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Complete lifts from a Sasakian manifold concerning the quarter symmetric metric
connection to its tangent bundle
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ABSTRACT: The present paper aims to study the complete lifts of the quarter symmetric metric connection
and we establish the interrelation between a Levi-Civita connection and a quarter symmetric metric connection
on a Sasakian manifold to its tangent bundle. The curvature and the Ricci tensors are formulated in the form
of lifts concerning the quarter symmetric metric connection on a Sasakian manifold to its tangent bundle.
The symmetric property of the Ricci tensor on the tangent bundle is deduced. Finally, we establish necessary
and sufficient conditions for the tangent bundle of the Sasakian manifold to be quasi-conharmonically flat,
¢C-conharmonically flat and ¢€-conharmonically flat concerning the quarter symmetric metric connection.
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1. Introduction

One of the principal contributions of differential geometry of tangent bundles is to give an effective
domain of differential geometry. It provides the study of complete, vertical, and horizontal lifts of tensor
fields and connections to tangent bundles introduced by Yano and Kobayashi [28]. Tani [25] introduced
the notion of such lifts of a Riemannian connection to tangent bundles. Pandey and Chaturvedi [22] stud-
ied the complete and vertical lifts of the quarter symmetric nonmetric connection on a Kéhler manifold.
Akpinar [1] determined the complete lift of Weyl connection to the tangent bundle of hypersurface. The
author [15,18] studied the quarter symmetric nonmetric connection on an almost Hermitian manifold
and a Kahler manifold to tangent bundles. Numerous investigators [14,19,28,16,17] have studied several
connections such as quarter symmetric semimetric connection, quarter symmetric nonmetric connection,
semisymmetric nonmetric connection on the tangent bundle and provided their theories.

On the other hand, the study of semisymmetric metric and linear connections on differential manifold
were started in early 1930 by Friedman and Schouton [8,23] and Hayden [12]. In 1975, Golab [9]
introduced the notion of quarter symmetric metric connection and studied the various properties on it.
De and Sengupta in [5] studied the quarter symmetric metric connection on a Sasakian manifold and
established the necessary and sufficient conditions for conformal curvature tensor in 2000. Various types
of quarter symmetric metric connection have been recently discussed in [2,6,10,20,21,24,26,29].
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Let M be an n-dimensional differentiable manifold of clas§ C° with the Levi-Civita connection V.
Let A1 and Ay be vector ﬁqlds on M then a linear connection V is known as symmetric connection on M
if the torsion tensor T" of V defined by

T(A1,A2) = Vado — VA — [, A (1.1)
is zero, or else it is non-symmetric. If the torsion tensor T satisfies
T()\l, )\2) = W()\Q)¢)>\1 — 7T()\1)(,Z5A2 (12)

where

(A1) = g(P, M), VP € S4(M), (1.3)

7 is 1-form, ¢ is a tensor field of type (1,1) and g is the Riemannian metric, then V is called a quarter
symmetric connection. Also, if the Riemannian metric g satisfies Vg = 0, then V is said to be a quarter
symmetric metric connection.

The section-wise paper is organized as: Section 2 devotes a brief account of the tangent bundle, vertical
and complete lifts, quarter symmetric metric connection and the Sasakian manifold. Section 3 discusses
the complete lift of quarter symmetric metric connection on a Sasakian manifold to its tangent bundle
TM. In Section 4, the relationship between VE and V¢ on a Sasakian manifold to its the tangent bundle
TM is established. Also, the curvature and the Ricci tensors of VC are determined. The symmetric
property of Ricci tensor on the tangent bundle T'M is investigated. Finally, we establish necessary and
sufficient conditions for the tangent bundle of the Sasakian manifold to be quasi-conharmonically flat, ¢¢-
conharmonically flat and £“-conharmonically flat concerning the quarter symmetric metric connection.

