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Existence of three nontrivial solutions for an elastic beam equation via variational
approach

Hamed Faghan Nomeli, Ghasem A. Afrouzi* and Hadi Haghshenas

ABSTRACT: Based on the variational methods and critical-point theory, we are concerned with the existence
results for a class of elastic beam differential equation with two parameters A and p.
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1. Introduction

The critical point theory has proved to be a very important and efficient tool in mathematics. It
readily became one of fundamental building blocks of nonlinear analysis. Especially, the connection with
the existence theory for differential equations has attracted a lot of attention. Now, it is a standard way
of proving miscellaneous results such as bifurcation theorems, stability results in the theory of dynamical
systems and many others (see, [5,7,9,10,11]).

In this article, employing two kinds of critical point theorems, we focus on the existence of solutions for

the following problem

u®(z) + 2h(z)u" (z) + (h2(z) + B (2))u” (z) = Af (z,u(z)), =€ [0,1], (11)
u(0) = u'(0) = u"(1) = 0,u”"(1) = pg(u(1)), '

where A > 0, u € R, f:[0,1] x R — R, is an L!-Carathéodory function g : R — R is a non-negative
continuous function and h € C*[0, 1] is non-negative.

The problem (1.1) with h = 0 describes the static equilibrium of an elastic beam which is fixed at the left
end of x = 0 and is attached to a bearing device at the right end to « = 1, where the corresponding force
of the bearing device is given by function g, the nonlinear term f is a continuous load which is attached
to elastic beam.

In recent years, with the development of science and technology, more and more scholars are devoted
to the study on the existence and multiplicity of solutions for these fourth-order ordinary differential
equations. We refer the reader to [2,4,6,12,13] and references therein. In particular, in [4], Cabada et al.
investigated the problem

W@ (@) = (o, ulz)), v e 0,1, )
u(0) = /(0) = w”(1) = u"(1) =0, ’
where the function f : [0,1] x R — R is continuous. They studied the existence and multiplicity of
solutions by using the critical point theorems. In [2], Bonanno et al. investigated the following problem

{M“@)XHLUW», ze[0,1],

u(0) = w/(0) = w(1) = 0, (1) = pg(u(1)), (13)
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where A > 0, u > 0, f : [0,1] x R — R, is an L'-Carathéodory function, g : R — R is a continuous
function. By using the variational methods, they established the existence result of solutions for problem
(1.3).

In the present paper, motivated by the above works, employing two kinds of three critical points theorems
obtained in [1,3], we establish the existence of at least three weak solutions for the problem (1.1).

The remaining part of this paper is organized as follows. Some fundamental facts will be given in Section
2 and the main results of this paper will be presented in Section 3.

2. Preliminaries

We begin describing the variational formulation of problem (1.1), which is based on the function space
X ={uec H*0,1) : u(0) =/(0) =0},

where H?(0,1) is the Sobolev space of all functions u : [0,1] — R such that u and its distributional
derivative v’ are absolutely continuous and u" belongs to L?(0,1). Put

H(x) = /OI h(&)d¢, for all z € [0,1].

It is not hard to show that X is a Hilbert space equipped with the inner product

1
(u,v) :/ eH@y" ()" (z)d,
0

and norm

DN =

1
||U|X=< / eH<f>|u"<x>|2dm) ,
0

which is equivalent to the usual norm

| —

Jull = ( | 1 (o)) .

and

[N

ol = ( [ (@) + (@) + (@)

Remark 2.1 Forallue X

1 < < 1
—=llulx < lull < —=

[[ullx,

where Hy = min H(z), Hy = max H(z).
z€[0,1] z€[0,1]

Lemma 2.1 (/[8]) The embedding
X < C*([0,1)),

18 compact and

luller o,y = max{]lullos, [l loc} < flull,

forallu e X.
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Lemma 2.2 ([1}]) The embedding
X = L*([0,1]),

is compact and

lulls <

1 ) 1
ﬁ\\uﬂa [u']l2 < EHUH,
1
for allw € X, where ||ulls = (fol |u(x)|2dm)§

By Lemma 2.2, it is easy to obtain the following inequalities which is of independent interest.

