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A Matrix Summability Factor Theorem Involving Almost Increasing Sequences

H. NEDRET ÖZGEN

abstract: In [9], we have already proved a main theorem dealing with the | A |k summability factors of
infinite series. In this paper, we have generalized this theorem to the | A, δ |k summability methods under
some suitable conditions.
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1. Introduction

A positive sequence (bn) is said to be an almost increasing sequence if there exist a positive increasing
sequence (cn) and two positive constants M and N such that Mcn ≤ bn ≤ Ncn (see [1]). Let A = (anv)
be a normal matrix, i.e., a lower triangular matrix of nonzero diagonal entries. Then A defines the
sequence-to-sequence transformation, mapping the sequence s = (sn) to As = (An(s)), where

An(s) =

n∑
v=0

anvsv, n = 0, 1, ... . (1.1)

The series
∑

an is said to be summable | A |k, k ≥ 1, if (see [12])

∞∑
n=1

nk−1 | An(s)−An−1(s) |k< ∞. (1.2)

The series
∑

an is said to be summable | A, δ |k, k ≥ 1 and δ ≥ 0, if (see [5])

∞∑
n=1

nδk+k−1 | An(s)−An−1(s) |k< ∞. (1.3)

In the special case for δ = 0, the | A, δ |k summability reduces to | A |k summability. If we take anv = pv

Pn
,

then we have | R, pn; δ |k summability. Also if we take δ = 0 and anv = pv

Pn
, then we have | R, pn |k

summability (see [2]).
AMS Mathematics Subject Classification. 26D15, 40D15, 40F05, 40G99
Keywords and phrases. Summability factors, absolute matrix summability, infinite series, Minkowski’s
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Let A = (anv) be a normal matrix, we associate two lower semi-matrices A = (anv) and Â = (ânv) as
follows:

anv =

n∑
i=v

ani, n, v = 0, 1, ... (1.4)
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and

â00 = a00 = a00, ânv = anv − an−1,v, n = 1, 2, ... . (1.5)

A and Â are the well-known matrices of series-to-sequence and series-to-series transformations, respec-
tively. Then, we have

An(s) =

n∑
v=0

anvsv =

n∑
v=0

anvav (1.6)

and

∆An(s) =

n∑
v=0

ânvav. (1.7)

A = (anv) is said to be of class Ω if (see [9]) the following hold;
A is lower triangular

anv ≥ 0, n, v = 0, 1, ...; (1.8)

an−1,v ≥ anv, for n ≥ v + 1, (1.9)

an0 = 1, n = 0, 1, ... . (1.10)

A given by

A1(x) = x1 and An(x) =
xn−1 + xn

2
for n > 1 (1.11)

is an example of a matrix of class Ω.

2. Known result

Recently many papers have been done for absolute summability factors of infinite series ( [4]- [11]).
Among them, in [9], we have proved the following theorem.

Theorem 2.1 Let
∑

an be a given infinite series with partial sums (sn) and let A ∈ Ω satisfying

nann = O(1), (2.1)

ân,v+1 = O(v | ∆vânv |) (2.2)

and let there be sequences (βn), (λn) and positive non-decreasing sequence (Xn), such the following con-
ditions hold:

| λn | Xn = O(1) as n → ∞, (2.3)

| ∆λn |≤ βn, (2.4)

βn → 0 as n → ∞, (2.5)

m∑
n=1

n | ∆βn | Xn < ∞ as m → ∞, (2.6)

m∑
n=1

ann | sn |k= O(Xm) as m → ∞. (2.7)

Then the series
∑

anλn is summable | A |k, k ≥ 1.
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3. Main result

The purpose of this paper is to prove the following theorem dealing with | A, δ |k summability.

Theorem 3.1 Let A be of class Ω such that

m+1∑
n=v+1

nδk | ∆vânv |= O(vδkavv) as m → ∞. (3.1)

m∑
v=1

vδkavv | sv |k= O(Xm) as m → ∞, (3.2)

where (Xn) is an almost increasing sequence. If the conditions (2.1)-(2.6) of Theorem 2.1 are satisfied,
then the series

∑
anλn is summable | A, δ |k, k ≥ 1 and 0 ≤ δ < 1/k.

Lemma 3.2 ( [11]) Let A ∈ Ω. Then

n−1∑
v=1

| ∆vânv |≤ ann,

m+1∑
n=v+1

| ∆vânv |≤ avv,

and

m+1∑
n=v+1

ân,v+1 ≤ 1

Remark 3.1 It should be noted that if we take (Xn) as a positive non-decreasing sequence, δ = 0,
then we get Theorem 2.1. In this case, condition (3.2) reduces to conditions (2.7). Also, noticed
that the condition (3.1) is automatically satisfied.

Lemma 3.3 ( [3]) Under the conditions of Theorem 2.1, we have the following

nβnXn = O(1) as n → ∞,

∞∑
n=1

βnXn < ∞.