2. Preliminaries

Let M be an n-dimensonal differentiable manifold and T'M be the tangent bundle over M. Suppose
TM be the tangent bundle and A\; = A" B(zi be a local vector field on M, then its vertical and complete
lifts in the term of partial differential equations are

)
v _ i
M= Mg (2.1)
MC = iDL oM 0 (2.2)

Oxt + a7 oyt

Let a function f, a vector field Ay, a 1-form 7, (1,1) tensor field ¢ and an affine connection V in M and
VN 0V 0V VY and £ 0, 0%, ¢, VC are vertical and complete lifts of f, A1, 7, ¢ and V, respectively
in TM. Then by using mathematical operators [18,11,27]

()Y = YA () = FOAY + VS, (2.3)

AV =00 FC =20 = (hYV AT 19 = (e, (2.4)

' (fY) =0,V (A) =n°(AY) = n(A)Y, n (A7) = n(A), (2.5)
VAT = (¢M)Y, 09N = (6M1)7, (2.6)

A Aa]” = T AT = A AST [, A€ = AT, AT, (2.7)

VSeds = (Vah)?,  VieAs = (Vi)Y (2.8)
VS AS = (Vi )Y, VA =0, (2.9)

Let X and  be arbitrary tensor fields in the manifold M. Then by mathematical operators
Ay’ =201, A07) =201V + AV ®1°

A+7)Y =2+, (A +9)9 =X +4C,
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where A® and v¢ are the complete lift of arbitrary tensor fields of A and v in the manifold M.

The following notations will be used throughout the paper: let S(M), S{(M), SY(M), S1(M) be the
set of functions, vector fields, 1-forms and tensor fields of type (1,1) in M, respectively. Similarly, let
SUTM),SHTM),IYTM),3HTM) be the set of functions, vector fields, 1-forms and a tensor fields of
type (1,1) in T M, respectively.

2.1. Sasakian manifolds

Let M be n-dimensional differentiable manifold and there is given a tensor field ¢ of type (1,1), a
vector field £, a 1-form 7 and a Riemannian metric g satisfying [3]
9(BA1,0x2) = g(A1, x2) —n(A)n(A2), A1, Az € Sp(M). (2.11)

Then the structure (¢,&,7, g) is said to be an almost contact metric manifold.
From (2.10) and (2.11), we have

9(dA1,A2) = —g(A1,dA2), g(A1,€) =n(M1), A1, A € SH(M). (2.12)
An almost contact metric manifold is said to be a contact metric manifold if
g(dA1, A2) = dn(A1, A2), A1, A2 € Sg(M). (2.13)

A contact metric manifold is called K-contact if £ is a Killing. If (¢, &, 7, g) satisfy the relation
(Va9)A2 = g(A1, A2)€ — n(A2) M (2.14)

where V is the Levi-Civita connection, then M is called a Sasakian manifold. In a Sasakian manifold M,
the following relations hold:

Vaé = —oA, (2.15)
R(A1,22)6 = n(A2)A1 — (A1) A2, (2.16)
R M)A = (V= Xi9)As, (2.17)

S(A1,6) = (n—1)n(\), (2.18)
S(@A1,0A02) = S(A1, A2) — (n — 1)n(A)n(A2), (2.19)

VA1, A2 € S4(M), R and S denote the curvature tensor and Ricci tensor, respectively.
The conharmonic curvature tensor K of an n-dimensional almost contact metric manifold concerning
quarter symmetric metric connection V as

1 -
KA1, A2) 3 = R(A,A2)A3 — m{S(A27)\3)>\1 — S(A1,A3) A2

4+ 9(X2,23)QA1 — g(A1, A3)QA2}, (2.20)

VA1, A2, A3 € SH(M), R being the curvature tensor of @, S is the Ricci tensor of and V and Q is the Ricci
operator for defined by g(QA1, \2) = S(A1, A2).

Definition 2.1 An almost contact metric manifold M is said to be quasi-conharmonically flat concerning
the quarter symmetric metric connection if

9K (A1, A2)As, pAs) = 0, (2.21)
¢-conharmonically flat concerning the quarter symmetric metric connection if
9(K ($A1, 9A2)pAs, dAs) = 0, (2.22)
and &-conharmonically flat concerning the quarter symmetric metric connection if
K(A,A2)€=0, (2.23)

VA1, A2, A3, A1 € SH(M).
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Let {e;,&} be a local orthonormal basis of vector flelds in an n-dimensional Sasakian manifold M, then
{de;, £} is a local orthonormal basis of vector flelds. Then the following properties have been established.

nilg(ei,ei) S gloeie) 1. (2.24)
o -
Zg(% A3)S(ha ei) = ) g(dei As)S(Az, pei)
- = ;Z(I)\Q, A3) — (n—1)n(2)), (2.25)

Eg(ei»¢>\3)5(>\2»€z‘) = ” 1g(¢€ia¢>\3)5(>\27¢6z‘)

