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Norlund and Riesz Mean of Sequences of Bi-complex Numbers

Subhajit Bera® and Binod Chandra Tripathy

ABSTRACT: In this article we have investigated some properties of the Nérlund and Riesz mean of sequences
of bi-complex numbers. We establish necessary and sufficient conditions for the Norlund and Riesz means to
transform convergent sequences of bi-complex numbers into convergent sequences of bi-complex numbers.
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1. Introduction

The concept of bi-complex numbers has been investigated from different aspects by Segre [9], Wagh
[15], Sager and Sagir [7]. The concept of bi-complex numbers have been applied in various field of
mathematics like topology, functional analysis, sequence space etc. Many researchers [1,2,3,4,6,10,12]
investigated the concept of bi-complex numbers and applied it to different fields of mathematics.

The No6rlund mean and Riesz mean play a important role in the field of sequence spaces. It has
been studied from different aspects. Tripathy and Baruah [11] have studied Norlund and Riesz mean
for sequences of fuzzy numbers. Tripathy and Dowari [14] have studied Nérlund and Riesz mean for
sequences of Complex Uncertain Variables. Saha et. al [8] studied on Riesz mean of complex uncertain
sequences. Motivated by these researchers in this article we have investigate Norlund and Riesz mean for
sequences of bi-complex numbers.

Throughout Cy and C; denote the set of real and complex numbers respectively.

2. Preliminaries
2.1. Bi-complex Numbers

The concept of bi-complex numbers was introduced by Segre [9]. The bi-complex numbers is defined
by
§ =21 +i2zp = T + 1102 + 12T3 + 117274,

where 1, 72, 3,14 € Co, 21, 22 € C1 and the independent units i1, i are such that i3 = i3 = —1 and ii =
i911, we denote the set of bi-complex numbers Cs is defined as:

Co ={{: & =a1 4+ i1wo + iaws + 1192245 T1, T2, 23,24 € Cp}

i.e.,Coy ={€: & =21 +ia20; 21,22 € C1 }.
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There are four idempotent elements in C5, these are 0,1,e; = HZT”? and ey = HT”Q out of which e; and
e are nontrivial such that e; + e, =1 and ejeq = 0.
Every bi-complex number £ = 21 + i2z2 can be uniquely expressed as the combination of e; and es,
namely

& =21 +igzg = (21 —i122)e1 + (21 + i122)ea = prer + poea,

where p; = (21 —4122) and pg = (21 + i122).
The Euclidean norm || - || on Cy is defined by

l€lle, = /a2 + a3 +a3 + o3

= Vl]al? + |z

P sl
2 )

where § = x1 + 1172 + i2%3 + 1192T4 = 21 + i222 = p1€1 + pgez and w1 = 21 — 122, flo = 21 + 0122,
e = WT”"’, ey = 1=4%  With this norm Cj is a Banach space, also Cy is a commutative algebra.
Product of two bi-complex numbers are connected by the following inequality:

lenllc, < VEElc-nllc..

We shall use the notation C(i1) and C/(iz) for the following sets:
C(Zl) = {3?1 4+ 4120 X1, 29 € 00}7
O(Zg) = {131 + 9929 1 T1, T2 € Co}

Definition 2.1 A bi-complex numbers & = z1 + i229 is said to be singular if |Z% + Z§| =0 and otherwise
it is called non-singular.

Three types of conjugations for the bi-complex numbers as follows:

Definition 2.2 The i;-conjugation of a bi-complex number & = z1 + 1229 is denoted by £* and is defined

by

& = 21 +iaza, for all z1,29 € C(i1) and z1, 22 are the complex conjugates of z1, zo respectively, where
2 __ 2

1] =15 = —1

Definition 2.3 The iy-conjugation of a bi-complex number & = z; + i22y is denoted by € and is defined
by
€ =21 — g2y, for all 21,2y € C(iy), where i3 = i3 = —1.

Definition 2.4 The iz-conjugation of a bi-complexr number & = z1 + is29 is denoted by fl and is defined

= 21 + 122, for all 21,20 € C(i1) and z1,22 are the complex conjugates of z1,ze respectively, where

Based on the above three types of conjugations, there are three moduli as given below. Each of the three
conjugations three moduli are given by

|§|11 = \/fg: \/ Z%—*—Z%a
[€lin = VE- € = V|22 — |22]? + 2Re(z122)ia,
[€lis = VE-& = V]2 + [222 — 2Im(z12)iria.

