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abstract: In this article, connectedness in mixed fuzzy topology is introduced. Four notions of connected-
ness are investigated in mixed fuzzy topology. From the connectedness of parent fuzzy topology theories and
concepts of connectedness in mixed fuzzy topology are studied and established and vice versa. Many exciting
examples and counterexamples are also included to give a clear picture of the concept to the reader.
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1. Introduction

In 1965, Zadeh introduced fuzzy sets and logic in his classical paper [11] which provided the foundation
for fuzzy mathematics. The concept of fuzzy logic and fuzzy sets is applied in almost all disciplines of
science and technology. In 1968, fuzzy sets and logic were applied by Chang [7] to study topology and
topological properties. Thereafter many researchers have been studying fuzzy topology and fuzzified many
concepts of general topology. In 1995, Baishya and Das mixed two fuzzy topologies on an underlying set
with the help of quasi-coincidence in fuzzy sets and closure in one of the fuzzy topologies to get an open
set for a fuzzy topology called mixed fuzzy topology [14]. Some of the contributions to the theory of
mixed fuzzy topology are found in [3,4,5] by Tripathy and Ray. Vadivel and Vijayalakshmi had studied
mixed e-fuzzy topological space (2017) [2]. Al-Omeri introduced and studied Mixed γ-Fuzzy in Mixed-
fuzzy topological spaces and their application (2018) [22] and Mixed b-fuzzy topological spaces (2020)
[23]. Ray and Chetri studied Mixed Fuzzy topological space its Hausdorff properties and base [10], the
theory of Separation Axioms in Mixed Fuzzy Topological Spaces [8] and Countability in Mixed Fuzzy
Topological Spaces [9]. Borah and Hazarika studied Soft ideal topological space and Mixed fuzzy soft
ideal Topological space [12]. But no investigation is made by any researcher about the connectedness
of mixed fuzzy topology. Lowen [16], Fatteh, and Bassan [21] studied connectedness in fuzzy topology
but only for crisp sets in fts. Ajmal and Kohli [1] extended the notion of connectedness to an arbitrary
fuzzy set using four notions of connectedness viz. c1, c2, c3 and c4 connectedness. Connectedness in
fuzzy topological spaces much like in classical topology, helps to characterize the structure and behaviour
of these spaces. In fuzzy topology connectedness is used to study the continuity of fuzzy mappings,
fuzzy compactness and other properties. It plays a crusial role in understanding the relationship between
different parts of the space, particularly when dealing with uncertainty or vagueness in the underlying
structure. It is interesting to investigate whether the connectedness properties will remain the same or
not in the mixed fuzzy topological spaces when the parent topologies have the properties.
In this paper, analogous four connectedness definitions and theories are formulated and established in
a mixed fuzzy topology with these four notions of connectedness in fuzzy topology. Connectedness in
mixed fuzzy topology is investigated in details, many interesting examples and counterexamples are also
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included to give a clear insight into the concept. Basic definitions are included in the preliminary section
though most of them are standard.

2. Preliminaries

Definition 2.1 [15] Let X ̸= ∅ and I = [0, 1]be the unit interval. Let µA : X → I, where µA is the
membership function of A characterize a function µA in X is called a fuzzy set. Here µA (x) represents the
membership grade of xϵA. The null fuzzy set is defined by µφ (x) = 0, ∀ xϵX. The whole space X can be
defined as µX (x) = 1, ∀ xϵX. Sometimes fuzzy null set and fuzzy whole space are denoted X by 0̄ and 1̄,
respectively. If the membership functions of two fuzzy sets A and B are equal i.e., µA (x) = µB (x)∀ xϵX
then fuzzy sets are equal i.e. A = B. If A and B are two fuzzy sets with µA (x) ≤ µB (x) ∀ xϵX, then it
is written as A ≤ B. The membership function µA/ = 1− µA defines the complement A/ orAc or co (A)
and is used to represent the fuzzy complement. For a collection {Ai : iϵI } of fuzzy sets

∨
iϵI Ai and

∧
i Ai

represent fuzzy union and fuzzy intersections and are, respectively defined as follows:

µ∨iAi (x) = sup {µAi (x) : iϵI} ,∀ xϵX.
µ∧iAi (x) = inf {µAi (x) : iϵI} , ∀ xϵX.

