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A note on Kahler spacetime
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ABSTRACT: In this paper we investigate the solitons on Kdhlerian spacetime manifolds admitting m-projective
curvature tensor and demonstrate the nature of solitons which depends on the relation between isotropic and
anisotropic pressures, the cosmological constant, energy density, and gravitational constant.
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1. Background and Motivations

Relativistic fluid models serve an important role in many fields of physics, including astrophysics, plasma
physics, nuclear physics, and cosmology. A 4-dimensional pseudo-Riemannian manifold endowed with
the Lorentzian metric g is treated as a perfect fluid spacetime in general relativity. In cosmology, perfect
fluids are employed to simulate idealized matter distributions such as the interior of a star or an isotropic
pressure. The behavior of a perfect fluid within a spherical object is described by Einstein’s equation. A
perfect fluid has a mass density p and an isotropic pressure p. If p = 3p, then radiation fluid is the ideal
space fluid.

In 1983, Neill [20] addressed the use of semi-Riemannian geometry in the theory of relativity. Kaig-
orodov investigates the curvature structure of spacetime in [14]. Several other differential geometers
investigated the curvature structure and other properties of spacetime [21], [5], [27], [17], [26], [30].
We recall the notion of a m-projective curvature tensor [23] as follows

M(o1,02)03 = R(o1,02)03 — {S8(02, 03)01 — S(01,03)02

1
2(n—1)
+  g(02,03)Q01 — g(01, 03)Q02}, (1.1)

where R and § are the curvature tensor and the Ricci tensor of (2, g). Several geometers have explored
the m-projective curvature tensor in different ways, including [37], [9], [19], [18],[25], [10], [31].

The study of Ricci solitons on Riemannian manifolds is an issue that is of great importance in the area
of differential geometry and in physics as well. Hamilton in [13] was the first to introduce the latter
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notion, which generalises the notion of Einstein metric on a Riemannian manifold. A Ricci soliton is a
Riemannian metric g on a manifold whenever the relation stated below is fulfilled:

(Leg)(o1, 02) + 28 (01, 02) + 2019(01, 02) = 0. (1.2)

On a real hypersurface, an 7-Ricci soliton is a pair (7, g) that fulfils the following relation [4]:

(Leg) (01, 02) + 28 (01, 02) +2019(01, 02) + 202m(01)n(02) = 0, (1.3)

where 61, 05 are real constants, S(o1, 02)=¢(Qo1,02), n is a 1-form on (£2,g). n-Ricci solitons in (2, g)
are structures (g, &, 61,02) that satisfy Eq.(1.3). If 62=0, (g,&,6;) is a Ricci soliton that fulfils Eq.(1.2)
and is referred to as shrinking, steady, or expanding if 61 < 0, §; = 0 or 6, > 0, respectively [6]: The
notion of such types solitons in different contexts of geometry is studied by [32],[33],[34], [35],[36] and
many more.

Since the Lie derivative of (£¢9)(01, 02), is given by

(Leg)(e1,02) = 9(Vi, €, 02) + 9(01, V4, 6).- (1.4)

It is feasible to write from (1.4) and (1.3) that

1
S(o1,02) = —b1g(01, 02) — O2m(01)n(02) — 5[9(V91§7 02) + g(01, V.6 (1.5)
for any o1, 02 € x(€2).
Now, we recall the notion of n-Einstein soliton in a perfect fluid spacetime [3]:

(Leg)(o1, 02) +28(01, 02) + (261 — k)g(01, 02) + 202m(01)n(02) = 0, (1.6)

where g, S, £, 1, 61 and 65 have the as usual meaning. In particular, if 65=0, (g,&,61) is an Einstein
soliton [7]. Again from (1.4) and (1.6), we get

S(o1,00) = —(61 — g)g(m, 02) — 0an(01)n(02) — %[Q(me, 02) + g(01, Vp,6)]- (1.7)

The paper is organised as follows: After introduction, in section 2 basic results for Kahler spacetime and
discuss solitons on perfect fluid Kahler spacetime (briefly, (PFK), spcetime). In section 3 we investigate
m-projectively flat Kdhler spacetime and deduce some interesting results. Beside this, m-projectively
flat (PFK)4 spacetime are discuss in section 4. Section 5 is concerned with (PFK)4 spacetime with
divergence free m-projective curvature tensor. Finally, in section 6 dust fluid Kahler spacetime (briefly,
(DFK),4 spacetime) with vanishing projective curvature tensor are included.