. = 15(1)\27@\3) —(n—1n(2)), (2.26)
Tf Sleser) = f S(des, der) =1 — (n— 1), (2.27)
= =1

n-1 et

ZR(ei,)\g, As,e;) = Z R(pei, \a, A3, pe;)

- = ;:(1)\2,/\3) — R(&, X2, A3, ), (2.28)
TSR(QS%W%W\&W@') = S(PA2,0A3) — R(E, A2, A3, §), (2:29)

i=1
Vg, A3 € %é(M)
3. Complete lifts of quarter symmetric metric connection on a Sasakian manifold to its

tangent bundle

Let M be a Sasakian manifold and T'M its tangent bundle. Taking the complete lift of (1.1), (1.2),
(2.10)-(2.19), we infer

09)? = —I+n" @ —n“ec", (3.1)
n¢Y = Ve =0, %Y =¥ =1 (3:2)
¢ = ¢VeC =9Ve" = 9% =0 (3.3)
" 0g? = 1% ¢ =n“0¢” =1"0e" =0, (3.4)
g9 (oA (X)) = g9 (AT AD) =AY (M)

" (AN (A9), (3.5)

VAL, MG € ST M). From (3.3) and (3.5), we have
99 ((eM)9A5) = —g(AT, (612)9), g(A7,€9) =n° (X)) (3.6)

and

99 (@A) ) = i (AT, AF), AT A € (T M). (3.7)

Let V¢ be the complete lift of the Levi-Civita connection V of a Riemannian metric g. Then
(VSedN = g7 + 97, A9)e”
= 190N =" A9 (3-8)
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Furthermore, the following relations are given by

Vietd = —(on)°, (3.9)
REATADET = 90D +0" DAL =19 (AD)A

— VO, (3.10)

RO AN = (VchbC)A (3.11)

SYNTLEY) = (n—1n(\D), (3.12)
S, (9A2)) = SCAT,AS) = (n = D{n“(AT)n¥ (AF)

+ VD¢ A} (3.13)

for any vector fields \{, \§' € S¢(T' M), where RC and S denote the complete lift on T'M of the curvature
tensor R and the Ricci tensor S of M, respectively.

Let {ef,£} be a local orthonormal basis of vector flelds in TM, then {(¢e;)¢, £} is a local or-
thonormal basis of vector flelds. Taking the complete lift of (2.24)-(2.29), we infer

igc(ef’ve?) = Zg (¢€:)C, (¢e;)C)
- = 2n—1, (3.14)
D0 A)Sa,ei)” = (glden Aa)S(a. 0e)

= S0

(2n — )% (AS), (3.15)
f(g(ei,wwsw,ei))@ = (g(¢ei, $23)S (o, pes))®
- - C(Ag,w\c) (3.16)
S50, ) — zsc ((6e:)C" (6e:)°)
- = r —(2n—1) (3.17)
SRC(e?,Ag,/\g,ef) = ZRC (6e1)7, A5, 25, (¢e:))
_ 50E)
RY(E9,08, 2. €9), (3.18)

n—1
> RU(0e), (05, (645, (6e)9) = S((#A2), (925))
i=1
RO(€°, 0T, 0, €9), (3.19)
VAC NS NS € SHTM).
4. quarter symmetric metric connection in a Sasakian manifold to its tangent bundle

Let M be an almost contact metric manifold with a Riemannian connection V and T'M its tangent
bundle. A linear connection V and the tensor H of type (1,1) are related by [4,7]

Va Az = Va, Ao + H(A1, A2). (4.1)

For V to be a quarter symmetric metric connection in M, we have [9]

I{(/\l7 )\2) = %[T(/\l, )\2) + T’()\l, /\2) + T/()\Q, /\1)] (42)
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and

g(T’(}\l,)\Q),)\g) :g(T()\g,Al),)\Q). (43)
Using (1.2) and (4.3), the obtained equation is

T'(A1, A2) = g(PA2, M) — n(A1)pAz. (4.4)

Making use of (1.2) and (4.4) in (4.2), the equation (4.2) becomes
H(A1, A2) = =n(A1) oA (4.5)
Thus, a quarter symmetric metric connection V on a Sasakian manifold is given by
Vadz = Vi, Ao — (A1) dAa. (4.6)

Taking the complete lift of (1.1), (1.2), (1.3), (4.1), (4.2) and (4.3), the obtained equations are