Definition 2.2 [3] Let I=[0,1] and X ̸= ∅. Consider IX be the collection of all mappings from X into
I. A family τ of members of IX such that

(i) 1̄ , 0̄ ϵ τ .

(ii) For any finite sub collection B = {Bi}ni=1 of members of τ ,
⋂n

i=1 {Bi} ϵ τ.

(iii) For any arbitrary collection ∆ of members of τ,
⋃

Bϵ∆ ϵτ .

Then τ is called fuzzy topology and the pair (X, τ) is called a fuzzy topological space and members of τ
are called τ − open fuzzy sets. Fuzzy topological space will be abbreviated as fts.

Definition 2.3 [15] For a fuzzy set A in an fts (X, τ) the interior is defined as
A0 = ∨{B| B ≤ A, B is an open fuzzy set} and denoted by A0. If there are more than one fuzzy topol-
ogy then it is written as A0

τ .

Definition 2.4 [15] Let A be fuzzy set in an fts (X, τ) then closure of A is defined as
A = ∧{F |A ≤ F, F isaclosedfuzzyset} and is denoted by Ā. If there are more than one fuzzy topology
then Āτ will be used.

Definition 2.5 [15] A subfamily B of τ in an fts (X, τ) is called a base for τ iff,
(iff is the abbreviation for if and only if) for every Aϵ τ , there exists BA ⊆ B such that A =
∨{B : Bϵ BA}.

Definition 2.6 [6] A fuzzy set is called a fuzzy point iff it takes the value λ (0 < λ < 1) at one point say
xϵ X and 0 for all other yϵX and it is denoted by xλ. Where X is the whole space, x is its support and
λ its value.

Definition 2.7 [15] A fuzzy point xλϵ A iff λ ≤ A (x).
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Definition 2.8 [15] Let A and B be two fuzzy sets in X. They are said to be intersecting iff ∃ a point
xϵ X such that (A ∧B) (x) ̸= 0. Then it is called A and B intersects at x.

Definition 2.9 [15] If λ > A/ (x), or λ+ A (x) > 1 then xλ is said to be quasi-coincident with a fuzzy
set A. Which is denoted as xλqA.

Definition 2.10 [15] Two fuzzy sets A and B are called quasi-coincident (overlapping) iff ∃xϵX such
that A (x) +B (x) > 1 and denote it by AqB.

Definition 2.11 [15] A fuzzy set A in (X, τ) is called a Q- neighborhood of xλ iff ∃ Bϵτ such that B ≤ A
and xλqB.

Definition 2.12 [14] Let (X, τ1) and (X, τ2) be two fts. Then the following collection of fuzzy sets
τ1 (τ2) =

{
AϵIX : for every xαqA,∃τ2 −Q− neighborhood Aα of xα such that ¯(A1)τ1 ≤ A

}
.

Then this collection of fuzzy sets is a fuzzy topology and it is called mixed fuzzy topology on X.

Definition 2.13 [1] A fuzzy set A in a fuzzy topological space (X, τ) has a fuzzy ci-disconnection
(i = 1, 2, 3, 4), if there exist fuzzy open sets U and V in (X, τ), such that, respectively,

c1 : A ≤ U ∨ V, U ∧ V ≤ 1̄−A,A ∧ U ̸= 0̄ and A ∧ V ̸= 0̄.
c2 : A ≤ U ∨ V, A ∧ U ∧ V = 0̄, A ∧ U ̸= 0̄ and A ∧ V ̸= 0̄.
c3 : A ≤ U ∨ V, U ∧ V ≤ 1̄−A, U ≰ 1̄−A and V ≰ 1̄−A.
c4 : A ≤ U ∨ V, A ∧ U ∧ V = 0̄, U ≰ 1̄−A and V ≰ 1̄−A.

Definition 2.14 [1] A fuzzy set A in a fts (X, τ) is said to be ci-connected (i = 1, 2, 3, 4), if there exist
no ci-disconnection (i = 1, 2, 3, 4), of A in (X, τ). If the fuzzy set A=X, X whole space (i.e., constant
function 1̄) in all the four forms of disconnections, we get the same disconnection of the fuzzy space X,
which will be refer to as c-disconnection of the fuzzy topological space (X, τ), i.e., there exist nonzero
fuzzy open sets U and Vsuch that U + V = 1̄ and U ∧ V = 0̄.