A bi-complex numbers ¢ with [£|;, # 0 is invertible and its inverse is given by

&
ST

=
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Definition 2.5 A sequence of bi-complex number (&) is said to be convergent to £ € Cy with respect to
the Fuclidean norm on Cy if for every € > 0 there exists an ng € N such that

I€x — Elle, < &, for all n > ng(e).

We written as lim &, = €.

2.2. Matrix Map

Let A = (an) be an infinite matrix mapping from a sequence space E into a sequence space F', then

for £ = (&,) € E, the A-transform of &, is the sequence (4,(§)), where A,§ = > ayny for each n € N,
k=1

provided the summation exists for each n € N.

The following well known result contains the necessary and sufficient conditions for the regularity of a

matrix map known as Silverman-Toeplitz conditions (one may refer to Petersen [5]).

Lemma 2.1 The matriz A = (ank) is reqular or limit preserving if and only if it satisfies the following
conditions:

oo
1. there exists a constant M such that supz |ank| < M;
" k=1
ii. for every k, lim an, = 0;
n—oo

o0
111, lim g ank = 1.
n—oo
k=1

3. Norlund Mean of Sequences of Bi-complex Numbers

Let (£,) be a sequence of bi-complex numbers with
|Pnli, # 0, where P, =&+ ...+ &, for alln e N.

Remark 3.1 In the case for the sequence (p,) of non-negative real numbers with p; > 0, we have
P, #0, for all n € N. In this article we consider the sequence (&) to be the sequence of bi-complex
numbers. Thus in this case the sequence (&,) of bi-complex numbers is such that |P,|;, # 0, for all
n € N, so that P, will be inevitable for each n € N.

Definition 3.1 Let (&) be sequence of bi-complex numbers with

Py = ka, |Pnliy #0, for alln € N.
k=1

Then the transformation (t,,) of the sequence (nx) is given by

_Smt&namt .+ &

tn
P,

is called bi-complex Nérlund mean (N, &,) or simply the (N,&,) mean of the bi-complex sequence (ny,).

Remark 3.2 The matrix of the Norlund mean (N, &,) is given by

P 75"1;:“, for k < n;
b=
" 0, for k > n.
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Theorem 3.1 The Norlund mean (N,&,), where &, = piner + pones is expressed as (N, pin)er +
(N, pon)es, where (N, ) are the Norlund mean of the complex sequences (pjn),j = 1,2.

Proof: Let (§,) be a sequence of bi-complex numbers with

n n
Py = ka = Z (Hiker + pores) = €1 Z,uuc +e2 Z,Uzk>
k=1 k=1 k=1

and |P,|;, # 0. Then P, ! exists and

Now,
P, = €2ZM1k +e1ZM2k
k=1 k=1
and
2 —p,
11
= <Z le) <Z M2k> 70
k=1
— (Z Hlk) # 0 and <Z M2k> # 0.
k=1 k=1
Hence,
P, 1 1
Pl= = e1 + es. (3.1)

Pal? 5 3
> Mk > Hak
k=1 k=1
Now the transformation (¢,) of the sequence (7,,), where 1, = ,ullnel + ,u/zneg is given by

Ennl + €n717]2 + ...+ flnn

t, =
n Pn
n
= P' Y & mokn
k=1
1 1 n n
== e1t = €21 <€1 Z Mkfin—k+1 T €2 Z:U’leu’2nk+1>
Z [k > Mok k=1 k=1
=1 k=1
n ’ n ’
> H1k My — k41 > 2k fon k41
k=1 k=1
=€l n te2 m
> Mk > M2k
k=1 k=1
= e1(N, par) + e2(N, par),
where (N, pj) are the Norlund mean of the complex sequences (p;x),j = 1, 2. i

Theorem 3.2 The Nérlund mean (N, &) is reqular if and only if

€n

-— — 0, as n — oo.
P,
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Proof: Let the sequence (7,) be convergent to 7, then there exists a constant M > 0 such that ||n,|c, <
M for all n € N. Since (7,,) is convergent, so for a given 0 < ¢, there exists an integer ng such that

17 — nllc, <e, for n > ng.