2. Kahlerian spacetime manifold

On a 4-dimensional manifold, perfect fluid spacetime (briefly, (PF)s-spacetime) according to general
relativity exists. If the following conditions are met, such a manifold is known as a Kdhlerian spacetime
manifold.

P01 = —01, (2.1)
9(Pe1,Poz) = g(o1, 02), (2.2)
(Vo P)o2 =0, (2.3)
S(Po1,Po2) = S(o1, 02), (2.4)
S(01,Po2) + S(Po1, 02) =0, (2.5)

where P is (1,1)-tensor field and g is Riemannian metric. We denote P(g1) by @;. The Einstein’s field
equation with cosmological constant in 4-dimensional Kahler spacetime:

S(or,02) = G9lor. 02) + pgler 02) = 7T (o1, 02). (2.6)
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for all vector fields g1, 02, where p is cosmological term, 7 is the gravitational constant and 7 is the
energy momentum tensor of type (0,2).
The energy momentum tensor 7 for a perfect fluid [20]:

T (01, 02) = (p + p)A(01)A(02) + pg(e1, 02), (2.7)

where p is the energy density function, p is the isotropic pressure function of the fluid and A is a non-
zero 1-form such that g(g1,V)=A(p1) for all g1; V being the flow vector field of the fluid and satisfies
g(V,V)=-1. The energy density p and the pressure p can be described in the sense that if p vanishes,
then the matter of the fluid is not pure, and if p vanishes, then the fluid is dust, respectively.

Using (2.7) in (2.6) we have

K

S(o1,02) + [ — ) —prlg(er, 02) = 7(p + p).A(01)A(02). (2.8)

Putting 01 by Po1 and po by Py in (2.8), using (2.2) and (2.4), we get

S(er, 02) + [n— 5 — prlgler, 02) = 7(p + P)A(P 1) A(Pes). (29)

Subtracting (2.8) from (2.9) and taking g2=V, it yield

7(p+p)A(o1) = 0. (2.10)

Since in Kahler spacetime 7 # 0 and A(g1) # 0, we get

(p+p) =0. (2.11)
In view of (2.11), Eq. (2.8) gives
K
Slov00) = (5 —n+7p) glor, ). (2.12)

Taking g1=02=¢;, 1 < i <4, in (2.12) ) and taking summation over ¢ we obtain
K
S(o1,00) = 19(91, 02). (2.13)

Also from (1.5) and (2.8), we have

01— p+pr+ 2| glo0) + [r(p+p)+02A(01)A0s)

2
= (Vi 00) + o(en, Vir)] (214)
Taking contraction over p; and g1, we get
4601 + 05 = 4y — 2k — 3p7 + dive. (2.15)
Again putting o1=p2=V in (2.14), yields
—201 + 205 = —2u+ Kk — 2p7. (2.16)
With the help of (2.15) and (2.16), we obtain
0=~ 5~ £[r(Bp— p) — dive], 62 = £ [r(3p -+ 4p) — dive]. (217)

If 6=0, then we get the Ricci soliton with 0;=p — § + 7p which is steady if p:%[% — 4], expanding if
p> H% — p] and shrinking if p < %[% — .
This bears the consequent results:
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Proposition 2.1 A (PFK), spacetime is an Einstein spacetime.

Theorem 2.1 An n-Ricci soliton (g,&,01,02) on a (PFK), spacetime satisfying EFE with cosmological

constant is steady if p=2[% — p], expanding if p > L[5 — u] and shrinking if p < L[5 — p].

div€
5

5 92:73])7'7%

Remark 2.1 For radiation fluid p = 3p, then 6, = p+

Again from (1.7) and (2.8), we obtain

(01 — p+prlglor,02) + [7(p+p)— 02 A(01)A(02)

1
= —509(Vai& 02) + 9(01, Vi) (2.18)
On contracting over g; and g1, we obtain
40, — 0y = 4p — 3pT + Tp — divé. (2.19)
Putting 01=p2=V in (2.18), yields
—01 + 92 = —u— pT. (220)
With the help of (2.19) and (2.20), we have
1 1
01 = 3[5;1 —7(3p+ 3p) — div€], 02 = 3[37'(19 + p) + divg]. (2.21)

If 62=0 then we get the Einstein soliton with ;=g + 7p, which is steady if p=—£, expanding if p > —£
and shrinking if p < —£.
We therefore identify the consequence:

Theorem 2.2 An n-Einstein soliton (g,&,61,02) on a (PFK), spacetime satisfying EFE with cosmolog-
ical constant is steady if p=—%, expanding if p > —£ and shrinking if p < —£.