Definition 2.15 [1] A fuzzy topological space (X, τ) is said to be c-connected if there exist no
c-disconnection of 1̄.

Lemma 2.1 [13] “Consider (X, τ1) and (X, τ2) be two fuzzy topological spaces such that every τ1 - Q-
neighborhood of xλ is τ2 - Q- neighborhood of xλ for all fuzzy point xλ then τ1 is coarser than τ2.”

Theorem 2.1 [14] Let τ1 and τ2 be two fts on X. Then mixed fuzzy topology τ1 (τ2) is coarser than τ2 .
That is (τ2) τ2 ⊆ τ2.

Theorem 2.2 [14] If τ1 is fuzzy regular and τ1 ⊆ τ2 then τ1 ⊆ τ1 (τ2) .

3. Connectedness in Mixed fuzzy Topology

Definition 3.1 [1] A fuzzy set A in a mixed fuzzy topological space (X, τ1 (τ2)) has a fuzzy
ci-disconnection (i = 1, 2, 3, 4), if there exist fuzzy open sets U and V in (X, τ1 (τ2)), such that, re-
spectively,
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c1 : A ≤ U ∨ V, U ∧ V ≤ 1̄−A,A ∧ U ̸= 0̄ and A ∧ V ̸= 0̄.
c2 : A ≤ U ∨ V, A ∧ U ∧ V = 0̄, A ∧ U ̸= 0̄ and A ∧ V ̸= 0̄.
c3 : A ≤ U ∨ V, U ∧ V ≤ 1̄−A, U ≰ 1̄−A and V ≰ 1̄−A.
c4 : A ≤ U ∨ V, A ∧ U ∧ V = 0̄, U ≰ 1̄−A and V ≰ 1̄−A.

Definition 3.2 A fuzzy set A in a fts (X, τ1 (τ2)) is said to be ci-connected (i = 1, 2, 3, 4), if there exist
no ci-disconnection (i = 1, 2, 3, 4), of A in (X, τ1 (τ2)).
On considering the fuzzy set A to be the fuzzy whole space X (i.e., constant function 1̄) in all the four
forms of disconnections, we get the same disconnection of the fuzzy space X, which we shall refer to
as c-disconnection of the mixed fuzzy topological space (X, τ1 (τ2)), i.e., there exist nonzero fuzzy open
sets U and Vsuch that U+V = 1̄ and U ∧V = 0̄. Which is analogous to the definition of general topology.

Definition 3.3 A mixed fuzzy topological space (X, τ1 (τ2)) is said to be c-connected if there exist no
c-disconnection of 1̄.

Theorem 3.1 If a fuzzy set A is open in τ2 and closed in τ1 then A is open in τ1 (τ2).

Proof: Let the fuzzy set A is open in τ2 and closed in τ1. Then for any fuzzy point xα with xαqA
and A ϵ τ2 - Q- neighborhood of xα and τ1 − cl(A) = A ⊆ A. Therefore, by definition 2.12. of
τ1 (τ2) , A ϵ τ1 (τ2) .

2

Example 3.1 Let X = [0, 1] , define the following fuzzy sets

A(x) =

{
1 if 0 ≤ x ≤ 1

3
1
3 if 1

3 < x ≤ 1,
(3.1)

B(x) =

{
1
3 if 0 ≤ x ≤ 1

3

1 if 1
3 < x ≤ 1,

(3.2)

C(x) =

{
1
3 if 0 ≤ x ≤ 1

3

0 if 1
3 < x ≤ 1,

(3.3)

D(x) =

{
0 if 0 ≤ x ≤ 1

3
1
3 if 1

3 < x ≤ 1,
(3.4)

E(x) =

{
2
3 if 0 ≤ x ≤ 1

3

1 if 1
3 < x ≤ 1,

(3.5)

F (x) =

{
1 if 0 ≤ x ≤ 1

3
2
3 if 1

3 < x ≤ 1,
(3.6)

τ1 = { 0̄, 1̄, C,D,C ∨D, A, B } , τ2 = { 0̄, 1̄, E, F,E ∧ F,A,B,A ∧B,E ∧A,F ∧B}. Then mixed
fuzzy topology is given by τ1 (τ2) = { 0̄, 1̄, E, F,E ∧ F} .
Then the fuzzy set P (x) = 2

