lemmas and their proofs

For the proofs of the theorems 2.1− 2.3 ,we need the following Lemmas:

Lemma 3.1 Let γ, θ ∈ R and t > 0, then

a) If θ < 1 then

t
2∫
0

(t− τ)−γτ−θdτ = K1 t1−γ−θ

where K1 =

1
2∫
0

(1− τ)−γτ−θdτ < ∞

b) If γ < 1 then
t∫
t
2

(t− τ)−γτ−θdτ = K2 t1−γ−θ

where K2 =
1∫
1
2

(1− τ)−γτ−θdτ < ∞
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For proof of this lemma, we refer the reader to the book by Sohr [1].

Lemma 3.2 Let (u,B) ∈ L2(Ω)× L2(Ω) and (∇u,∇B) ∈ L2(Ω)× L2(Ω).
Then we have the following inequalities:

a)
∥∥e−tAP(u.∇u)

∥∥
2
≲ C t

−β
2 ∥u∥β−

1
2

2 ∥∇u∥
5
2−β
2

b)
∥∥e−tAP(B.∇B)

∥∥
2
≲ C t

−β
2 ∥B∥β−

1
2

2 ∥∇B∥
5
2−β
2

c)
∥∥e−tAP(B.∇u)

∥∥
2
≲ C t

−β
2 ∥B∥β−

1
2

2 ∥∇B∥
3
2−β
2 ∥∇u∥2

d)
∥∥e−tAP(u.∇B)

∥∥
2
≲ C t

−β
2 ∥u∥β−

1
2

2 ∥∇u∥
3
2−β
2 ∥∇B∥2

where β is a positive constant such that 1
2 ≤ β < 3

2

Proof: a):

We first write
∥∥e−tA P(u,∇u)

∥∥
2
=
∥∥∥A β

2 e−tAA
−β
2 P(u.∇u)

∥∥∥
2

Then, applying inequalities (2.2) and (2.3), we get∥∥e−tAP(u.∇u)
∥∥
2

≤ t
−β
2

∥∥∥A−β
2 P(u.∇u)

∥∥∥
2

≤ C.t
−β
2 ∥(u.∇u)∥q . (3.1)

We now apply variant of Holder inequality with 1
q = 1

2 + β
3 , therefore inequality (3.1) takes the form,∥∥e−tAP(u.∇u)

∥∥
2

≲ C.t
−β
2 ∥u∥ 3

β
∥∇u∥2 . (3.2)

Next, we apply Interpolation inequality (2.13) to ∥u∥ 3
β
,

then, inequality (3.2) becomes∥∥e−tAP(u.∇u)
∥∥
2
≲ C.t

−β
2 ∥u∥β−

1
2

2 ∥∇u∥
3
2−β
2 ∥∇u∥2

≲ C.t
−β
2 ∥u∥β−

1
2

2 ∥∇u∥
5
2−β
2

Thus we have the required result:∥∥e−tAP(u.∇u)
∥∥
2
≲ C.t

−β
2 ∥u∥β−

1
2

2 ∥∇u∥
5
2−β
2 .

This proof appears in reference [2]. We have elaborated it here, to prove remaining inequalities of the
Lemma (3.2)
b):
Using proof of (a), inequality (b) can be proved similarly for B. Thus, we get∥∥e−tAP(B.∇B)

∥∥
2
≲ C.t

−β
2 ∥B∥β−

1
2

2 ∥∇B∥
5
2−β
2

c):
To prove inequality (c), we proceed as follows:-∥∥e−tAP(B.∇u)

∥∥
2
=
∥∥∥A β

2 e−tAA
−β
2 P(B.∇u)

∥∥∥
2

Applying inequality (2.3) first, and then (2.2), above inequality becomes∥∥e−tAP(B.∇u)
∥∥
2

≤ t
−β
2

∥∥∥A−β
2 P(B.∇u)