TONT,AF) = VSeds = VieA! — AT A7 (4.7)
= 79 (oA)Y =0V (A])(9A2)¢

18 (@A)Y =1V (A (0X) (4.8)
VSN = VAT + BT AD), (4.9)

where 1
HE(AT,XS) = §[TC(A10, AF) + TN, A9) + T (AF, AD))] (4.10)

and

gC(T/CO‘ICa )‘20)3 )‘SC) = gC(Tc()‘ch A?)v )‘g)aV)‘l’ Az € %é(M) (4.11)

From (4.7) and (4.11), we provide
TN = g9((62)9 A€ + 9% ((922)Y, AD)€C
— 90N)@A2)Y =1V (A7) (9A2) . (4.12)
Using (4.7) and (4.12) in (4.13), we get
HOOG ) = =170 (0x2) = 0" (A7) (6X2) (4.13)

where HC is the complete lift of H. 3
Thus a quarter symmetric metric connection V¢ in a Sasakian manifold concerning V¢ on T'M is
given by R
VieAs = VieAS —n(AT)(@A2)" — 0" (AD)(922) . (4.14)

Therefore the equation (4.14) is the relation between the Levi-Civita connection V¢ and the quarter
symmetric metric connection V¢ on T'M. Thus

Theorem 4.1 Let V be the quarter symmelric metric connection on a Sasakian manifold M and Vv be
its complete lift on the tangent bundle TM. Then the relation between V¢ and VC on TM is given by
the equation (4.14).

Let V be the quarter symmetric metric connection on M and R the curvature tensor of V. Then the
curvature tensor R¢ concerning V¢ on the tangent bundle 7'M is given by

REOT M)A = VEeVieAS = VEeVEeAS — Ve \o)AS (4.15)

where ~ o o B
R(A1,22)A3 = VA, VA3 — Vo,V Az — VAL e] Az (4.16)
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From (4.14) it follows that

VSe VAT = VEe VAT = Vien“(AF)(94s)Y = Ven" (A5)(92).

In view of (4.14), (4.15) and (4.17), we get

REONE AN = REOC,ADAS — 2dn (A, A) (9As)Y
2dn" (AY, 05)(943) + 0" (A7) (VS 09)AS
1" () (VS9N

VAC, MG, XS € ST M), 6€ € SHTM),nC € SUTM), as (V2,6)” = 0 ([27], p. 45).
Using the equation (3.8), the obtained equation is

REAT AN = REATADAY — 2dn® (AT, AS) (oA
2dn" (AT, A (823)C + 1Y (A))g? (A, A9)¢
+ n90)gc (MY ADET +1OA)g¢ (A, AS)EY

)

— V(A (A ADET —n© (AP (AT, AS)EC
— n9X)g (AT, MY — {nV (A ImC(A)AS

+ ()Y (AC))\C+77 AT (AHAY

- (AQC)TIC(AC))\CﬂL?? (A" (AA]

+ 179 (AN,

where RC(X{, AS)AS is the curvature tensor of the connection V. Thus

(4.17)

(4.18)

(4.19)

Theorem 4.2 Letf? be the curvature tensor of a Sasakian manifold M concernig quarter symmetric
metric connection V. Then the curvature tensor RC concernig the quarter symmetric metric connection

VE on TM is given by the equation (4.19).

Let M be a Sasakian manifold and T'M its tangent bundle. If RC be the curvature tensor concernig
the quarter symmetric metric connection V¢ on the tangent bundle TM, then from (4.19) and (3.10),

we get
RO AET = 2{n" DAY + 07N — 1" (A)AF
- nC(Alc))‘;/}a
RO €A = 2{n" Q9T + 070N — g7 (A,A9)€e
g (AT A9)EN)}
and

RO ND)EC =2{n" (AD)EC +n°(AD)EY — AT}

(4.20)

(4.21)

(4.22)
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Taking the inner product of (4.19) with \{, we have
g9 (RO AN AT) = C(RC(/\C M)A AT)
2di° (AT, A5)g <(¢A3)V,A
- 2d77 ()\}/’)\C)
" (AD)e(AL

|

S S S S S A8 S S 33
A, QO QO <
> > >

vavavQmQ

3
Q
>

La£aa£agsa L

3 (4.23)
VAL AG NS A € (T M). The following theorem is obtained:

Theorem 4.3 Let M be a sasakian manifold and TM its tangent bundle. If RC(A?,)\Q))\:;C be the
curvature tensor concernig the quarter symmetric metric connection VE on the tangent bundle T M, then
i.  REONG, AT, AS D) + REAS,AF, A, A =0,
. REONE, NS A, NG + RENG, A, AT, M) =0,
it RC()‘lc’Aga)‘SC7>V?> —RC(Ag,/\E,A?,)\g) =0,
V)\?,)\ZC,)\:?,)\E eTM.