3 if 0 ≤ x ≤ 1 is c1- disconnected in τ1 and τ2 but c1- connected in τ1 (τ2).
Because P ≤ A ∨ B,A ∧ B ≤ 1̄ − P, P ∧ A ̸= 0 and P ∧ B ̸= 0. Therefore, P is c1-disconnected in τ1.
Also A and B are open sets in τ2 therefore P is c1- disconnected. But P ≤ E ∨ F,E ∧ F ≰ 1̄ − P . So,
E and F do not form a disconnection and no possible disconnection exists. Therefore, P is c1- connected
in τ1 (τ2) .
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Example 3.2 Let X = [0, 1] , define the following fuzzy sets

A(x) =

{
1
3 if 0 ≤ x ≤ 1

3

0 if 1
3 < x ≤ 1,

(3.7)

B(x) =

{
0 if 0 ≤ x ≤ 1

3
1
3 if 1

3 < x ≤ 1,
(3.8)

C(x) =

{
1
3 if 0 ≤ x ≤ 1

3

1 if 1
3 < x ≤ 1,

(3.9)

D(x) =

{
1 if 0 ≤ x ≤ 1

3
1
3 if 1

3 < x ≤ 1,
(3.10)

E(x) =

{
2
3 if 0 ≤ x ≤ 1

3

0 if 1
3 < x ≤ 1,

(3.11)

F (x) =

{
0 if 0 ≤ x ≤ 1

3
2
3 if 1

3 < x ≤ 1,
(3.12)

Now τ1 = { 0̄, 1̄, A,B,A ∨B,E, F,E ∨ F,A ∨ F,B ∨ E} , τ2 = { 0̄, 1̄, C,D,C ∧ D,E, F,E ∨ F,E ∧ C,
F ∧D} are two fuzzy topologies on X. Then mixed fuzzy topology τ1 (τ2) = { 0̄, 1̄, C,D,C ∧D,E ∨ F}.
The fuzzy set P (x) = 2

3 if 0 ≤ x ≤ 1 is c2- disconnected in τ1 and τ2 but c2- connected in τ1 (τ2). Because
P ≤ E ∨ F, P ∧E ∧ F = 0̄, P ∧E ̸= 0̄ and P ∧ F ̸= 0̄. Therefore, P is c2-disconnected in τ1. Also E and
F are open sets in τ2 therefore P is c2- disconnected in τ2. But P ≤ C ∨D,P ∧ C ∧D ≰ 0̄. So, C and
D do not form a disconnection and no possible disconnection exists because U ∨ V ̸= 0̄ for Uϵτ1 (τ2) and
V ϵτ1 (τ2) and U ̸= 0̄ ̸= V . Therefore, P is c2- connected in τ1 (τ2) .

Example 3.3 Let X = [0, 1] , define the following fuzzy sets

A(x) =

{
1
3 if 0 ≤ x ≤ 1

3

1 if 1
3 < x ≤ 1,

(3.13)

B(x) =

{
1 if 0 ≤ x ≤ 1

3
1
3 if 1

3 < x ≤ 1,
(3.14)

C(x) =

{
1 if 0 ≤ x ≤ 1

3
1
4 if 1

3 < x ≤ 1,
(3.15)

D(x) =

{
1
4 if 0 ≤ x ≤ 1

3

1 if 1
3 < x ≤ 1,

(3.16)

E (x) =
1

2
, xϵ [0, 1] . (3.17)

τ1 = { 0̄, 1̄, A,B,E,A ∧B,A ∧ E,B ∧ E,A ∨ E,B ∨ E},
τ2 = { 0̄, 1̄, C,D,E,C ∧D,C ∧ E,D ∧ E,C ∨ E,D ∨ E},
τ1 (τ2) = { 0̄, 1̄, E, C ∨ E,D ∨ E} .
The fuzzy set P (x) = 2

3 if 0 ≤ x ≤ 1 is c3- disconnected in τ1 and τ2 but c3- connected in τ1 (τ2). Because
P ≤ A ∨ B, A ∧ B ≤ 1̄ − P,A ≰ 1̄ − P and B ≰ 1̄ − P . Therefore, P is c3- disconnected in τ1. Also
P ≤ C ∨D,C ∧D ≤ 1̄−P,C ≰ 1̄ -P and B ≰ 1̄−P . Therefore, P is c3- disconnected in τ2. But there
is no possible c3-disconnection for P exists in τ1 (τ2) because (C ∨ E) ∧ (D ∨ E) ≰ 1̄− P . Therefore, P
is c3- connected in τ1 (τ2) .
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Example 3.4 Let X = [0, 1] , define the following fuzzy sets

