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A Matrix Summability Factor Theorem Involving Almost Increasing Sequences

H. NEDRET OZGEN

ABSTRACT: In [9], we have already proved a main theorem dealing with the | A |, summability factors of
infinite series. In this paper, we have generalized this theorem to the | A,d | summability methods under
some suitable conditions.
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1. Introduction

A positive sequence (b,,) is said to be an almost increasing sequence if there exist a positive increasing
sequence (¢,,) and two positive constants M and N such that Me¢, <b, < Nc¢, (see [1]). Let A = (any)
be a normal matrix, i.e., a lower triangular matrix of nonzero diagonal entries. Then A defines the
sequence-to-sequence transformation, mapping the sequence s = (s,,) to As = (A4,(s)), where

An(s) = Xn:anvsv, n=0,1,... (1.1)
v=0
The series Y a,, is said to be summable | A |, k > 1, if (see [12])
ink_l | An(s) — Ap_1(s) |F< oo, (1.2)
n=1
The series Y a, is said to be summable | A,6 |, k> 1 and § > 0, if (see [5])
i nO*HE=1 1 4, (s) — Ap_1(s) |F< . (1.3)
n=1

In the special case for § = 0, the | A, § [, summability reduces to | A |, summability. If we take a,, = &=,
then we have | R,p,;d |, summability. Also if we take § = 0 and ay, = %Z, then we have | R, p, Tk
summability (see [2]).
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Let A = (an,) be a normal matrix, we associate two lower semi-matrices A = (@ny) and A = (Gny) as
follows:

n
Ay :Zanianvv:OaL“- (14)
=
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and
apy = Ggp = apo, Any = Apy *an—l,van = 1727 cee (15)

A and A are the well-known matrices of series-to-sequence and series-to-series transformations, respec-
tively. Then, we have

An(s) = Zamsv = Zﬁmav (1.6)
v=0 v=0
and
AAn(s) =Y Gnoa. (1.7)
v=0

A = (any) is said to be of class  if (see [9]) the following hold;
A is lower triangular

Gny >0, n,v=0,1,...; (1.8)
Un—1w = Qny,  forn>v+1, (1.9)
Gno=1, n=01,.. . (1.10)
A given by
Aj(x) =21 and Ap(z) = W forn>1 (1.11)

is an example of a matrix of class (2.

2. Known result

Recently many papers have been done for absolute summability factors of infinite series ([4]-[11]).
Among them, in [9], we have proved the following theorem.

Theorem 2.1 Let Y a, be a given infinite series with partial sums (s,) and let A € Q satisfying
Nan, = 0(1), (2.1)

zIf\n,v+1 = O(U | Avanv |) (22)

and let there be sequences (Br), (M) and positive non-decreasing sequence (X,,), such the following con-
ditions hold:

| An | X =0(1) asn — oo, (2.3)

| AXn < Bn, (2.4)

Bn =0 asn — oo, (2.5)

Zn\Aﬁn|Xn<oo as m — 0o, (2.6)
n=1

Z Ann | 50 |F= O(X,n)  asm — oco. (2.7)
n=1

Then the series Y anA, is summable | A |, k > 1.
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3. Main result
The purpose of this paper is to prove the following theorem dealing with | A,d |, summability.
Theorem 3.1 Let A be of class ) such that

m+1
Z ndk | Ayan, |= O(v‘;kaw) as m — oo. (3.1)
n=v+1
Zv‘;kam | 5, [F=O(X,,) asm — oo, (3.2)
v=1

where (X,,) is an almost increasing sequence. If the conditions (2.1)-(2.6) of Theorem 2.1 are satisfied,
then the series Yy anA, is summable | A,0 |k, k > 1 and 0 < § < 1/k.

Lemma 3.2 ([11]) Let A € Q. Then

n—1

Z | Avanv |S Ann,

v=1

m—+1
Z | Avanv ‘S Ayy,

n=v-+1

and

m+1

Z zin,v-‘,—l S 1

n=v+1

Remark 3.1 It should be noted that if we take (X,,) as a positive non-decreasing sequence, § = 0,
then we get Theorem 2.1. In this case, condition (3.2) reduces to conditions (2.7). Also, noticed
that the condition (3.1) is automatically satisfied.