Remark 2.2 Considering the radiation fluid p = p, then 61 = L[5 —9pT — div€], 62 = L[12pT + dive].

3. m-projectively flat Kaihler spacetime

Let €4 be the spacetime of general relativity. Next, based on (1.1), we conclude

1
M(o1,02,03,04) = R(917927Q37@4)—6{8(Q2793)9(917Q4)—S(Q1793)9(927Q4)
+  g(02,03)S(01,04) — g(01,03)S(02, 04) }- (3.1)

If M(o1, 02, 03, 04)=0, then (3.1) exhibits the form

R(o1,02,03,04) = %{8(92,93)9(91794)—8(91,93)9(Q2,Q4)
+  g(02,03)S(01, 04) — g(01,03)S(02, 04) }- (3.2)

Taking 01 = oa=e€;, 1 < i <4,in (3.2) is our case

S(02,03) = 29(92, 03)- (3.3)

Replacing g2 by 0, and g3 by 05 in (3.3), using (2.2) and (2.4), we get (3.3) that is, Kdhler spacetime is
an Einstein manifold. Consequently, we assert:

Theorem 3.1 m-projectively flat Kahler spacetime is an Finstein manifold.

Corollary 3.1 m-projectively flat Kihler spacetime is a (PFK), spacetime.
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According to Zengin [37] m-projectively flat Riemannian manifold is Ricci symmetric. Therefore, we
state:

Corollary 3.2 m-projectively flat (PFK), spacetime is Ricci symmetric.

It is well acknowledged that Ricci symmetry describes a general relativistic spacetime that has a covariant
constant energy momentum tensor [5] So, we conclude the following:

Corollary 3.3 m-projectively flat (PFK), spacetime is of covariant constant energy momentum.

Again, from (3.2) and (3.3) it yield
K
R(01, 02, 03,04) = B {9(02,03)g(01, 04) — g(01,03)9(02,04)} - (3.4)

We therefore assert:
Theorem 3.2 m-projectively flat (PFK), spacetime is of constant curvature.

It is generally known that a Riemannian manifold (2", g),(n > 3) is conformally flat if its curvature is
constant. As a result, we obtain:

Corollary 3.4 m-projectively flat (PFK), spacetime is conformally flat.

According to Petrov [24], a spacetime is said to be of type O if it is conformally flat. Thus, we declare
the results:

Theorem 3.3 m-projectively flat (PFK), spacetime is of type O.
Now, the geometrical symmetries of a spacetime are given by [16]:
LA — 2wA =0, (3.5)

where A denote a geometrical (or physical) quantity and w is a scalar. One of the most simple and widely
used example is the metric inheritance symmetry for A = g in (2.10) and for this case, £ is the Killing
vector field if w=0. Therefore,

(Leg)(o1, 02) = 2wg(o1, 02)- (3.6)

A symmetry known as a curvature collineation (CC) is said to be admissible in a spacetime [8], [11] if a
vector field £ exists such that

(LcR)(01, 02, 03) = 0. (3.7)

We consider (PFK), spacetime admitting m-projective curvature tensor with a Killing vector field £ is a
curvature collineation. Next, we have

(Leg)(01,02) = 0. (3.8)
Taking Lie derivative of (3.1), using (3.7) and (3.8), we get (£:M) (01, 02, 03)=0. We reach a conclusion:

Theorem 3.4 If (PFK), spacetime bearing the m-projective curvature tensor with £ is a Killing vector
field is curvature collineation, then the Lie derivative of the m-projective curvature tensor vanishes along
the vector field .