∥∥∥
2

≤ C.t
−β
2 ∥B.∇u∥q

Further using variant of Holder inequality (2.12), we have∥∥e−tAP(B.∇u)
∥∥
2

≲ C.t
−β
2 ∥B∥ 3

β
∥∇u∥2

≲ C.t
−β
2 ∥B∥β−

1
2

2 ∥∇B∥
3
2−β
2 .||∇u||2
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by interpolation inequality (2.13). Thus∥∥e−tAP(B.∇u)
∥∥
2
≲ C.t

−β
2 ∥B∥β−

1
2

2 ∥∇B∥
3
2−β
2 ∥∇u∥2

d):
On the lines of proof (c), we obtain the proof of (d),∥∥e−tAP(u.∇B)

∥∥
2
≲ C.t

−β
2 ∥u∥β−

1
2

2 ∥∇u∥
5
2−β
2 ∥∇B∥2

Thus, Lemma (3.2) is proved. 2

Lemma 3.3 There exist a positive constant δ such that if (u0, B0) ∈ D(A 1
4 )× D(A 1

4 ) and∥∥∥(A 1
4u0, A

1
4B0)

∥∥∥
2
≤ δ then the MHD system (2.1) has a strong solution with the initial value (u0, B0)

satisfying ∥(∇u,∇B)t∥22 ≤ t
−1
2 for all t ≥ 0.

Proof: This Lemma follows from extending Theorem 2 of Kozono and Ogawa [9] to MHD case with

value µ = 0 and α = 1
2 there. We recall that

∥∥∥A 1
2u
∥∥∥ ∼= ∥∇u∥. We omit the details of the proof here. 2

Lemma 3.4 Let (u,B) be a weak solution of the MHD system (2.1) with initial value (u0, B0) ∈ L2
σ(Ω)×

L2
σ(Ω). Then there exist a positive value t0, large enough, such that ∥(∇u(t),∇B(t))∥22 ≤ t−

1
2 for all

t ≥ t0

Proof: We use spectral representation theorem for a positive self–adjoint operator A. Let the spectral
representation of A be given by

A =

∞∫
0

λ dEλ (3.3)

with D(A) =

{
u ∈ L2

σ(Ω) : ∥Au∥22 =
∞∫
0

λ2 d ∥Eλu∥22 < ∞
}

Therefore, we have representations

A1/2 =

∞∫
0

λ1/2 dEλ (3.4)

A1/4 =

∞∫
0

λ1/4 dEλ (3.5)

as A1/2, A1/4 are also positive self-adjoint operators since A is so, with their domains

D(A1/2) =

{
u ∈ L2

σ(Ω) :
∥∥∥A 1

2u
∥∥∥2
2
=

∞∫
0

λ d ∥Eλu∥22 < ∞
}

and

D(A1/4) =

{
u ∈ L2

σ(Ω) :
∥∥∥A 1

4u
∥∥∥2
2
=

∞∫
0

λ1/2 d ∥Eλu∥22 < ∞
}

Taking norm of (3.5), we have

∥∥∥A 1
4u
∥∥∥2
2
=

∞∫
0

λ1/2d ∥Eλu∥22

and applying Holder inequality to∫ ∞

0

(
λ1/2 d||Eλu||2

)
. (d||Eλu||2) , further, we obtain
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∥∥∥A 1
4u
∥∥∥2
2

≤

 ∞∫
0

λd ∥Eλu∥22

1/2 ∞∫
0

d ∥Eλu∥22

1/2

≤
(∥∥∥A 1

2u
∥∥∥2
2

)1/2 (
∥u∥22

)1/2
Thus,

∥∥∥A 1
4u
∥∥∥2
2

≤
∥∥∥A 1

2u
∥∥∥
2
∥u∥2 (3.6)

wherein Eλ are projection operators in the spectral representation, so that ||Eλ|| ≤ 1.
Replacing u by B, similarly we get, ∥∥∥A 1

4B
∥∥∥2
2
≤
∥∥∥A 1

2B
∥∥∥
2
∥B∥2 (3.7)