Lemma 2.3 For allu € X,

2v/2

—=lullo < [lull < flullo-

V13

Here we prove that a weak solution of problem (1.1) is a function u € X such that

/ @y ()" (x)dx — )\/ 1@ f (2, u(z))v(x)de + pe Mg (u(1))v(1) =0,
0 0

for every v € X. To this end, an integration by parts gives
1
/ @y ()" (z)da:
0
1
= / eH@y" (2)dV (z)
0
1
_ eH(I)u//(ﬁ)V/(I)|£z(1) 7/ (eH(:r)u///(z) + eH(m)u//(x)h(I))dV(z)
0
= MO @) (@)1 — (O (@) + DU @)h) @) S
1
+ / (M@ u® (z) + 267" (2)h(x) + ¥ D (2)h? (x) + D’ (2)0 (2) ) v(z)da.
0
Then, by choosing v € H?(0,1) N HZ(0, 1), we have
1
/ H@ ™ (z) 4+ 20" (@) h(x) + v (x)h?(z) + o (x)h' (x) — Af(z, u(z)|v(z)dz = 0,
0
and
u® (x) + 2u" (x)h(zx) + v (2)h?(x) + v (x)B (z) = Mf(z,u(x)), a.e. on [0,1].
Next, we show that u satisfies the boundary condition of problem (1.1). For any v € X, we can obtain
u" (1) (1) = h(Lr(D)] + [ng (u(1) —u" (1)) Dr(1) = 0.
Since (1) and /(1) are arbitrary, we deduce that v”(1) = 0, v”’(1) = pg(u(1)). Therefore, u is a weak

solution for the problem (1.1).
Now, for every u € X, we define the functionals ® and ¥ as follows

a(u) = 5 ull,
W) = J; MO (2, (@) dr — LT OG ().
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Here,
¢
F(z,t) = / f(xz,)dg, for all (z,t) € [0,1] x R,
0

G(t) = /Otg(f)df, for all t € R.

It is not hard to show that if © € X is a critical point of the variational functional Iy = & — AWV, then it
is a weak solution for the problem (1.1).

Our main tools, to prove our main results, are ([3], Theorem 3.3) and ([1], Theorem 2.6) that we recall
here in a convenient form.

For all r,r{,ry > infx ®, ro > 11, r3 > 0, we define

SUPyecd— 1( 00,T) \Ij(u) ( )

A= veo Mo —o) |
P(v) — ¥(u)

T, T inf su —
5( ! 2) u€P 1 (—00,r1) yedp— 1131’7“2 (I)(’U) @(u)

sup U (u
Y(rg,rg) = —2C ZMM) ( )7

and
04(7’1, T2, 7n3) = max{@(rl)v ¢(T2)a 7(T27 7“3)}.

Theorem 2.1 ([3], Theorem 3.3). Let X be a reflexive real Banach space. Let ® : X — R be a
convez, coercive and continuously Gateauz differentiable functional whose Gateaux derivative admits a
continuous inverse on X*. Let ¥ : X — R be a continuously Gateauz differentiable functional whose
Gateaur derivative is compact such that

(a1) ®(0) = ¥(0) =0.

(ag) for every uy,us such that ¥(uy) > 0 and ¥(uz) = 0 one has

inf W(t 1-t = 0.
iy v (1= )

Assume that there are three positive constants r1,r2,73 with r1 < ro such that
(az) @(r1) < B(r1,72);

(a1) @(r2) < B(r1,72);

(as) v(r2,73) < B(r1,72).

1
Then for each \ € }

B(ri,r2)” alry,ra,r3)
points uy,uz, uz such that uy € ®~1(—o0,r1),uz € ®~ry,m2) and uz € ®~1(—00, 2 + 13).