A(x) =

{
2
3 if 0 ≤ x ≤ 1

3

0 if 1
3 < x ≤ 1,

(3.18)

B(x) =

{
0 if 0 ≤ x ≤ 1

3
2
3 if 1

3 < x ≤ 1,
(3.19)

C(x) =

{
3
4 if 0 ≤ x ≤ 1

3

0 if 1
3 < x ≤ 1,

(3.20)

D(x) =

{
0 if 0 ≤ x ≤ 1

3
3
4 if 1

3 < x ≤ 1,
(3.21)

E(x) =

{
1
3 if 0 ≤ x ≤ 1

3

1 if 1
3 < x ≤ 1,

(3.22)

F (x) =

{
1 if 0 ≤ x ≤ 1

3
1
3 if 1

3 < x ≤ 1,
(3.23)

P (x) =
2

3
, xϵ [0, 1] . (3.24)

τ1 = { 0̄, 1̄, A,B,A ∨B}, τ2 = { 0̄, 1̄, C,D,E, F,C ∧D,C ∧ E,D ∧ E,C ∨ E,D ∨ E}.
Therefore, the mixed fuzzy topology is τ1 (τ2) = { 0̄, 1̄, E, F,E ∧ F} .
The fuzzy set P (x) = 2

3 if 0 ≤ x ≤ 1 is c4- disconnected in τ1 and τ2 but c4- connected in τ1 (τ2). Because
P ≤ A ∨ B, P ∧ A ∧ B = 0̄, A ≰ 1̄ − P and B ≰ 1̄ − P . Therefore, P is c4- disconnected in τ1. Also
P ≤ C ∨ D,P ∧ C ∧ D ≤ 0̄, C ≰ 1̄ − P and D ≰ 1̄ − P therefore, P is c4- disconnected in τ2. But
there is no possible c4-disconnection for P exists in τ1 (τ2) because (P ∧E) ∧ F ≰ 0̄. Therefore, P is c4-
connected in τ1 (τ2) .

Theorem 3.2 If a fuzzy set A is ci-connected (i = 1, 2, 3, 4) in τ2, then A is ci-connected in τ1 (τ2).

Proof: Let A is c1- disconnected in τ1 (τ2). Then there exist open sets in U and V in τ1 (τ2) such that
A ≤ U ∨ V , U ∧ V ≤ 1̄−A, A∧U ̸= 0̄ and A∧ V ̸= 0. But then U and V are in τ2 as τ1 (τ2) ⊆ τ2. Thus
U and V forms a c1- disconnection of A in τ2. Contradicts the c1- connectedness of A in τ2. Therefore,
A is c1- connected in τ1 (τ2). Similarly other cases can be proved. 2

Theorem 3.3 If (X, τ2) is fuzzy c-connected space then (X, τ1 (τ2)) is also c-connected.

Proof: Let (X, τ1) and (X, τ2) are fuzzy c-connected spaces. Let (X, τ1 (τ2)) be fuzzy c- disconnected.
Then there exist nonzero fuzzy open sets U and V in (X, τ1 (τ2)) such that U + V = 1̄ and U ∧ V = 0̄.
But τ1 (τ2) ⊆ τ2. Therefore, U and V are in τ2 such that U +V = 1̄ and U ∧V = 0̄. This contradicts the
fact that (X, τ2) is fuzzy c-connected space. Therefore, (X, τ1 (τ2)) is c-connected.

2

Note:If τ1 = τ2 = τ then we denote the mixed fuzzy topology as
(
X, τ2

)
.

Theorem 3.4 If (X, τ) is fuzzy c-connected then the mixed fuzzy topology
(
X, τ2

)
is also c-connected.

Proof: Proof follows from Theorem 3.3. 2
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Theorem 3.5 If a fuzzy set A is ci -disconnected ( i = 1, 2, 3, 4), in the mixed fuzzy topology (X, τ1(τ2))
then A is ci- disconnected in (X, τ2) but the converse is not true.