Combining inequalities (3.6) and (3.7), we obtain

∥∥∥A 1
4u
∥∥∥2
2
+
∥∥∥A 1

4B
∥∥∥2
2

≤
∥∥∥A 1

2u
∥∥∥
2
∥u∥2 +

∥∥∥A 1
2B
∥∥∥
2
∥B∥2

≤
∥∥∥A 1

2u
∥∥∥
2
∥(u,B)∥2 +

∥∥∥A 1
2B
∥∥∥
2
∥(u,B)∥2

≤
(∥∥∥A 1

2u
∥∥∥
2
+
∥∥∥A 1

2B
∥∥∥
2

)
∥(u,B)∥2 (3.8)

Further, using equivalent product norms, inequality (3.8) can be written as

||(A1/4u,A1/4B)||22 ≤ ||(A1/2u,A1/2B)||2.||(u,B)||2 (3.9)

Now, we consider the weak solution of MHD system satisfying energy inequality, in product norms,

||(u(t), B(t))||22 + 2

∫ t

t0

||(∇u(s),∇B(s))||22 ds ≤ ||(u(t0), B(t0))||22 (3.10)

for all to ∈ [0,∞) \N where N is a null set.
Let δ be a positive constant in Lemma (3.3) then using (3.9) and (3.10), it follows that there exists large
enough t0 ∈ [0,∞) \N such that ||(u(t0), B(t0))||D(A1/4) ≤ δ. Thus, combining Lemma (3.3), inequality
(3.10) and Serrin’s uniqueness of solutions, we get, finally,

∥∇u(t),∇B(t)∥22 ≤ t−
1
2 for all t ≥ t0 (3.11)

The proof of Lemma (3.4) is thus completed. 2

Lemma 3.5 Let (u0, B0) ∈ L2
σ(Ω)× L2

σ(Ω) then

a)
∥∥(e−tAu0, e

−tAB0)
∥∥
2
→ 0 as t → ∞

b) If (u0, B0) ∈ (Lq(Ω) ∩ L2
σ(Ω))× (Lq(Ω) ∩ L2

σ(Ω)), for some 1 < q ≤ 2 then∥∥(e−tAu0, e
−tAB0)

∥∥
2
= o

(
t−

1
2 (

1
q−

1
2 )
)

as t → ∞

Proof: (a) Let (u0, B0) ∈ L2
σ(Ω)× L2

σ(Ω). The function

(u,B) : [0,∞) → L2
σ(Ω)× L2

σ(Ω) is defined by (u,B)(t) = (S(t)u0, S(t)B0) for t ≥ 0 (3.12)

where S(t), a semi-group operator is given by S(t) = e−tA. The Lemma 1.5.1 (page 204) from Sohr’s
book [1], can easily be extended to prove∥∥(e−tAu0, e

−tAB0)
∥∥
2
→ 0 as t → ∞. We omit the proof.
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(b) Let (u0, B0) ∈ (Lq(Ω) ∩ L2
σ(Ω))× (Lq(Ω) ∩ L2

σ(Ω)), for some 1 < q ≤ 2,
so, u0 ∈ L2

σ ∩ Lq(Ω) then by Lemma (2.5 b) of Duong and Khai [2], we have

∥∥e−tAu0

∥∥
2
≤ t−

1
2 (

1
q−

1
2 )
∥∥∥e− tA

2 A− 1
2 (

1
q−

1
2 )u0

∥∥∥
2

(3.13)

Similarly for B0 ∈ L2
σ ∩ Lq(Ω), we can write

∥∥e−tAB0

∥∥
2
≤ t−

1
2 (

1
q−

1
2 )
∥∥∥e− tA

2 A− 1
2 (

1
q−

1
2 )B0

∥∥∥
2

(3.14)