Again, if the matter collineation is represented by the energy-momentum tensor 7, then

(LeT) (1, 02) = 0. (3.9)
Also, from (2.6) and (3.3), we have

(M— g) g(o1,02) = 7T (01, 02)- (3.10)

Taking Lie derivatives of (3.10) with respect to ¢ and using (3.8), we get

(LeT)(o1,02) = 0. (3.11)

It means (PFK), spacetime admits matter collineation. Therefore we state:
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Theorem 3.5 m-projectively flat (PFK), spacetime EFE with a cosmological term then matter collineation
with respect to a vector field £ iff € is a Killing vector field.

Especially if the field ¢ is a conformal Killing vector. Next, we have

(Leg) (o1, 02) = 2wg(o1, 02)- (3.12)

Using (2.17) and the Lie derivatives on both sides of (2.15) with regard to &, we acquire

(M — g) 2wg(o1,02) = T(LeT) (01, 02)- (3.13)

In view of (3.10) and (3.13) reduces to

(LT )(01, 02) = 2wT (01, 02). (3.14)

As a result, the energy-momentum tensor possesses Lie inheritance ability along £. As a result, we have:

Theorem 3.6 m-projectively flat (PFK)4 spacetime with EFE admits a conformal killing vector field iff
the energy momentum tensor has the symmetric inheritance property.

4. Perfect fluid Kihler spacetime with m-projectively flat

In this part, we take into consideration a perfect fluid Kahler spacetime (briefly, (PFK)4 spacetime) with
vanishing m-projective curvature tensor and Einstein field equation that is not subject to the cosmological
constant. Then from (2.8) and (3.3), we have

— (5 +77) 9lor,02) = (o + ) Aler) Ale2): (4.1)

Putting 01 by 7; and g2 by 7, in (4.1), using (2.2), we get

— (5 +77) 9lor,02) = (o + D) A@) A22): (42)

Subtracting (4.1) from (4.2) , it yield

(p+p)=0,7#0, A(o1) #0. (4.3)

That is to say the fluid exhibits cosmological constant behavior and from (4.3), we get p = —p, that is,
spacetime is rapidly expanding in cosmology which is called inflation. Since m-projectively flat perfect
fluid spacetime is an Einstein manifold, that is, the manifold of constant scalar curvature k. Then from
(4.1) implies that the pressure p is constant and hence from (4.3), p is also constant.

Now, the energy and force equation for a perfect fluid [20]:
Vp = —(p+p)divV, (4.4)

(p+p)VyV = —grad(p) — (Vp)V, (4.5)

respectively. Since both the parameter p and p are constant. Then from (4.4) and (4.5) we get divV=0
and V1, V=0. This means that the expansion scalar and acceleration vector are both zero. As a result,
we have:

Theorem 4.1 m-projectively flat (PFK)y spacetime obeying Einsteins equation without cosmological
term, then it has vanishing acceleration vector and expansion scalar and the perfect fluid always behaves
as a cosmological constant.
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Further, from (2.6) we have
k= —T, (4.6)

where Y=trace T.
Eq. (2.6) adopts the form in light of (4.6) that is

S(o1,02) = 7T (01, 02) — Sglen,02)] (7)

According to [1], the Einstein field equation for a purely electromagnetic distribution in Kéhler spacetime
is as follows:

S(o1,02) = 7T (01, 02). (4.8)

With the help of (4.2) and (4.3) we get ¥=0. So from (4.1) we get k=0. Thus, from (3.4) we obtain
R(01, 02, 03, 04)=0 it confirms the flatness of spacetime. As a consequence, we get

Theorem 4.2 m-projectively flat (PFK)y spacetime obeying Einstein field equation without cosmological
term for a purely electromagnetic distribution is an FEuclidean space.

5. (PFK), spacetime with divergence-free m-projective curvature

Here we study (PFK),4 spacetime obeying Einstein field equation without cosmological term admitting
divergence-free m-projective curvature tensor and deduce some result.

Definition 5.1 A (PFK), spacetime is said to be m-projective conservative if

(d’l:U.//\/lv)(QhQQ,gg) = 07 (51)
where div stands for divergence.

Definition 5.2 If a symmetric (0, 2)-type tensor field £ on a semi-Riemannian manifold (2", g) meets
the following criteria, it is said to be of Codazzi type.