Proof: According to hypothesis A is c1-disconnected in (X, τ1 (τ2)). Therefore, there exist open sets U
and V in τ1 (τ2) such that A ≤ U ∨ V,U ∧ V ≤ 1̄−A, A ∧ U ̸= 0̄ and A ∧ V ̸= 0. But τ1 (τ2) ⊆ τ2 so, U
and V are in τ2. Therefore, A ≤ U ∨V, U ∧V ≤ 1̄−A, A∧U ̸= 0̄ and A∧V ̸= 0̄ makes a disconnection of
A in τ2. Therefore, A is c1- disconnected in (X, τ2). Similarly, for c2, c3 and c4- disconnection the results
can be proved. For converse we consider Example 3.1. Where P (x) = 2

3 if 0 ≤ x ≤ 1 is c1-disconnected
in τ1 and τ2 but c1-connected in τ1 (τ2) . For c2, c3 and c4- disconnection Example 3.2, Example 3.3 and
Example 3.4 provides the required counter examples. 2

Theorem 3.6 Let (X, τ1) and (X, τ2) be two fuzzy topological spaces and (X, τ1 (τ2)) is the mixed fuzzy
topology. If (X, τ2) is fuzzy c – disconnected then (X, τ1 (τ2)) is c – disconnected.

Proof: Let (X, τ2) is fuzzy c-disconnected then there exists fuzzy open sets U and V such that U+V = 1̄
and U ∧ V = 0̄. But τ1 (τ2) ⊆ τ2, therefore U and V are fuzzy open sets in τ2 which constitutes a c-
disconnection for τ1 (τ2). Therefore, (X, τ1 (τ2)) is c-disconnected. 2

Theorem 3.7 Let (X, τ1) and (X, τ2) be two fuzzy topological spaces and (X, τ1 (τ2)) is the mixed fuzzy
topology. If (X, τ2) is fuzzy c- connected then (X, τ1 (τ2)) is c- connected.

Proof: Let (X, τ1 (τ2)) is c-disconnected. Therefore, there exists fuzzy open sets U and V in τ1 (τ2) such
that U +V = 1̄ and U ∧V = 0̄. But τ1 (τ2) ⊆ τ2, therefore U and V are fuzzy open sets in τ2. Therefore,
(X, τ2) is c-disconnected, which is a contradiction. Therefore, (X, τ1 (τ2)) is c-connected. 2

Theorem 3.8 Let (X, τ1) and (X, τ2) be two fuzzy topological spaces. Let {Ai}iϵI be a family of c1-
connected (c2 − connected ) fuzzy sets in (X, τ2) such that for i, jϵ I and i ̸= j, Ai and Aj are intersecting
fuzzy sets. Then

∨
iϵI Ai is a c1-connected (c2 − connected) fuzzy set in (X, τ1 (τ2)).

Proof: Let A =
∨

iϵI Ai be c1-disconnected (c2 − disconnected) in (X, τ1 (τ2)). Therefore, there ex-
ists open fuzzy sets U and V in in (X, τ1 (τ2)) such that A =

∨
iϵI Ai ≤ U ∨ V , U ∧ V ≤ 1̄ − A,

(U ∧ V ∧A = 0 for c2 − disconnected), A ∧ U ̸= 0 and A ∧ V ̸= 0.
Now A ∧ U ̸= 0 so ∃Ai0ϵ {Ai}iϵI such that Ai0 ∧ U ̸= 0. Assume U ∧ V = W . Assume U ∨ V = W .
Therefore, we have open sets U and W in τ1 (τ2) such that Ai0 ≤ U ∨W , U ∧W = U ∧ V ≤ 1 − A ≤
1 − Ai0 , Ai0 ∧ U ̸= 0 and Ai0 ∧W ̸= 0. But τ1 (τ2) ⊆ τ2, so U and W constitutes a c1-disconnection of
Ai0 in τ2 which contradict the fact that {Ai}iϵI is a family of c1-connected (c2 − connected) fuzzy sets
in τ2. Therefore,

∨
iϵI Ai is a c1-connected (c2 − connected) fuzzy set in (X, τ1 (τ2)). 2

If A and B are intersecting fuzzy c3-connected in (X, τ2) then A ∨B need not be fuzzy c3-connected set
in (X, τ1 (τ2)). The following is a counter example to illustrates it.