Combining inequalities (3.13) and (3.14), we obtain

∥∥e−tAu0

∥∥
2
+
∥∥e−tAB0

∥∥
2

≤ t−
1
2 (

1
q−

1
2 )
∥∥∥e− tA

2 A− 1
2 (

1
q−

1
2 )u0

∥∥∥
2
+ t−

1
2 (

1
q−

1
2 )
∥∥∥e− tA

2 A− 1
2 (

1
q−

1
2 )B0

∥∥∥
2

≤ t−
1
2 (

1
q−

1
2 )
(∥∥∥e− tA

2 A− 1
2 (

1
q−

1
2 )u0

∥∥∥
2
+
∥∥∥e− tA

2 A− 1
2 (

1
q−

1
2 )B0

∥∥∥
2

)
(3.15)

Using inequality (2.2),we have A− 1
2 (

1
q−

1
2 )u0 ∈ L2

σ(Ω) and also A− 1
2 (

1
q−

1
2 )B0 ∈ L2

σ(Ω)
where 1

2 ≤ β < 3
2 ,

1
q = 1

2 + β
3

Using properties of product norm and part (a) of above Lemma on inequality (3.15), we conclude that∥∥(e−tAu0, e
−tAB0)

∥∥
2
= o

(
t−

1
2 (

1
q−

1
2 )
)
as t → ∞

2

4. Proofs of the Theorems (2.1) − (2.3)

Theorem (2.1)
Let Ω ⊂ R3 be a general domain, (u0, B0) ∈ L2

σ × L2
σ and (u,B) is a weak solution of the MHD system

(2.1) satisfying the strong energy inequality (2.11). Then

a) If
∥∥(e−tAu0, e

−tAB0)
∥∥
2
= O(t−α) for some 0 ≤ α ≤ 3

4 ,
then ∥(u(t), B(t))∥2 = O(t−α) as t → ∞

b) If
∥∥(e−tAu0, e

−tAB0)
∥∥
2
= o(t−α) for some 0 ≤ α ≤ 3

4 ,
then ∥(u(t), B(t))∥2 = o(t−α) as t → ∞

Proof: a) Let us construct a weak solution of the following integral equations, in expanded form

u(t) = e−tAu0 +

t∫
0

e−(t−s)AP(B.∇B)ds−
t∫

0

e−(t−s)AP(u.∇u)ds (4.1)

B(t) = e−tAB0 +

t∫
0

e−(t−s)AP(B.∇u)ds−
t∫

0

e−(t−s)AP(u.∇B)ds (4.2)
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Now, using lemma (3.5), we obtain

∥u(t)∥2 ≲
∥∥e−tAu0

∥∥
2
+

t∫
0

(t− s)−β/2 ∥B(s)∥β−
1
2

2 ∥∇B(s)∥
5
2−β
2 ds

+

t∫
0

(t− s)−β/2 ∥u(s)∥β−
1
2

2 ∥∇u(s)∥
5
2−β
2 ds (4.3)

∥B(t)∥2 ≲
∥∥e−tAB0

∥∥
2
+

t∫
0

(t− s)−β/2 ∥B(s)∥β−
1
2

2 ∥∇B(s)∥
3
2−β
2 ∥∇u(s)∥2 ds

+

t∫
0

(t− s)−β/2 ∥u(s)∥β−
1
2

2 ∥∇u(s)∥
3
2−β
2 ∥∇B(s)∥2 ds (4.4)

We have ∥(u,B)∥2 ≤ ∥u∥2 + ∥B∥2, and using (4.3) and (4.4), it becomes

∥(u,B)∥2 ≲
∥∥e−tAu0

∥∥
2
+
∥∥e−tAB0

∥∥
2

+

t∫
0

(t− s)−
β
2

{
∥B(s)∥β−

1
2

2 ∥∇B(s)∥
5
2−β
2

+ ∥u(s)∥β−
1
2

2 ∥∇u(s)∥
5
2−β
2 + ∥B(s)∥β−

1
2

2 ∥∇B(s)∥
3
2−β
2 ∥∇u(s)∥2

+ ∥u(s)∥β−
1
2

2 ∥∇u(s)∥
3
2−β
2 ∥∇B(s)∥2

}
ds (4.5)