Let M be a Sasakian manifold and 7'M its tangent bundle. Let SC and S€ be the Ricci tensors of
connections V¢ and VY, respectively. Contracting (4.23) over A{ and A{, the obtained equation is

SCATAS) = SCOGAY) = 2dn® ((9A3)9,AS) + g9 (AT, AS) (4.24)
+ (n=2){n" A +n°AmY (M)}

VAS NS € TM.
Thus, the Ricci tensor of the quarter symmetric metric connection on T'M is symmetric. In conse-
quence of (3.12) and (4.24), we infer

S(PA2), (0X3)C) = ST, AG) = 2(n — D{n" (A (AF)
+ 0" (M)}, (4.25)
S9AT,€9) = 2n—D{n" (A MC(\S)
+ 190" ()} (4.26)

Again, contracting (4.24) over S and A\, then
¢ =7 +2(n—1). (4.27)
The following theorem is obtained:

Theorem 4.4 Let V be the quarter symmetric metric connection on a Sasakian manifold and VE be the
complete lift of V on the tangent bundle TM of M. Then

i.  The Ricci tensor SC s given by the equation (4.24),

ii.  SC((0A2), (9A3)9) = S (A2, A3) — 2(n — D){n" (AF)n“(AF) + 0 (AF)n" (A§)}
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ii. The Ricci tensor SC is symmetric, ~
_iv. The scalar curvature 7 is given by (4.27), where S¢ and S€ are the Ricci tensors of connections
VE and VC, respectively on TM.

The following properties hold in a Sasakian manifold concerning the connection v

— n—1
Z (ei, A3)S(Aa,€5) = Z (dei, A3)S (A2, de;)
— (0 M) — 20— Do) (4.28)
V)\Q, A3 € M.
R(§22,25,8) = —2dn(dAs, \a), (4.29)
§66 = 2-1) (4.30)
and 3
Q¢ =2(n—1)¢. (4.31)
From (4.29), (2.28) and (2.29) it follows that
n—1
ZR(ei7>\2a)‘3aei) = ZR ¢61aA27A37¢61) = (A25A3)
i=1
+ 2d77(¢A3, A2), (4.32)

n—1 n—1
D Rlei, pho, dhs,ei) = Y R(¢ei, pAa, pAs, de;)

i=1 =1
= S(\2,A3) — 29(A2, A3)
2(n = 2)n(A2)n(As), (4.33)

Also from (4.30) and (2.27), we get

n—1 n—1
Zg(ei,ei) = Z§(¢ei,¢ei) =7 —2(n-—1), (4.34)
=1 =1
n—1
S(dei, pA3)g(PpAa, dei) = g(dAa, oA3), (4.35)
=1

YAS, A So(M).
Taking the complete lift of (4.28)-(4.35), we infer

n—1 n—1
Z(g(ei’)\?))g()\za@i))c = (9(dei, A3)S( A2, de;))
= S9N = 2(n = D{n" MM (AS)
+ 90" (A}, (4.36)
RO A5,€9) = —2dn®((623)°, A9), (4.37)
59EC,¢9) = 2(n-1) (4.38)

and
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From (4.37), (3.18) and (3.19) it follows that

n—1 n—1
D (Rlei do, As,e))C = Y (R(dei, Ao, A3, dei) = ST, AF)
=1 =1
+2dn°((6X3)7, A5, (4.40)
n—1 n—1

> (R(ei, pAa, pAs, €3)¢ > (R(gei, pra, A3, de;))”

i=1 i=1
= S90\G,A5) = 209005, AF) = 2(n = 2){n" (A (AF)

+ 0O O} (1.41)
Also from (4.38) and (3.17) we get
S (Slene)® = 3 (Slgerge) =7 ~2n 1), (4.42)
3 (8(0ei, A8)g(0ha,06)C = gC((63)C, (3)C), (4.43)
i=1

VAS, S € SH(M).