Let % — 0, as n — co. We choose n such that ‘ ﬁ,n o < anM, for n > ny.
We have,
Enm +&n—1m2 + . + &1
It ~lle, = L -
n 02
_ fn’r}l + £7L—1772 + ...+ 517’]71 - 77(§1 + 62 + ...+ fn)
P, Cy
| &0m =) + & —n) + .. 4 &n(m —n)
P, Co
< (M —n) +&Mn—1—1) + . + Eang+1(ny — 1) +
< 2 .
‘ gnfno (nnngl - 77) +...+ §n(771 - 77)
P, Co
3 En—1 En—no+1
< e+ [ wmaen ot | 2, et
n|lCy n |lcy n Cs
é"nf’no H 51
5 NMno+1 = NlCe + o + || 5= Uiaalife
B st = lles 5] =l
n n—m n—m €
< ’]i +...+‘5 POH M + ‘gl__,f’ +...+Hfj -
n C2 n C2 n C2 n 02 2
€ €
M+ - ==e.
< 2n0MnO + 5 €

Hence, (N, ¢&,) is regular method.

Conversely, let (N,&,) is regular method. Consider a sequence of bi-complex numbers ({;) =
(Hhtetni 0,0,0,...) .

Now, [[tn = Gillc, = |

== %%O,asn%oo.
n

En
P

— 0, as n — oo.
Ca

Lemma 3.1 The Nérlund mean (N, &,) is reqular if and only if (N, u1,) and (N, poy) are both regular.

Proof: Let (N,¢&,) be regular. Then

&n
— — 0, asn — oo.
P,
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1 1
= (H1n€1 + pane2) e; + ea | = 0, as n — oo[from (3.1)]

> Mk > M2k
k=1 k=1

Hin H2on

== e1+ —; eo — 0ep + Oeq, as n — o0
> Mk > Mok
k=1 k=1
- n,um — 0, asn — oo and n/u" — 0, asn — oo.
> Mk > M2k
k=1 k=1
Since,
n
> wik#0,5=1,2,
k=1
we have
nﬂjn are the regularity conditions for (N, p;x),7 = 1,2.
> Mk
k=1
The converse part can be established using standard technique. O

4. Riesz Mean of Sequences of Bi-complex numbers

Definition 4.1 Let (£,) be a sequence of bi-complex numbers with
Py=Y & and |P,;, #0, for alln € N.
k=1
Then the transformation (t,) of the sequence (ny) is given by

C&m t&mt .+ &
— o

tn

is called bi-complex Riesz mean (R, &) or simply the (R, &,) mean of the sequence (n).

Remark 4.1 The matrix of the Riesz mean (R,¢,,) is given by

153—‘“, for k < mn;
Ank = "
0, for k > n.
In view of Theorem 3.1, we formulate the following theorem.

Theorem 4.1 The Riesz mean (R, &), where &, = pine1+ pones is expressed as (R, p1n)e1+ (R, pan ez,
where (R, pjn) are the Riesz mean of the complex sequences (fjn),j = 1,2.

Theorem 4.2 The Riesz mean (R,&,) is regular if and only if P, is unbounded.

Proof: Let the sequence (7,,) be convergent to 1, then there exists a constant M > 0 such that ||n,|c, <
M for all n € N. Since (n,,) is convergent, so for a given 0 < &, there exists an integer ng such that

17 — nllc, <e, for n > ng.
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Let P, is unbounded. We choose n such that ’ fy—’; . < m, for n > ng.
We have, ’
m - Eamp + o+ Eann
||tn_77HC’2 = P -
n Cs
_|[am A Semet o+ & — (& + St +En)
P, Co
_ | &lm =) + & —n) + . + &l — 1)
P, Cy
< || &tm =) + &2 —n) + . + Eng (1o — 1) n
< P, .
’ Eno+1(Mng+1 =) + oo + En(Mn — 1)
P, Cy
&1 &2 én
<3N M =nllee + || 51 ln2 —nlley + -+ {35
‘ P llc, ’ P, ’ Pule,
Eno+1 én
2 [ net1 — lles + o [l —1lle
‘ Pn 02 0 2 Pn Cz 2
< H& +...+’§"° M + ‘5””0 +...+H§1
P llc, P llc, Py e, P lle,
€ €
M+ —-—=¢.

< 271()Mn0 + 2 ¢

7m0 — nllc,+

Do ™

Lemma 4.1 The Riesz mean (R, &) is reqular if and only if (R, p1n) and (R, p2,) are both regular.

Remark 4.2 On considering &, = e; or eq, for all n € N, one can get the Cesaro mean a particular

case of the Norlund mean as well as Riesz mean.

5. Conclusion

In this article we have studied Norlund and Riesz mean for seqences of bi-complex numbers.. This
is the first article on this topic and it is expected that it will attract researcher for further investigation

and applications.
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