Further, using ∥u∥2 + ∥B∥2 ≤ C ∥(u,B)∥2, above inequality takes the form

∥(u,B)∥2 ≲ C1

∥∥(e−tAu0, e
−tAB0)

∥∥
2
+

t∫
0

Id ds (4.6)

where integrand of the above integral,

Id = (t− s)−
β
2

{
∥B(s)∥β−

1
2

2 ∥∇B(s)∥
5
2−β
2

+ ∥u(s)∥β−
1
2

2 ∥∇u(s)∥
5
2−β
2 + ∥B(s)∥β−

1
2

2 ∥∇B(s)∥
3
2−β
2 ∥∇u(s)∥2

+ ∥u(s)∥β−
1
2

2 ∥∇u(s)∥
3
2−β
2 ∥∇B(s)∥2

}
(4.7)

Now, for all 1
2 ≤ β < 3

2 , we divide the integral of equation (4.6) into two different parts,

I =

∫ t/2

0

Id ds+

∫ t

t/2

Id ds ≡ I1 + I2 (4.8)
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Also, we have properties ∥u∥ ≤ ∥(u,B)∥ and ∥B∥ ≤ ∥(u,B)∥, so integrals I1 and I2 becomes

I1 ≤

t
2∫

0

(t− s)
−β
2

{
∥(u,B)∥β−

1
2

2 ∥(∇u,∇B(s))∥
5
2−β
2 + ∥(u,B)∥β−

1
2

2 ∥(∇u,∇B(s))∥
5
2−β
2

+ ∥(u,B)∥β−
1
2

2 ∥(∇u,∇B(s))∥
3
2−β
2 ∥(∇u,∇B(s))∥2

+ ∥(u,B)∥β−
1
2

2 ∥(∇u,∇B(s))∥
3
2−β
2 ∥(∇u,∇B(s))∥2

}
ds (4.9)

I2 ≤
t∫

t
2

(t− s)
−β
2

{
∥(u,B)∥β−

1
2

2 ∥(∇u,∇B(s))∥
5
2−β
2 + ∥(u,B)∥β−

1
2

2 ∥(∇u,∇B(s))∥
5
2−β
2

+ ∥(u,B)∥β−
1
2

2 ∥(∇u,∇B(s))∥
3
2−β
2 ∥(∇u,∇B(s))∥2

+ ∥(u,B)∥β−
1
2

2 ∥(∇u,∇B(s))∥
3
2−β
2 ∥(∇u,∇B(s))∥2

}
ds (4.10)

On simplifying, we have

I1 ≤

t
2∫

0

(t− s)
−β
2

{
4 ∥(u,B)∥β−

1
2

2 ∥(∇u,∇B(s))∥
5
2−β
2

}
ds ≡ I3 (4.11)

I2 ≤
t∫

t
2

(t− s)
−β
2

{
4 ∥(u,B)∥β−

1
2

2 ∥(∇u,∇B(s))∥
5
2−β
2

}
ds ≡ I4 (4.12)

and I = I1 + I2 ≤ I3 + I4.
Now, we consider three cases: i)0 ≤ α ≤ 1

4 , ii)
1
4 ≤ α < 1

2 , iii)
1
2 ≤ α < 3

4
Case i) :- 0 ≤ α ≤ 1

4
The integral I3 using weak energy condition and Holder’s inequality can be written as

I3 ≤ 4 ∥(u0, B0)∥
β− 1

2
2 t

−β
2

t
2∫

0

∥(∇u,∇B)∥
5
2−β
2 ds

≤ 4 ∥(u0, B0)∥
β− 1

2
2 t

−β
2

( t
2∫

0

ds
) 2β−1

4
( t

2∫
0

∥(∇u,∇B)∥22 ds
) 5−2β

4

≤ 4 ∥(u0, B0)∥
β− 1

2
2 t

−β
2 ([s]

t
2
0 )

2β−1
4 ∥(u0, B0)∥

5−2β
4

2

≤ 4 ∥(u0, B0)∥
β− 1

2
2 t

−β
2 (

t

2
)