5. Conharmonic curvature tensor concerning the quarter symmetric metric connection V¢
on T'M

Let V be the quarter symmetric metric connection and K be the conharmonic curvature tensor
concerning V. Then the conharmonic curvature tensor K¢ concerning V¢ on TM is given by

REOEAENS = REOTAONS
5 180D + 8V (0§ A
— SCOEAON - 8V AN
+ g9 ADQM)Y + 97 (A, M) (@A)
= g“O0 @A) = g" (AT A (@A), (5.1)

VAS, S € SE(M).

Theorem 5.1 Let M be an n-dimensional (n > 3) Sasakian manifold concerning quarter symmetric
metric connection V and VC be the complete lift of V on TM of M. If TM of M satisfies

gC (KON MDA, (6A0)€) = 0, (5.2)

then the scalar curvature corresponding to the connection V€ is zero and TM is an nC -Einstein manifold
with respect to the connection VC.



COMPLETE LIFTS FROM A SASAKIAN MANIFOLD CONCERNING THE QUARTER SYMMETRIC METRIC CONNECTION11

Proof. Let M be an n-dimensional (n > 3) Sasakian manifold and T'M its tangent bundle. From (5.1)

we get

9K (@A) T AN (0M)C =

VAL, ASAS A € Sy (TM).

Let {e¢
then (5.3) gives

n—1
Z gc(RC((¢ei)Cv Ag)Ag7 (¢€i)c
i=1

VAS, A € SHTM).
Using (4.40), (3.14), (4.36) and (4.42) in

n—1
37 g RO ((9e0)° NGNS (6e)°
i=1

VAS, S € SHTM).

C(I%C((wl) ASNG5 (@Aa)°
55 (5908 X6)Y (6M)C, (90)°)
SV (A 28)9% (@A) (620))
S92, A8)g" (A5, (6M1)¢
SY((9A),A5)g Moy 9A0)
“OFA5)8Y ((6M)7, (9Ma)

sit §)5((92)%, (@20)9)

) M)
)

)¢ Y
)¢
<58V (A, “
CA :

4

:
(
¢
i (
(o
(
dA1)CY,

A
¢
¢
A

S
S

“Q«Q

C()\Q

€%} be a local orthonormal basis on TM where {e;, £} is a local orthonormal basis on M,

3 R (6e) N (60)C

S {ECOG A (6e0)C (6:)°)

=1

5 (0. X0 (e (6e))

SU0e)", X5)9" 0, (9e)°

S (((bez) ’)\30) C(A2a¢€z)c

C)‘ch)‘c) V((¢e) 7(¢ei)c)
X)) (660 (6e:)C)

(Aga(qsei)c

C()\Q,Qbei)c}’

1
n—2

( S

V( SC

C((Qb@l A3 )
(

g
g
g )7,

9" ((¢e:), X§)S

(5.4), we obtain

= S9NGAY) +2dn° ((023)9), AS)

55 1220 = 3)5C0G D)

— dn“((¢A3)9 A
— (79 —2(2n—
+  8nn%(Na)n
+ 8nnV (Ma2)n

)
1)g“(Ag,A5)
P

C
3
O

)
)} (5:5)
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If TM of M satisfies (5.2), then from (5.5) we obtain
1
SOOEE) + 2 (X)) )) = 55 (20— 3)SC0EAS)
= A ((623)9), N5
— (F=2(2n - 1))g9(AF, AF)
+ 8¢ (AT ) (A
+ 8mn” (AF ) (AF

)
)} (5.6)
VAS, S € SHTM).
Using (2.13) in (5.6), we get
SEOGAT) = (F=2)g7 (A, A8) + 8 “ (A (AF)
+ 8" (AT ) (), (5.7)
VAS, A € ST M).
Putting A = ¢¢ in (5.7) and using (4.26) and n°(A{) = 1, we obtain 7 = 0. Then (5.7) becomes
SCOGAE) = 209008, A8) + 4 (A ) (AF)
+ 4’ (A5 (). (5:8)
This means that TM is an n°-Einstein with respect to the connection V€.

Theorem 5.2 Let M be an n-dimensional (n > 3) Sasakian manifold and TM its tangent bundle. Then

TM is quasi-conharmonically flat concerning the quarter symmetric metric connection VC if and only if
4

— 5 2{9%5 289" (AT (@2a)9)

(AF,28)9° (AT, (920) )

AT, 28)9" (A5 (920)C

<A? A7 (A5 oA}

4dn

5 {17 M7 OF)g" (AT, (924)7)

Rc()‘lc7>‘§))\§7 ((b)‘él)c =

~—

Q

>
<

>
I

Q

>
<

>
=

Q

>
©-

>~
=

\/\_/Eé/vv
<
> >
pvQhQNAQEQEQ
AA:—\/—\/—\
-
>
'
— — ~— ~— ~—
S 0088

<
>
i<
Q
‘:v—’
=
=)
S~—"

VAL A NS A € ST M).