Lemma 3.3 ([3]) Under the conditions of Theorem 2.1, we have the following

nBnXn = 0(1) as n — oo,

i Bn X, < 00.
n=1

Proof of Theorem 3.1. Let (I,,) denotes A-transform of the series Y a,A,. Then, we have, by (1.6)
and (1.7),

ZIn = i anvavAv

v=1
Applying Abel’s transformation, we have that
n n—1
AIn = Zanvav/\v = Z Av(anvAv)Sv + zL\nnAnSn
v=1 v=1
n—1 n—1
= Z Av(anv)/\vsv + Z 2in,v-ﬁ-lgvA/\v + GpnAnsn

v=1 v=1

= In,l + In,Q + In,3~
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Since
| Ina 4 Tno + Insg |F<3%(| Lna |F + | Lz |* + | Ins %),

to complete the proof of Theorem 3.1, it is sufficient to show that

oo
n kR L F< oo forr =1,2,3.

n=1
First, applying Holder’s inequality with indices k and %', where k& > 1 and % + % =1, we get that

m+1 m+1 n—1 k
Z n6k+k—1 |In71 ‘k Z n6k+k—1 {Z | Av(anv) || o || Sy |}
n=2 n=2 v=1

m+1

n—1
= 0(1) ) n+tt (Z | Au(@an) | A ] 50 |’f>
n=2 v=1
n—1 k—1
X <Z | A’U(anv) I)
v=1

IN

m+1 n—1

= 0(1) Z n5k+k_1alr€b;1 (Z | Ay(@no) || Ao ‘k| Sv |k>
n=2 v=1
m—+1 n—1

= 0(1) Z nok (Z | Ay (@no) || Ao ] 50 |k>
n=2 v=1
m m+1

= 0D A F Al su DY 0™ | Ay(@ny) |
v=1 n=v+1

= O(l)Zvékaw | Ao || 50 |F
v=1

m—1 v
= 0(1) Z AN Zr‘%arr | 5, K
v=1 r=1

+ O)| A\ | Zv‘;kaw | s, |F
v=1

= O(l)z | AN, | Xy +O(1) ‘ Am | Xm

v=1

= 0(1)>BuXy+0(1) | Am | X
v=1

= 0(1) asm — oo,

by virtue of the hypotheses of Theorem 3.1 and Lemma 3.4.
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Applying Holder’s inequality with the same indices above, we have

m—+1

Z n5k+k71 ‘ In,2 ‘k <

n=2

m—+1

Z DL {Z | Gnot1 || ANy || 50 }
m—+1
) et (zan e |>
m—+1

Z n6k+k ! (Z an,v+1ﬁv | Sy |k>
k—1 '
<Z Qp v+1ﬂv>

m—+1

1)Zn6k+k 1 k IZU‘Aam|ﬂv‘Sv|k
n=2

m—+1 n—1

O(].) Z n&k Z'U | Avanv ‘ ﬁv | Sy |k

n=2 v=1
m m+1
OM)Y 0By [su|F D 0% | Ay |
v=1 n=v+1
m
1) Zvﬁkawvﬁv | S |k
v=1
m—1
o(1) Z A(vpy) Zr‘skarr | s |k
v=1

l)mBmZv‘Skavv | 50 |]g
v=1

m—1 m—1

O(]-) Z v ‘ Aﬁv | X'u + Z ﬁerlX'qul + O(l)mﬂme

v=1 v=1
O(1) as m — oo,

by virtue of the hypotheses of Theorem 3.1 and Lemma 3.4.

Finally, by the similar process in I,, 1, we have that

m
Znék—i-k—l |In,3 ‘Ic
n=1

3

Zn5k+k—1 | arm)\nsn |k

n=1
m

= Z Okt ]:m|)‘ |]C 1‘>‘n”5n|k
n=1

= 01> 0™ ann | A || 50 [F= O(1) as m — oo,

n=1

by virtue of the hypotheses of Theorem 3.1 and Lemma 3.4.

So we get

oo

Zn‘s’”k*l | I r |*< oo, forr=1,2,3.

n=1



6 H. NEDRET OZGEN

This completes the proof of Theorem 3.1.

Corollary 3.4 Let > a, be a given infinite series with partial sums (s,) and let (p,) be a sequence of
positive real constants such that

n
Pn:Zpu — 00,
v=0

npp = O(Pp), (3.3)
P, = O(npy), (3.4)
and
m+1 Sk
Sk _Pn_ v
> om |Pnpn_1 | O(Pv). (3.5)

n=v+1

Let (X,,) be an almost increasing sequence, satisfying conditions (2.3)-(2.6) of Theorem 2.1. If
Zn‘%% | 50 |F= O(X,n) as m — oo, (3.6)
n=1 n

then the series Y an\, is summable | R, pn; 0 |k k> 1 and 0 < § < 1/k.

Proof: Conditions (2.1) and (2.2) of Theorem 2.1 are automatically satisfied for any weighted mean
method. Condition (3.1) and (3.2) of Theorem 3.1 becomes condition (3.5) and (3.6) of Corollary 3.5. O
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