2β−1
4 ∥(u0, B0)∥

5−2β
4

2

≤ 4 ∥(u0, B0)∥
β− 1

2
2 t

−1
4 2

1−2β
4 ∥(u0, B0)∥

5−2β
4

2

Thus, we get I3 ≤ O
(
t
−1
4

)
(4.13)

and by applying Lemma (3.1b) and strong energy condition (2.11), we have

I4 ≤ 4 ∥(u0, B0)∥
β− 1

2
2

∫ t

t
2

(t− s)−
β
2 (s−1/2)

5
2−βds

≤ 4 ∥(u0, B0)∥
β− 1

2
2 t1−

β
2 − 1

2 (
5
2−β) by Lemma (3.1(b))

≤ 4 ∥(u0, B0)∥
β− 1

2
2 t1−

β
2 − 5

4+
β
2 .

≤ 4 ∥(u0, B0)∥
β− 1

2
2 t−

1
4 .

Thus, I4 ≤ O
(
t
−1
4

)
for t ≥ 2 t0 (4.14)
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and I ≤ I3 + I4 ≤ O
(
t
−1
4

)
. From equation (4.6) and given hypothesis, we can write

∥(u(t), B(t))∥2 ≲
∥∥(e−tAu0, e

−tAB0)
∥∥
2
+ I ≤ O(t−α)+O

(
t
−1
4

)
by using Lemmas (3.5 - 3.4). Therefore,

∥(u(t), B(t))∥2 = O(t−α) as t → ∞
Case ii):- 1

4 ≤ α < 1
2

Applying result of Case (i) for α = 1
4 in I3

I3 ≤ 4t
−β
2

t
2∫

0

∥(u,B)∥β−
1
2

2 ∥(∇u,∇B)∥
5
2−β
2 ds

≤ 4t
−β
2

t
2∫

0

(s
−1
4 )β−

1
2 ∥(∇u,∇B)∥

5
2−β
2 ds

≤ 4t
−β
2 (

t
2∫

0

s
−1
2 ds)

2β−1
4 (

t
2∫

0

∥(∇u,∇B)∥22 ds)
5−2β

4 by Holder inequality

≤ 4t
−β
2 (t

1
2 )

2β−1
4 ||(u0, B0)||

5−2β
4

2

Thus, I3 ≤ O(t
−β
4 − 1

8 ) (4.15)

Using Lemmas (3.4) and (3.1b), we have

I4 ≤ 4

t∫
t
2

(t− s)
−β
2

(
s

−1
4

)β− 1
2

(s−
1
2 )

5
2−βds

≤ 4

t∫
t
2

(t− s)
−β
2 s

1
8−

β
4 s

β
2 − 5

4 ds

≤ 4

t∫
t
2

(t− s)
−β
2 s

−9
8 + β

4

≤ 4 O(t1−
β
2 − 9

8+
β
4 )

I4 ≤ O
(
t−

β
4 − 1

8

)
for t ≥ 2t0 (4.16)

So we have

∥(u(t), B(t))∥2 ≲
∥∥(e−tAu0, e

−tAB0)
∥∥
2
+ I

≤ O(t−α) +O
(
t
−β
4 − 1

8

)
for t ≥ 2t0 (4.17)

Using properties of real numbers, (Archimedean property), it is not difficult to show that there exist a
number β such that β

4 + 1
8 ≥ α and 1

2 ≤ β < 3
2 . So, we select one of such β, then from (4.17) it follows

that

∥(u(t), B(t))∥2 = O(t−α) as t → ∞

Case iii):- 1
2 ≤ α < 3

4
Applying Case (ii) of part (a), we have

∥(u(t), B(t))∥2 ≤ t−γ for t ≥ 0 (4.18)
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where γ is a constant such that 0 ≤ γ < 1
2 .