Proof. Let M be quasi-conharmonically flat and T'M it tangent bundle. Using (5.8) in
GCRENE AN, (00)C = RO NGNS, (9A0)°

5 {5008 A)g" (AF, (631)°)

+ 8 (Azdc)gc AT 5 (9M) )

= SO0 (g ,(czw)c

+ g9\ /\3)3

+ V(A A)SOT (9A))

= g?( SV ()€

— 9V (AT, A8)5 (N2, 000) Y, (5.10)
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we get (5.9). The converse is obvious.

Theorem 5.3 Let M be an n-dimensional (n > 3) Sasakian manifold and T'M its tangent bundle. Then
TM is ¢¢ -conharmonically flat concerning the quarter symmetric metric connection V if and only if

TM satisfies

RE((6M1)%, (022)C) (9A3), (9A1)C

I+

VAC,AG, A, NS € SH(TM).

g
g
g

4

—5 197 ((022) %, (2Xs))g" ((9A1), (920))

2n
V((#A2)C, (023)9) g% (A1), (6A0)©)
(@A), (0A3))g" ((#A2)7, (9Ae)C
((

V(@A) (823)9) g% (6X2)7, (0X0) )}, (5.11)

Proof: Let M be an n-dimensional Sasakian manifold and TM its tangent bundle. From (5.1), we get

g (K ((8M)C, (0X2)9)(9A3), (9A1)€)

VAY, XS MG, AS € SA(TM).

9“(RE((@M), (922)7) (923)7, (620) )

S {8C(92)7, (939))" ((03)°, (60)C)
SY((9X2)% (#43) ) ((6M1)7, (920))

SY(DA), (923)T)g" ((922), (920)

SY((921)7, (623) )9 ((622)7, (624))

SYU(A)7, (920)T)g" ((922)7, (623))

SY((9M) (#Aa) g ((622) 7, (625))

S9((922), (@A) 9" ((#M) ', (925)C

SY((922)7, (02A) D)9 ((621)7, (623))}, (5.12)

Let {e¢,£9} be a local orthonormal basis on TM where {e;, £} is a local orthonormal basis on M,

from (5.12) it follows that

g° (K ((9M)C, (0X2)9) (9A3)7, (¢As)€)

(5.13)

Making use of (3.14), (4.41), (4.42) and (4.43), the equation (5.13) becomes

99 (K (A1), (0X2)9) (0A3)7, (¢A4)€)

VAS, S € SE(M).

SC()\S” )‘SC) - 290()‘267 )‘gj)

= 220 =2){n° )" (AF) + 0" (A" (W)}

S (20— 3592 (X))
C
)

(7 = 2(2n = 1))g% ((¢A2), ($A3)

}

(5.14)
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If TM is ¢C-conharmonically flat concerning the connection V¢, using (2.23), (4.26) and (3.5) in
(5.14) we get

SCTAS) = (79 =299\, AD) = (4n — D) {n° (A )nY (A)
+ V(A M (M)}, (5.15)

VAS, A € SHTM).

Putting A\y = ¢ in (5.15) and using (4.26) and n°(£°) = 1, we get # = 0 and consequently (5.15)
reduces to (5.8). By replacing A; by ¢A; and Ay by ¢Ag in (5.8) one can get S ((¢pA2)C, (pA3)C) =
—2g°((¢X2)%, (pA3)€) for YAS, Y € I(TM). Now using this value in (5.12) with (2.22), we obtain
(5.11). The converse is obvious.

Theorem 5.4 Let M be an n-dimensional (n > 3) Sasakian manifold and TM its tangent bundle. Then
the following statements are equivalent:

1. TM s conharmonically flat concerning the connection ve.

ii. TM is ¢C-conharmonically flat concerning the connection V.

ii. The curvature tensor concerning the connection VC of TM is given by

- 4
REOT AN = =5 —— {07 O AN + 97 (A, AT
= gCOTADNE =gV (AT AT
an
55 11 A (AT, A8) + 07 (A5)€ g (AT, AF)
\%4

n

n
- 7N

n

7 )AS}, (5.16)
VAL A NS A € ST M).