(Vglg)(é’z, 03) = (ngg)(gh 03), (5.2)

for every smooth vector fields g1,02 and p3 on (2, g).
Now, Eq.(3.1) can be written as

(divM)(o1, 00,03) = _é{(vgls)(gz7g3)_(v928)(91793)}

1
— 1 19(e2, 03)dr(e1) + g(e1, 03)dr(e2)} - (5.3)
In view of (2.13) and (5.1), Eq.(5.3) reduces to

(VorS)(e2,03) = (Vo,8)(01, 03) = 0. (5.4)
From (5.4) and (2.6), we get

(Vo T)(02,03) = (V, T)(01,03)- (5.5)

Thus we assert:

Theorem 5.1 A (PFK), spacetime obeying Einstein’s equation without cosmological term, admitting
divergence free m-projective curvature then the energy-momentum tensor T is of Codazzi type.

It is well-known that in a perfect fluid spacetime the energy-momentum tensor is of Codazzi type, then
each of the shear and vorticity of the fluid vanishes and its velocity vector field is hypersurface orthogonal,
which means that it is proportional to the gradient vector field of the energy density [14], [15], [12]. Thus
we sate the results.
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Theorem 5.2 A (PFK), spacetime obeying Finstein equation without cosmological term, admitting di-
vergence free m-projective curvature then its velocity vector field is proportional to the gradient vector
field of the energy density.

According to Barnes [2] if a perfect fluid spacetime is shear-free and vorticity-free and the velocity vector
field V is hypersurface orthogonal and the energy density is constant over a hypersurface orthogonal to
V, then the possible local cosmological structures of the spacetime are of Petrov type I, D or O. As per
this result we have:

Theorem 5.3 A (PFK), spacetime obeying Einstein equation without cosmological term, with divergence
free m-projective curvature then the possible local cosmological structure of such a spacetime is of type

1,D orO.

6. Dust fluid Kdahler spacetime with m-projectively flat
The energy momentum tensor in a dust fluid Kahler spacetime (briefly, (DFK), spacetime) [28]:

T(e1, 02) = pA(e1)Ale2)- (6.1)
With the help of (3.10) and (6.1) we obtain
K
[ — 5]9(91, 02) = 7p.Al01)A(02), (6.2)
If we replace g1=02=V in (6.2) we have
K
p=q TP (6.3)

Again taking contraction over g1 and g2, Eq. (6.2) leads to
P
- —. 6.4
! (6.4)
In view of (6.3) and (6.4) we finally get p=0, then from (6.1), we have T (g1, 02)=0. As a result, we can
state:

Theorem 6.1 m-projectively flat (DFK)y spacetime satisfying Einstein field equation with cosmological
constant is vacuum.

Also from (2.6) and (6.1), we have

S(o1,02) = [=n+ Zlgler, e2) + 7pA(e1) Alea). (6.5)
By virtue of (6.5), Eq. (1.5) takes the form
it 5+ 01lglor, ) + [r + 0:)A(0) Al2) = 2 9V 02) + (01, Vol (66)

After contracting over p; and o1 leads to

4601 — 0y = 7 — 4p — 2k — div€. (6.7)
Again, if we put 91=g2=V in (6.6), we get
91—02=—u—g+7'. (68)

With the help of (6.7) and (6.8) we yields
divé

T(p—3p) div€ B
) ) and 60y =—7 3 (6.9)

It is obvious that if 65=0, we get the Ricci soliton with 6;=-pu — w + 7, which is steady if pz% —

3(&) + 2, expanding if p > 2 — 2(£) 4 £ and shrinking if p < 2 — 2(£) 4 £.
The consequence is as follows:

922—#
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Theorem 6.2 An n-Ricci soliton (g,&,01,02) in a (PFK)4 spacetime satisfying Einstein field equation

with cosmological constant is steady if pz% -3y £, expanding if p > % - 38+ £ and shrinking if
p<i-3()+4
Remark 6.1 About radiation fluid, that is, p=3p then 0 :—u—digé and 6 :—7'—di37U£.
Also taking (6.5) and (1.7) we have
[=1+01]g(01, 02) + [Tp + 02] A(01) Ale2) = —%[Q(Vm& 02) + 9(01, Vo, 8)]. (6.10)
On contracting over g and g1, Eq.(6.10) leads to
401 — 0y = Tp + 4p — divé€. (6.11)
Again, if we put g1=p2=V in (6.11), we get
01— b = p+T1p. (6.12)
With the help of (6.11) and (6.12) we yields
01:u—$ and 92:77;)7%. (6.13)

Now, if 5=0 then we obtain the Einstein soliton with 6;=p + 7p, which is steady if u=-7p, expanding if
> 7p and shrinking if p < 7p.
Thus we have:

Theorem 6.3 An n-FEinstein soliton (g,&,01,02) in a (DFK)y spacetime satisfying Einstein field equation
with cosmological constant is steady if p = —7p, expanding if > Tp and shrinking if p < 7p.