[, the functional ® — AV admits at least three distinct critical

Theorem 2.2 ([1], Theorem 2.6). Let X be a reflexive real Banach space; ® : X — R be a sequentially
weakly lower semi-continuous, coercive and continuously Gateauz differentiable functional whose Gateaux
derivative admits a continuous inverse on X* and ¥ : X — R be a continuously Gateauz differentiable
functional whose Gateauzx derivative is compact, such that

®(0) =¥(0) =0.
Assume that there exist r >0 and v € X, with r < ®(©) such that
sup U(u)
(i) 2w 2 ¥@)
r <I>(1/)

d(v) T

\II(D) ’ SUP® (u)<r qj(“’)
Then, for each \ € A, the functional Iy has at least three distinct critical points in X .

(it) for each A € A, =

the functional Iy = ® — AV is coercive.
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3. Main results
Now, we formulate our main results as follows.

Theorem 3.1 Assume that there exist four positive constants c1,d, co,c3 with

et
ca<d< 76H0d<02 < cs,

3 1
F(x,c1)dx fol F(z,co)dx fol F(x,c:;)d:z:} _ (5)38}[1 f3/4 z, d)dx — fo (,c1)d

2 J 2 ) 2 _ 2 142
i c5 c5 — C5 8mid

such that

(A;) max { o

Then for every

AE

2
472(4\3 H
n'd (5) e . { 32mtetloc? 32mtetloc3 32mtetlo(c2 — c%)}

) min ) ) )
f31/4 F(x,d)dz — fol F(x,c1)dx 27 fol F(x,c1)dx 27 fol F(x,co)dx 27 fo (z,c3)dx

and for each non-negative continuous function g : R — R, there exists 05 4 > 0 given by

. { . {3271’46]{06% — 27X\ fol F(z,c1)dz 32mietlocZ — 27\ fol F(z,c)dz
min { min

G ’ Ge2 ’
32mtetlo(c2 — c3) — 27 fo (z, 63)d33}
Ges ’
47r4d2( 3eHr (f3/4 x,d)dx — fol F(z,c1)dz)
Gl — G }’

such that for each p € (0,0 4[, problem (1.1) admits at least three weak solutions u,;(i =1,2,3) such that
HU”L”OO < C3, ’L = 1,273.

Proof: Our goal is to apply Theorem 2.1 to problem (1.1). To this end, fix A and p as in the conclusion.
Now, let X = {u € H?(0,1) : u(0) = «/(0) = 0} and take the functionals ®, ¥ defined in (2.1). At first,
we prove that the functionals ® and ¥ satisfy the required conditions in Theorem 2.1. It is well known
that U is a differentiable functional whose Gateaux derivative at the point u € X is

(W' (u),v) = /0 eH(I)f(z,u(x))v(z)dx - %eH(l)g(u(l))v(l)7

for every v € X, and ¥’ : X — X* is compact. Indeed, it is enough to show that ¥’ is strongly continuous
on X; see ([15], Proposition 26.2). For this end, fixed u € X, let u,, — u weakly in X as n — oo. Then
un(x) converges uniformly to u(z) on [0, 1] as n — oo, since f, g are continuous, we have

M) f (1, un (@) = KW (un(1)) > 70 f (2, u(2) ~ K Dg(u(1)),

for every z € [0,1], as n — oo. Thus ¥'(u,) — ¥ (u) as n — oo and we proved that ¥’ is a compact
operator. Now, for every u € X, we have

1 1
SllullPef < @) < S lulPe, (3.1)

Clearly, ® is convex and coercive. Furthermore, ® is continuously differentiable whose Gateaux derivative
at the point u € X is

1
(' (u),v) = /0 eH@y" ()" (z)dx Vv e X.
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Also, ' : X — X* admits a continuous inverse on X*. Indeed, for every u € E'\ {0},

(@) o O @) (z)de
full=oo  [|ul| f[ull =00 [l
bl _ gy L = oo
lul—oo 2||ul  flull—oo 2

So, ®'(u) is coercive. Now, for any u,v € X, one has
1
(@) = 2(w)u =) = [ (0 (2) = 0" (0) (" (@) ~ (@) d
0
1
> Lol

Thus, ®(u) is uniformly monotone. By ([15], Theorem 26.A), ®~! exists and is continuous on X*.
Therefore, we observe that the regularity assumptions on ® and W, as requested of Theorem 2.1, are
satisfied. Let

0, x €[0,3/8],
v(z) = dcosQ(%rx), z €]3/8,3/4], (3.2)
d, x € [3/4,1].