Applying inequality (4.18) on I3, we obtain

I3 ≤ 4t
−β
2

t
2∫

0

(s−γ)β−
1
2 ∥(∇u,∇B)∥

5
2−β
2 ds

≤ 4t
−β
2


t
2∫

0

s−2γds


2β−1

4


t
2∫

0

∥(∇u,∇B)∥22 ds


5−2β

4

by Holder inequality

≤ 4t
−β
2

([
s

−2γ + 1

−2γ+1
] t

2

0

) 2β−1
4


t
2∫

0

∥(∇u,∇B)∥22 ds


5−2β

4

≤ 4t
−β
2 (t−2γ+1)

2β−1
4

≤ 4t[
γ
2 −γβ− 1

4 ]

I3 ≤ O
(
t
γ
2 −γβ− 1

4

)
(4.19)

On applying Lemmas (3.5b) and (3.4) on I4, we have

I4 ≤
t∫

t
2

(t− s)
−β
2 (s−γ)β−

1
2 (s−

1
2 )

5
2−βds

≤ t1−
β
2 −γ(β− 1

2 )−
1
2 (

5
2−β)

t∫
t
2

(1− s)
−β
2 s−γ(β− 1

2 )ds

≤ t
γ
2 −γβ− 1

4

t∫
t
2

(1− s)
−β
2 s−γ(β− 1

2 )ds

I4 ≤ O
(
t
γ
2 −γβ− 1

4

)
for t ≥ 2t0 (4.20)

Further, equation (4.6) takes the form

∥(u(t), B(t))∥2 ≤
∥∥(e−tAu0, e

−tAB0)
∥∥
2
+ I

≤ O(t−α) +O
(
t
γ
2 −γβ− 1

4

)
for t ≥ 2t0 (4.21)

Now, it is easy to show that there exist, γ and β such that
γ
2 − γβ − 1

4 ≤ −α, 1
2 ≤ β < 3

2 , 0 ≤ γ < 1
2 .

Choosing one of such γ and β we conclude that

∥(u(t), B(t))∥2 = O(t−α) as t → ∞.

b) Proof of (b) part follows similarly as above 2

Corollary (2.1)
Let Ω ⊂ R3 be a general domain. Given (u0, B0) and (u,B) as in theorem (2.1), if ∥(u(t), B(t))∥2 = o(t−γ)
for some γ ∈ [0, 1

2 ) then∥∥(u(t), B(t))− (e−tAu0, e
−tAB0)

∥∥
2
= o(t−(γ+θ)) for all θ ∈ [0,

1

4
).
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Proof: The proof is directly derived from proof of Case (iii) in Theorem (2.1). 2

Theorem (2.2)
Let Ω ⊂ R3 be a general domain, (u0, B0) ∈ L2

σ(Ω) × L2
σ(Ω) and (u,B) is a weak solution of the MHD

system (2.1) satisfying strong energy inequality (2.11).
If (u0, B0) ∈ (Lq(Ω)× Lq(Ω)) ∩

(
L2
σ(Ω)× L2

σ(Ω)
)
, 1 < q < 2 then

∥(u(t), B(t))∥2 = o
(
t
−1
2 ( 1

q−
1
2 )
)

as t → ∞

Proof: By Theorem (2.1(b)), if (u0, B0) ∈ L2
σ(Ω)×L2

σ(Ω) and (u,B) is a weak solution of MHD system
(2.1) satisfying strong energy inequality (2.11), then
if
∥∥(e−tAu0, e

−tAB0)
∥∥
2
= o(t−α) for some 0 ≤ α ≤ 3

4 ,
then ∥(u(t), B(t))∥2 = o(t−α) as t → ∞
Thus, under the hypothesis of Theorem (2.2), by Lemma (3.5), we have,∥∥(e−tAu0, e