Again we consider the energy momentum tensor 7 of a viscous fluid Kahler spacetime(briefly, (VFK),4
spacetime) [20], [22]:

T(01,02) = (p+p)A(01)A(02) + pg(o1, 02) + H(o1, 02), (6.14)

where p,p are the energy density and isotropic pressure respectively and H denotes the anisotropic
pressure of the fluid.
Using (3.10) in (6.14), we get

K
[ = Sl9(er; 02) = 7((p + p) A1) Ale2) + pgler; 02) + H(er, 02)] (6.15)
For fix,01=02=V in (6.15), yields
1.k
N SR 1
p=_l5—n-7I] (6.16)
where Z=H(V, V).
Again contracting (6.15) over g1 and g2 , we obtain
1 7(p = N)
_4 K 1
p=ol- 5+ TN (617)

where N'=Trace of H. Thus we can state:

Theorem 6.4 In a viscous fluid m-projectively flat Kahler spacetime satisfying Finstein field equation
with cosmological constant, the energy density and the isotropic pressure are given by the relations (6.16)
and (6.17), respectively.
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Again from (2.6) and (6.14), we have

S(er, 02) = [g — 1+ prlger, 02) + 7((p + p)Aler) Alez) + H(er, 02)]- (6.18)

Keeping in mind (6.18), Eq. (1.5) can be written as

[g —pu+pr+0ilg(or,00) + [T(p+p)+02)A(01)A(02) + 7H(01, 02)

= —%[Q(Vm& 02) + (01, Ve, 6))- (6.19)
A frame field after contraction over p; and p;, where N'=Trace of H leads to
401 — 03 = 4p — 3pT — 25+ Tp — TN — div€. (6.20)
Again, if we put 91=g2=V in (6.19), where Z=H(V, V) have

91—92:u—g+7(p+1). (6.21)

With the help of (6.20) and (6.21) we yields

01 = p+ 1 P73

7(p — 3p) {I N} dzvf 3T N divé
AT O TS (6.22)
3 4 3 3

In particular if 85 = 0 then we get the Ricci soliton with a = pu — T(p ) 4 T(p+ I) which is steady if

p=p+(3)T - 2(%), expanding if p > p+ ()T — 2(£) and shrinking 1fp <p+(3)I-2(L).
We state the result:

Theorem 6.5 An n-Ricci soliton (g,&,61,601) in
with cosmological constant steady if p=p + (%)

ifp<pt (BT 3(%).

2

(VFK), spacetime satzsfymg Einstein field equation
(&), ezpanding if p > p+ (3)I — 2(£) and shrinking

w\m IS

Remark 6.2 For radiation fluid p=3p then a=p + T[% —

3 ]_di;& and b=-r(4p + 2 + %/)—divf.

3

Also, with the help of (6.18), Eq. (1.7) can be written as

(=01 +pTlg(or,02) — [T(p+p)+02)A(01)A(02) — TH(01, 02)

1

= §[g(vg1£a 92) +g(gluvgzg)]' (623)

A frame field after contraction over p; and g;, where N'=Trace of H leads to
—4601 + 0y = —4p + 3pT — 7p + TN + divE. (6.24)
Again, if we put g1=p2=V in (6.23), where Z=H(V, V) reduces to
01— =p+7p+7IL. (6.25)

With the help of (6.24) and (6.25) we obtain

It N7 divé 4T N divé
Or=p—rp— L DT T nd Gy = — B A 6.26
1=p-Tp = 3 5 A 9 Tlp+p+ 3 + 3 3 (6.26)
It is clear that if =0 then we obtain the Einstein soliton with 6;=p — 7p — % - % - M which is
steady if p=£ — L + %/ dw£ , expanding if p > £ — £ 4 %/ dw& and shrinking if p < £ — £ + %/ - %.