2
Simple calculations show that ¥ € X and ||7]|? = 87r4d2(§)3. It follows from (3.1) that

Lol < o) < 2 [lo]2e™,
2 2
hence 5 5
47r4d2(§)3eH0 < ®(v) < 47T4d2(§)3eH1. (3.3)
32 32 32
Putting r; = —ntefloc?, ry = —xteflocd, r3 = Zatello(c2 — ¢3), the condition
27 ! 27 2 27 502
Hy
g <d< eH0d<82<83,

in conjunction with (3.3) yields 1 < ®(¥) < r2, and also we observe that r3 > 0. Since f and g are
non-negative, we obtain

ueP—1(—o0,ry

sup )/01 {F(x,u(:c))d:v - I;G(u(l))} < /01 max F(z,t)dz — %Gcl
1

:/ F(x,cl)dI—HGcl.
0 A

In a similar way, we get

sup /01 [F(m,u(m))daz — /;G(u(l))] < /01 F(z,co)dx — %G%’

u€EP—1(—o0,r2)

and

sup /01 {F(m,u(w))dm - iG(uu))} < /01 Fla,es)dz — 2 s

uEP—1(—o0,ra4rs3)
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Therefore, since 0 € ®~!(—o00,r;), one has

\\ 1 T I c
ueéfsll(lPoo,m) (U) fO efll )F(J:,Cl)dﬂf B XeH(l)G 1

90(7'1) < < 32 )
r
1 Ew‘*eHOc%
Sup ¥ (u) [} et @ F(x, ¢y)dx — B Gea
uEP—1(—o0,rz) 0 ’ Y
90(7’2) < r < 32 )
2 2—77T46HOC§
sup U(u) 1 H@ e — PoHD) Ge
u€d~1(—o0,r24r3) fO € F(.’L',Cd)d{l? Ae G
’Y(TQ, T3) < r g 39
; B teio(c - 3)

On the other hand,

For each u € ®~!(—o0,r1), one has

Jya Fla, dydz = £6(d) = [§ Fla,er)de+ L6

B(ri,r2) =

2
47r4d2(§)3eH1

From (A;), we obtain
a(ry,r2,3) < B(r1,r2).

Finally, we verify that ¥ satisfies the assumption (as) of Theorem 2.1. Let u; and us be two local minima
for ® — A\W. Then u; and us are critical points for ® — AU, and so, they are weak solutions of problem
(1.1). Since f and g are non-negative, for fixed A > 0 and p > 0, we have (A f + ug) (x, Sup +(1—s)uQ) >0
for all s € [0,1]. Consequently, ¥ (suy + (1 — s)ug) > 0, for every s € [0,1]. Hence, Theorem 2.1 implies
that for every

47T4d2( )3t
S
f3/4F x,d) da:—fo F(z,cy)dx

{ 32mtetloc? 32mteflocd  32rtello(c3 — c3) } [
27 fo (z,c1)dx’ 27 fol F(z,co)dx’ 27 fol F(z,c3)dx S

and p € [0,04), the functional Iy = ® — AV has three critical points u;, ¢ = 1,2,3, in X such that
O(u;) < 11 + 1o, that is, ||usllee < e3, i = 1,2,3. Then, taking into account the fact that the weak
solutions of problem (1.1) are exactly critical points of the functional Iy, we have the desired conclusion.

O

Theorem 3.2 Assume that:
(C1) F(x,t) 20, for all (z,t) € ([0,1/3] U [2/3,1]) x R;

351 .
Cy) e2(Ho—H) (/3 p r,d)dr > — max  F(x,t)dx, for some d > 0;
( 2) f ) 350 fO \t|<\/ﬁd ( ) f

8
C3) there exist £,h > 0 such thate < — max F(z,t)dx and
(C3) 350 Iy e (z,1)

F(x,t) < et? +h, for all (z,t) € [0,1] x R;
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(Cy) there exist a,b,c > 0 such that

g(x) < a+blz|¢ forallx € R.