Example 3.5 Let X = [0, 1] and define fuzzy sets A, B, C, D and E as follows:

A(x) =

{
6
7 if 4

7 < x ≤ 1
2
7 if 0 ≤ x ≤ 4

7 ,
(3.25)

B(x) =

{
2
7 if 4

7 < x ≤ 1
6
7 if 0 ≤ x ≤ 4

7 ,
(3.26)

C(x) =

{
0 if 4

7 < x ≤ 1
2
7 if 0 ≤ x ≤ 4

7 ,
(3.27)
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D(x) =

{
1
7 if 4

7 < x ≤ 1
2
7 if 0 ≤ x ≤ 4

7 ,
(3.28)

E(x) =

{
5
7 if 4

7 < x ≤ 1
1
7 if 0 ≤ x ≤ 4

7 ,
(3.29)

F (x) =

{
1
7 if 4

7 < x ≤ 1
5
7 if 0 ≤ x ≤ 4

7 ,
(3.30)

P (x) =

{
1
7 if 4

7 < x ≤ 1
2
7 if 0 ≤ x ≤ 4

7 ,
(3.31)

Q(x) =

{
2
7 if 4

7 < x ≤ 1
1
7 if 0 ≤ x ≤ 4

7 ,
(3.32)

Now τ1 = { 0̄, 1̄, D,E, F,D ∧ E,D ∨ V,E ∨ F} , and τ2 = { 0̄, 1̄, A,B,C,A ∧B,A ∨B} , are two
fuzzy topologies and τ1 (τ2) = { 0̄, 1̄, A,B,A ∧B,A ∨B} is mixed fuzzy topology. Here P and Q are c3-
connected fuzzy sets in τ2 because no pair of fuzzy set from τ2 makes a disconnection of P or Q. But P∨Q is
not c3-connected fuzzy set in τ1 (τ2). Since, P∨Q ≤ A∨B,A∧B ≤ 1̄−P∨Q,A ≰ 1̄−P∨Q,B ≰ 1̄−P∨Q.
If A and B are intersecting fuzzy c4-connected in (X, τ2) then A ∨ B need not be fuzzy c4-connected set
in (X, τ1 (τ2)). The following is a counter example to illustrates it.

Example 3.6 Let X = [0, 1] and define fuzzy sets A, B, C, D and E as follows:

A(x) =

{
4
5 if 4

5 < x ≤ 1

0 if 0 ≤ x ≤ 4
5 ,

(3.33)

B(x) =

{
0 if 4

5 < x ≤ 1
4
5 if 0 ≤ x ≤ 4

5 ,
(3.34)

C(x) =

{
0 if 4

5 < x ≤ 1
2
5 if 0 ≤ x ≤ 4

5 ,
(3.35)

D(x) =

{
1
5 if 4

5 < x ≤ 1

1 if 0 ≤ x ≤ 4
5 ,

(3.36)

E(x) =

{
1 if 4

5 < x ≤ 1
1
5 if 0 ≤ x ≤ 4

5 ,
(3.37)

P (x) =

{
3
5 if 4

5 < x ≤ 1

0 if 0 ≤ x ≤ 4
5 ,

(3.38)

Q(x) =

{
0 if 4

5 < x ≤ 1
3
5 if 0 ≤ x ≤ 4

5 ,
(3.39)

Now τ1 = { 0̄, 1̄, D,E,D ∧ E} , and τ2 = { 0̄, 1̄, A,B,C,A ∨B,A ∨ C} , are two fuzzy topologies
and τ1 (τ2) = { 0̄, 1̄, A,B,A ∨B} is the mixed fuzzy topology. Now P ≤ A ∨ B,P ∧ A ∧ B = 0̄, A ≰
1̄ − PandB ≤ 1̄ − P. That is A and B does not forms a c4- disconnection of P and no other possible
c4-disconnection exists for P. Similarly, Q is c4-connected. But P ∧ Q is c4-disconnected. P ∧ Q ≤
A ∨B, (P ∨Q) ∧A ∧B = 0̄, A ≰ 1̄− (P ∨Q) and B ≰ 1̄− (P ∨Q).