As a consequence, we get:
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Theorem 6.6 An n-FEinstein soliton (g, f 01, 02) in a (VFK)4 spacetime satzsfymg Einstein field equation
.y € N divg
with cosmological condstcznt steady if p=£ — 3 —|— 5 — “T’ , expanding if p > & — = + < and shrinking
1V

. © T N
fp<Z-3+t3 3

Remark 6.3 . If there is radiation fluid p = 3p then 61 =p—7p— IT NT dwf and 0o =-1 [4p + % + %] —
div€
T

Finally, we explore whether or not a viscous fluid in a Kdhler spacetime that is m-projectively flat may
permit heat flux. In order to do this, we take into account the energy momentum tensor, 7 [20], [22]:

T(o1,02) = (p+ p)Aler)Ale2) + pg(o1, 02) + Al01) F(02) + Alo2) F (01), (6.27)
where F(01)=g(01,§) for all vector fields p1; £ being the heat flux vector field and g(V,£)=0, that is,
F(V)=0.

Using (3.10) in (6.27), we have
(1= 5) 9(er, 02) = 7l(p+ p)A(1) Ale2) + pglor, 02) + Ale) Floz) + Ale2) Flen)].  (6.28)
Putting 2=V in (6.10), yields
1
Flo) = ——[u—5 +mplAler): (6.29)

Therefore, we have:

Theorem 6.7 A viscous fluid in m-projectively flat Kahler spacetime satisfying Finstein’s field equation
with cosmological constant, admits heat flur, provided p — § + 7p # 0.

Also using (6.27) in (2.6), we have

S(o1,02) =[p—p+ u g(o1, 02) +7[(p +p)A(01)A(02) + A(01)F(02) + A(02)F (01)]- (6.30)

5]
By virtue of (6.30), Eq.(1.4) can be written as

[P+ g —n+6ig(or,02) + [m(p+p)+02]A01)Ale2) + T[Ale1) F(e2) + Ale2) F(e1)]
= S l0(VeE02) +alor, Vir)) (6.31)
Taking contraction over p; and p1, we get
401 — by = 4p —4dp — 26+ 7(p + p) — divé. (6.32)
Putting 9;=02=V in (6.31) , yields
=205 +20, =2p+ Kk —2u—T7(p+ p). (6.33)

From (6.32) and (6.33), we obtain

1 T(p—3p) dive T(p+p) divé
0 — 1 — - _ _ d0y= — "2 _ "> 6.34
1=p=pt T+ ) 5 5 andf; 3 3 (6.34)
If 63=0 then we get the Ricci bOlitOH with 01=—p+pu— 5+ w which is steady if p=1£-, expanding
if p > $#- and shrinking if p < $#-. Thus we state:

Theorem 6.8 An n-Ricci soliton (9,6,01,92) in a (VFK), spacetime satisfying Einstein field equation
with cosmological constant steady if p = expanding if p > = and shrinking if p < 7%=

7-}

Remark 6.4 . For radiation fluid p = 3p then 6 = p — p+2pT M and 9274’% dz;f
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Finally, we use (6.30) in (1.7) we obtain

[p— 4 01]g(01, 02) + [T(p+ p) + 02) A(01)A02) + T[A(01)F(02) + Al02)F(01)]

= (Vo) + (01, Vi) (639)

Now, contracting over g; and g1, we have
401 + 03 = 4p —dp + 7(p + p) — divé€. (6.36)
Putting 01=p2=V in (6.35) , yields
01— =p—p+7(p+p). (6.37)
From (6.36) and (6.37) , we obtain

1

5 [57(p + p) — divg], 02 =

[~37(p + p) — dive]. (6.38)

ool —

bh=p—p+

If 63 = 0 then we get the Eistein soliton with 8; = u— p + 7(p + p), which is steady if p:i(,u + 7p),
expanding if p > 1 (u + 7p) and shrinking if p < - (u + 7p).

Theorem 6.9 An n-Finstein soliton (g,£,01,02) in a (VFK)4 spacetime satisfying Finstein field equation

with cosmological constant steady if p = %(u +7p), expanding if p > ——=(u + Tp) and shrinking if

=T 1—-7
p< i (nt 7o)

Remark 6.5 . In case of radiation fluid p = 3p, then 61 = u—p+ %[20}97’ — div€], and 60y =
$[—12p7 — divg].
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