−tAB0)
∥∥
2
= o(t−

1
2 (

1
q−

1
2 )) as t → ∞,

since 1 < q < 2, 1 > (1/q− 1/2) > 0 and hence 1
2 (

1
q −

1
2 ) > 0 and q can be assumed to be < 3/4. Hence,

by Theorem (2.1(b)), we get

∥(u(t), B(t))∥2 = o
(
t
−1
2 ( 1

q−
1
2 )
)

as t → ∞ as desired. 2

Theorem (2.3)
Let Ω ⊂ R3 be a general domain, (u0, B0) ∈ L2

σ(Ω) × L2
σ(Ω) and (u,B) is a weak solution of MHD

equations satisfying the energy inequality (2.11). If there exist positive constants t0, C1, C2 such that
C1t

−α1 ≤
∥∥e−tA(u0, B0)

∥∥
2
≤ C2t

−α2 for t ≥ t0 where α1 and α2 are constants satisfying 0 ≤ α2 < 1
2

and α2 ≤ α1 < α2 +
1
4 then

lim
t→∞

∥∥(u(t), B(t))− (e−tAu0, e
−tAB0)

∥∥
2

∥(u(t), B(t))∥2
= 0

Proof: Applying Corollary 2.1 for γ = α2 , θ = α1−α2

2 + 1
8

There exist a positive constant M1 such that∥∥(u(t), B(t))− (e−tAu0, e
−tAB0)

∥∥
2

≤ M1 t−(α2+
α1−α2

2 + 1
8 )

≤ M1 t−(
α1+α2

2 + 1
8 ) for t ≥ 2t0 (4.22)

It follows from above inequality that

∥(u,B)∥2 = ||(e−tAu0, e
−tABo)− (e−tAu0, e

−tABo) + (u(t), B(t))||2
≥ ||(e−tAu0, e

−tABo||2 − ||(u(t), B(t))− (e−tAu0, e
−tABo)||2

≥ C1t
−α1 −M1t

−(α1+α2
2 + 1

8 ) using hypothesis and above inequality (4.22)

≥
(
C1 −M1t

−(α2−α1
2 + 1

8 )
)
t−α1

≥
(
C1 −

M1

t(
α2−α1

2 + 1
8 )

)
t−α1

≥

C1 −
M1[(

2M1

C1

) 1
ζ

]ζ
 t−α1 , ζ =

(
α2 − α1

2
+

1

8

)
with t ≥ t1

where t1 = max

{
t0,
(

2M1

C1

) 1
ζ

}
.
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It further takes the form,

∥(u,B)∥2 ≥

(
C1 −

M1

2M1

C1

)
t−α1

≥
(
C1 −

C1

2

)
t−α1

≥ C1

2
t−α1 for t ≥ t1 (4.23)

From the above two estimates (4.22) and (4.23), we obtain that∥∥(u(t), B(t))− (e−tAu0, e
−tAB0)

∥∥
2

∥(u(t), B(t))∥2
≤ M1t

−(
α1+α2

2 + 1
8 )

C1

2 t−α1

≤ 2M1

C1
t−

α1
2 −α2

2 − 1
8 tα1

≤ 2M1

C1
t−(

α2−α1
2 + 1

8 ) → 0 as t → ∞

since 0 ≤ ζ =

(
α2 − α1

2
+

1

8

)
≤ 1

8

Hence,

∥∥(u(t), B(t))− (e−tAu0, e
−tAB0)

∥∥
2

∥(u(t), B(t))∥2
→ 0 as t → ∞

i.e. lim
t→∞

∥∥(u(t), B(t))− (e−tAu0, e
−tAB0)

∥∥
2

∥(u(t), B(t))∥2
= 0 (4.24)

Proof of the theorem (2.3) is completed. 2

5. Concluding Remarks

In this paper, we have used a modified approach to derive L2- decay properties of solutions of three
dimensional incompressible MHD equations. We could find very few papers in the literature discussing
decay properties for MHD equations. Earlier work (Please see references [7] and [10] - [13]) uses Fourier
transforms and Fourier splitting method used by Shonbeck [14]. Some of the above authors have proved
the results for two dimensional equations only. Our approach does not use Fourier transform method
and is thus straightforward. The decay properties of the solutions that we have proved are also sharper
in the sense of O(t−α) or o(t−α) for certain range of α as compared to earlier results.
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