Proof. Let M be an n-dimensional (n > 3) Sasakian manifold and TM its tangent bundle. From (2.21)
and (2.23), obviously (i) = (ii). Now, Let (ii) be true. In view of (4.20) and (4.21) we can verify

RE(GAT, 9725, 0°AS, 6°AT) = RTINS ALAD) +2{gV (AT, A8 ) (A I (AD)
+ gAY AT A + g9 AT A M (A )nY (AD)
— gV OGO AD) = g9 (AT A MY (AT (AT)
— g9 A MDY (AD) + 9V (A AT (A (M)
+ g0 AN AT (AS) + g9 A A (A )nY (AS)
— g AN AN (M) = g“ (AT ADnY (A )n° (AF)
— gAY (D)}, (5.17)

VAT NS NS A € SHTM).

By replacing A1, A2, Az, Ay t0 @1, dAa, dA3, oAy, respectively in (5.11) and using (5.17) we obtain
(5.16). Hence, (ii) = (iii). Also, let (iii) be true. On contracting (5.16) it follows (5.8). Using (5.8) and
(5.16) in (2.20) we get (i).

This completes the proof.

Theorem 5.5 Let M be an n-dimensional (n > 3) n-Einstein manifold and TM its tangent bundle.
Then TM is ¢ -conharmonically flat with repsect to the quarter-symmetric metric connection V.
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Proof. Suppose M be an n-dimensional n-Einstein manifold and T'M its tangent bundle. Then there
exists functions v and 3 such that

SCOTAS) = 9@ M) AD) = g“ (AT, AD) + B (AD)n" (AF) + Bn” (AT )n" (AD). (5.18)
From (4.38), we also get
a+pB=2n-1). (5.19)
On the other hand, the scalar curvature concerning the connection VC satisfles:
=359, A) = na + 8. (5.20)
i=1

By virtue of (5.19) and (5.20), we have from (5.18) that

- 7C
5°0€08) = (i -2) 2089

v (4
Let {e¢, €€} be a local orthonormal basis on TM where {e;, £} is a local orthonormal basis on M. Then

from (5.21) we get 7 = 0 and consequently (5.21) reduces to (5.8). By taking account of (4.20) and (5.21)
in formula (2.20) we get the required result.

~C
L) O 0) + 1 O Y 0 (5.21)

Theorem 5.6 Let M be a Sasakian manifold and T'M its tangent bundle. TM is ¢C -conharmonically
flat concerning the quarter-symmetric metric connection V¢ if and only if TM is an n© -Einstein manifold
concerning the connection V.

Proof. We just need to prove that a ¢C-conharmonically flat Sasakian manifold concerning the connection
V¢ is an n°-Einstein manifold concerning the connection V¢. The converse follows from Theorem (3.7).
For a ¢®-conharmonically flat Sasakian manifold concerning the connection V¢ and by (2.20) and
g (Y, €9) =nC (1Y), we have
gOECOT AT AD) = g9(RONT AT D)
{SY (A, €99 (A AD) + 8906997 (AT AD)

2n — 2
- SV()‘?7£C)9C()‘§7>\E) _SC(AICagc)gV(ASaAE)
+ 79S8V (AT, AE) + 0V ()5, AD)
+ 90DV AD) + 0" (AD)SCO D), (5.22)
V)‘lcv )‘207 )‘g7 )‘C € ‘S\O<TM)

Let {e?,gc} be a local orthonormal basis on T'M where {e;, £} is a local orthonormal basis on M
From (5.22) we get

99K (e, 05)E €)= gC(RC( £ ef)
18V 08 € (e ) + 50 €00 (1 ef)
- Sv(ei 750)90( 2Cv ZC C<e ,gC) g’eic)
+ 9088V (el ef ) + 1Y (AF) S (ef € )
+ 19SS e ) + 0" (ef )SC (NS ), (5.23)

VAS € S§(TM).
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If TM is ¢C-conharmonically flat concerning the connection VC and using (2.23), (3.14), (4.36) and
(4.42) in the above equation, we get 7 = 0. Now putting Ay = £ in (5.23) and using (3.1)-(3.3) and (4.26)
we have

g (KON, €9)¢9,X7) g (RE(NY,€9)¢C,09)

271%2{500‘10’ M) = 4(n =)0 (AD)n" (AF)
+ 1V ADnC(AD)}, (5.24)

VA2, Ay € SE(M). Using (2.22) and (4.22) in the above equation, we get (5.8).
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