1 1e(H1—Ho) (Ho—Hx1)
Then, for every A 6 32?36 350¢ and for each p > 0, problem (1.1) has at
f1/3 (x,d)dz fo max_ F(z,t)dz
|t|</350d

least three distinct, weak solutions in X.

Proof: We will apply Theorem 2.2. Let X = {u € H?(0,1) : u(0) = «/(0) = 0} and take the functionals
&, U defined in (2.1). Tt is well-known that the regularity assumption on ® and ¥, as required in Theorem
2.2, are verified. We now look on the existence of at least three distinct critical points of the functional
I, :®— AV in X.

First of all, ®(0) = ¥(0) = 0. Put

1
—54d(x® — §x2)7 x €10,1/3],

w(z) =4{d, x €]1/3,2/3],
gd(:cfxz), x €]2/3,1].

Clearly, w € X. It is easy to verify that

1
B(w) = / H@) o () 2de

1
HO/|w )|2da

3
_ d2 HO
2
Now, put r = 175d?ef0. This ensures 0 < r < ®(w). Moreover, taking Remark 2.1 and Lemma 2.1 into
account, we see that

oM (—oo,r]) ={ueX : B(u) <r}
={ueX : *||u||x r}
C{ueX : |u(zx) <V350d for each z € [0,1]}.

So, from (Cy), we get

1
sup Y(u) = sup [/ eH(m)F(:r,u(x))dx - MeH(l)G(u(l))}
B(u)<r ued-1(]—co,r)) LJo A
1
b
< / eH@)  max  F(z,t)dz — LeHD | /350ad + (\/350d)”+1}
0 [t|<v/350d A c+1

1
</ eA@  max  F(x,t)dx
0 |¢|<V/350d

1
<eH1/ max F(z,t)dz.
0

|t|</350d
Consequently
sup ¥(u) ) L
P(u)<r (Hl_HO)/
< e max F(x,t)dx. 3.4
T 350d? 0 |t/<Vv/350d (@) (34
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On the other hard, from (Cy) and definition of the function G and w, we have
1
U(w) = / eH(””)F(x,w(x))dx . geH(l)G(w(l))
0

1
2/ eH(I)F(x,w(m))das

0

2/3
> eHO/ F(z,d)dx,

1/3
and
1 ! H " 2
Bw) = 5 [ (@) P
1
efhh / |w” () |*da
= @dzeHl.
2
Consequently
Pw) 5 2 ito—m) Z/SF(x,d)dx. (3.5)
B(w) ~ 35142° 13
Therefore, using (3.4), (3.5) and (Cs3), we see that the condition (7) of Theorem 2.2 is fulfilled. Now, fixed
el 351e(H1~Ho) 350e(Ho=111)
73 [, and let u > 0. By using (C3), bearing in mind Remark
f F(x,d)dx fo max_ F(z,t)dx
|t|<v/350d

2.1 and Lemma 2.2, one has
1 1
D(u) — AV (u) = §Hu||§( - )\/0 eH(x)F(x,u(x))da: + ueH(l)G(u(l))
1 1
> S lulk — A/O MO F (2, u(x))da

1 1
> §Hu||§( —/\eHl/O F(x,u(x))dac

WV

1
5”“”%{ = Aeeu)|F20,1) — Mhe™™

Aeeflt
Slhulld = Sl — Ahe®

1 Aeellr
= <2 - SeHO) [ull% — Ahe™r.

WV

Since ¢ < —fo max_ F(z,t)dz, this follows lim Ix(u) = 400, which means the functional
350 7Y |41« v/350d llull x —o0
I, is coercive, and the condition (i7) of Theorem 2.2 is satisfied. From (3.4) and (3.5) one also has
P
A€ (w)7 ! . Finally, since the weak solutions of the problem (1.1) are exactly the critical
PU(w) sup U(u)
P (u)<r
points of the functional Iy, Theorem 2.2 (with = w) concludes the result. O
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