Theorem 3.9 Let (X, τ1) and (X, τ2) be two fuzzy topological spaces and (X, τ1 (τ2)) the mixed fuzzy
topology. If A and B are overlapping c3-connected (c4 − connected) fuzzy sets in (X, τ2) then A ∨B is a
c3-connected (c4 − connected) fuzzy set in (X, τ1 (τ2)).
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Proof: Let A and B be overlapping c3-disconnected (c4 − disconnected) fuzzy set in (X, τ1 (τ2)). Then
there exist fuzzy open sets U and V in τ1 (τ2) such that A ∨ B ≤ U ∨ V,U ∧ V ≤ 1̄ − A ∨ B,
[U ∧ V ∧ (A ∧B) = 0̄, for c2 − disconnected], U ≰ 1̄ − A ∨ BandV ≰ 1̄ − A ∨ B. But τ1 (τ2) ⊆ τ2.
So, U and V constitutes a c3-disconnection of A ∨ B in τ2 contradiction to Theorem 3.7. [1].Therefore,
A ∨B is a c3-connected (c4 − connected) fuzzy set in (X, τ1 (τ2)). 2

Theorem 3.10 Let (X, τ1) and (X, τ2) be two fuzzy topological spaces and (X, τ1 (τ2)) is the mixed fuzzy
topological space. If A is c3-connected (c4 − connected) fuzzy set in (X, τ2) and A ≤ B ≤ Āτ1(τ2) then B
is c3-connected (c4 − connected) fuzzy set in (X, τ1 (τ2)).

Proof: Let U and V be fuzzy open sets in (X, τ1 (τ2)) such that B ≤ U ∨ V and U ∧ V ≤ 1̄ − B
[For c4 − connected U ∧ V ∧A = 0̄]. Since A is c3-connected (c4 − connected) in τ2 therefore, A ≤
1̄ − UorA ≤ 1̄ − V . If A ≤ 1̄ − U then Āτ1(τ2) ≤ (1̄− U)τ1(τ2) . So Āτ1(τ2) ≤ 1̄ − U0

τ1(τ2). Therefore,

Āτ1(τ2) ≤ 1̄ − U , since U is open inτ1 (τ2). Similarly for A ≤ 1̄ − V we have Āτ1(τ2) ≤ 1̄ − V . Therefore,
B ≤ Āτ1(τ2) ≤ 1̄− U or B ≤ Āτ1(τ2) ≤ 1̄− V . So B is c3-connected (c4 − connected). 2

The last Theorem 3.10. fails in case of c1-connected (c2 − connected) fuzzy set in τ2. The following is a
counter example for that.

Example 3.7 Let X = [0, 1] and define fuzzy sets A, B, C and D as follows:

A(x) =

{
1 if 2

5 < x ≤ 1

0 if 0 ≤ x ≤ 2
5 ,

(3.40)

B(x) =

{
0 if 2

5 < x ≤ 1
3
5 if 0 ≤ x ≤ 2

5 ,
(3.41)

C(x) =

{
1 if 2

5 < x ≤ 1
2
5 if 0 ≤ x ≤ 2

5 ,
(3.42)

D(x) =

{
0 if 2

5 < x ≤ 1

1 if 0 ≤ x ≤ 2
5 ,

(3.43)

Now τ1 = { 0̄, 1̄, C, C ∧D} , and τ2 = { 0̄, 1̄, A,B,C,A ∨B,A ∨ C,B ∧ C}. are two fuzzy topologies
then by Theorem 3.1. and Definition 2.12. τ1 (τ2) = { 0̄, 1̄, A,B,C,A ∨B}. Here A is c1-connected
fuzzy set in τ2 as it has no c1-disconnection in τ2. But Āτ1(τ2) = C and C is not c1-connected in τ1 (τ2).
Because Āτ1(τ2) = C ≤ A ∨B,A ∧B ≤ 1− Āτ1(τ2) also, Āτ1(τ2) ∧A ̸= 0 and Āτ1(τ2) ∧B ̸= 0. Therefore,
Āτ1(τ2) is c1-disconnected fuzzy set in τ1 (τ2).
Note: The same example shows Āτ1(τ2) is c2-disconnected fuzzy set in τ1 (τ2) asĀτ1(τ2) ∧ (A ∧B) = 0.

4. Conclusions.

In Mixed fuzzy topology connectedness is not studied by any researcher before. In this paper con-
nectedness in mixed fuzzy topology is investigated using four notions of connectedness due to Ajmal and
Kohli [1]. There is huge scope for research in mixed fuzzy topology.
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