Proof of Theorem 3.1. Let (In) denotes A-transform of the series
∑

anλn. Then, we have, by (1.6)
and (1.7),

∆In =

n∑
v=1

ânvavλv

Applying Abel’s transformation, we have that

∆In =

n∑
v=1

ânvavλv =

n−1∑
v=1

∆v(ânvλv)sv + ânnλnsn

=

n−1∑
v=1

∆v(ânv)λvsv +

n−1∑
v=1

ân,v+1sv∆λv + annλnsn

= In,1 + In,2 + In,3.
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Since

| In,1 + In,2 + In,3 |k≤ 3k(| In,1 |k + | In,2 |k + | In,3 |k),

to complete the proof of Theorem 3.1, it is sufficient to show that

∞∑
n=1

nδk+k−1 | In,r |k< ∞ for r = 1, 2, 3.

First, applying Hölder’s inequality with indices k and k′, where k > 1 and 1
k + 1

k′ = 1, we get that

m+1∑
n=2

nδk+k−1 | In,1 |k ≤
m+1∑
n=2

nδk+k−1

{
n−1∑
v=1

| ∆v(ânv) || λv || sv |

}k

= O(1)

m+1∑
n=2

nδk+k−1

(
n−1∑
v=1

| ∆v(ânv) || λv |k| sv |k
)

×

(
n−1∑
v=1

| ∆v(ânv) |

)k−1

= O(1)

m+1∑
n=2

nδk+k−1ak−1
nn

(
n−1∑
v=1

| ∆v(ânv) || λv |k| sv |k
)

= O(1)

m+1∑
n=2

nδk

(
n−1∑
v=1

| ∆v(ânv) || λv |k| sv |k
)

= O(1)

m∑
v=1

| λv |k−1| λv || sv |k
m+1∑

n=v+1

nδk | ∆v(ânv) |

= O(1)
m∑

v=1

vδkavv | λv || sv |k

= O(1)

m−1∑
v=1

∆ | λv |
v∑

r=1

rδkarr | sr |k

+ O(1) | λm |
m∑

v=1

vδkavv | sv |k

= O(1)

m∑
v=1

| ∆λv | Xv +O(1) | λm | Xm

= O(1)

m∑
v=1

βvXv +O(1) | λm | Xm

= O(1) as m → ∞,

by virtue of the hypotheses of Theorem 3.1 and Lemma 3.4.
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Applying Hölder’s inequality with the same indices above, we have

m+1∑
n=2

nδk+k−1 | In,2 |k ≤
m+1∑
n=2

nδk+k−1

{
n−1∑
v=1

| ân,v+1 || ∆λv || sv |

}k

= O(1)

m+1∑
n=2

nδk+k−1

(
n−1∑
v=1

ân,v+1βv | sv |

)k

= O(1)

m+1∑
n=2

nδk+k−1

(
n−1∑
v=1

ân,v+1βv | sv |k
)

×

(
n−1∑
v=1

ân,v+1βv

)k−1

= O(1)
m+1∑
n=2

nδk+k−1ak−1
nn

n−1∑
v=1

v | ∆vânv | βv | sv |k

= O(1)

m+1∑
n=2

nδk
n−1∑
v=1

v | ∆vânv | βv | sv |k

= O(1)

m∑
v=1

vβv | sv |k
m+1∑

n=v+1

nδk | ∆vânv |

= O(1)

m∑
v=1

vδkavvvβv | sv |k

= O(1)

m−1∑
v=1

∆(vβv)

v∑
r=1

rδkarr | sr |k

+ O(1)mβm

m∑
v=1

vδkavv | sv |k

= O(1)

m−1∑
v=1

v | ∆βv | Xv +

m−1∑
v=1

βv+1Xv+1 +O(1)mβmXm

= O(1) as m → ∞,

by virtue of the hypotheses of Theorem 3.1 and Lemma 3.4.

Finally, by the similar process in In,1, we have that

m∑
n=1

nδk+k−1 | In,3 |k =

m∑
n=1

nδk+k−1 | annλnsn |k

=

m∑
n=1

nδk+k−1aknn | λn |k−1| λn || sn |k

= O(1)

m∑
n=1

nδkann | λn || sn |k= O(1) as m → ∞,

by virtue of the hypotheses of Theorem 3.1 and Lemma 3.4.
So we get

∞∑
n=1

nδk+k−1 | In,r |k< ∞, for r = 1, 2, 3.
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This completes the proof of Theorem 3.1.

Corollary 3.4 Let
∑

an be a given infinite series with partial sums (sn) and let (pn) be a sequence of
positive real constants such that

Pn =

n∑
v=0

pv → ∞,

npn = O(Pn), (3.3)

Pn = O(npn), (3.4)

and

m+1∑
n=v+1

nδk | pn
PnPn−1

|= O

(
vδk

Pv

)
. (3.5)

Let (Xn) be an almost increasing sequence, satisfying conditions (2.3)-(2.6) of Theorem 2.1. If

m∑
n=1

nδk pn
Pn

| sn |k= O(Xm) as m → ∞, (3.6)

then the series
∑

anλn is summable | R, pn; δ |k, k ≥ 1 and 0 ≤ δ < 1/k.

Proof: Conditions (2.1) and (2.2) of Theorem 2.1 are automatically satisfied for any weighted mean
method. Condition (3.1) and (3.2) of Theorem 3.1 becomes condition (3.5) and (3.6) of Corollary 3.5. 2
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(2013), 185-190.
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