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A novel type of spaces satisfying the T>-separation property and some related results

Youssef Touail*, Amine Jaid and Driss El Moutawakil

ABSTRACT: In this paper, we introduce a new kind of spaces called a T-partial Gp-metric space. In this
space, the Th-separation axiom is verified and many known spaces in the literature are extended. Moreover,
we prove a related fixed point theorem and include an example that shows the validity of our results.

Key Words: Fixed point, T-partial Gp-metric space, Th-separation axiom.
Contents
1 Introduction 1

2 Main results 2

1. Introduction

In 2009, Mustafa and Sims [7] introduced the concept of G-metric spaces and proved some fixed point
results for mappings satisfying various contractive conditions on complete G-metric spaces. Recall that
a G-metric G : X x X x X — R7 is called symmetric if

G(m7y7y) :G(y,x,z), (11)

for all x,y € X.

In 2015, Agarwal et al. in [3] showed that the function d“(z,y) = G(x,y,y) generates a Hausdorff topol-
ogy if and only if G is symmetric. So, in order to skip symmetry condition, the authors took the two sym-
metric equivalent functions d$ (z,y) = max{G(z,y,vy); G(y,z,r)} and d¥(z,y) = G(z,9,y) + G(y,z,7)
on X. They proved that G-metric spaces are provided with a Hausdorff topology 74 generated by dﬁ or
by d¥. So, a natural question can be posed as follows:

e Can we generate a topology satisfying the Ts-separation axiom without using nor the symmetry condi-
tion on G neither any functions equivalent to d$, and d¥ ?

On the other hand, Zand et al. [16] have introduced a new generalized metric space named a G-metric
space as a generalization of both a G-metric space and a partial metric space introduced by Matthews
[6]. It is important to note that in a Gp-metric space the corresponding generated topology loses the
Th-separation axiom. Consequently, a converging sequence may not necessarily possess a unique limit.
This lack of uniqueness undermines the fundamental significance of the concept of a limit in calculus and
mathematical analysis.

Bakhtin [4] and Czerwik [5] introduced the notion of a b-metric space as a generalization of a metric
space. They proved the contraction mapping principle in this novel space. In the same line, Aghajani
et al. [2] introduced the class of generalized b-metric spaces (in short: Gp-metric spaces), and then they
presented some basic properties of these spaces and proved related remarkable theorems.

The authors in [1] introduced the concept of T-distance functions in general topological spaces (X, 7). In
these spaces, the well-known Banach fixed point theorem is given as follows:

Theorem 1.1 ([1]) Let (X, 1) be a Hausdorff topological space with a T-distance p. Suppose that X is
p-bounded and S-complete. Let T : X — X be a mapping satisfying: there exists k € [0,1) such that for
all x,y € X, we have p(Tx,Ty) < kp(x,y).

Then T has a unique fived point.

We recall some facts which will be used in the sequel.
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Definition 1.1 ([1]) Let (X, 7) be a topological space and p : X x X — [0, 00) be a function. For any
e>0and any z € X, let By(z,e) ={y € X : p(z,y) < e}

1. The function p is said to be 7-distance if for each x € X and any neighborhood V' of x, there
exists € > 0 such that By(z,e) C V.

2. A sequence {z,} in a Hausdorff topological space (X, 1) is a p-Cauchy if lim p(x,,, z,,) = 0.

3. X is S-complete if for every p-Cauchy sequence (x;,), there exists x in X with lim p(x, z,,) = 0.

4. X is p-Cauchy complete if for every p-Cauchy sequence (x,,), there exists  in X with limz,, =
with respect to 7.

5. X is said to be p-bounded if sup{p(z,y) : z,y € X} < 0.

For more details on this topic, we recommend interested readers to consult the latest research articles
[9,10,11,12,13,14,15].

The purpose of this paper is to introduce a new class of spaces known as T -partial Gp-spaces by a variation
of the definition of Gp-metric spaces. These spaces are presented as an extension of both G-metric spaces
and Gp-metric spaces. In a comparison with G-metric spaces, our spaces are distinguished by:

e Th-separation axiom is satisfied,
o self-distance of an arbitrary point need not be equal to zero (as in Gp-metric spaces).

Moreover, we establish a generalization in T-partial Gyp-spaces of Theorem 3 stated in [8] with the help
of Theorem 1.1 such that:

e the function G can be not symmetric,
e without using compactness of the space X.

At the end of this work, we give a concrete example that illustrates the usability of our results.

2. Main results
At the beginning of this section, we introduce a new definition:

Definition 2.1 Let X be nonempty set and s > 1 a given real number. A function G : X x X x X —
R* is a T-partial Gp-metric on X if the following conditions hold:

G(z,y,2) = G(z) or G(x,y,2) = G(y) or G(x,y,z) = G(2) then z =y = z,

G(z,z,y) < G(x,y, z) for all y # z,

sG(z) < G(z,y, z) for all x # vy,

G(z,y,2) = G(p(x,y,z)), where p is a permutation of z,y, z, and

G(z,y,2) < s[G(z,a,a) + G(a,y, z) — min{G(z),G(y)}] for all z,y,z,a € X, where G(z) =
G(z,z,x).

Ol W=

The pair (X, G) is called a T-partial Gp-metric space with coefficient s.
It is clear that every Gp-metric space is a T-partial Gp-metric space with G(z) = 0 for all x € X.
However, the converse of this fact need not hold, as we will present in the following examples:

Example 2.1 Let (X,Gy) be a Gyp-metric space of coefficient s. Then (X, G) is a T -partial Gp-metric
space of coefficient s for G(z,y,z) = Gp(x,y, 2) + €, for all z,y,z € X with € > 0. Indeed:
Let x,y,z,a € X, we have
G(ZL’, Y, Z) = Gb(fE, Y, Z) +e
< s[Go(2,a,a) + Go(a,y, 2)] + se
< 5[(Gb($7aa a) + 6) + (Gb(a7y7 Z) + 6) - 6]
= s|G(z,a,a) + G(a,y, z) — min{G(z), G(y)}].

(2.1)

Hence, (X, G) is a T -partial Gy-metric space. Moreover, X is not a Gy-metric, since G(x) = ¢ # 0 for
every x € X.
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The following are related topological notions of a T-partial Gp-metric space:
Definition 2.2 Let (X, G) be a T-partial Gp-metric, x € X and € > 0.

1. Bg(z,e) ={y € X : G(z,y,y) < G(z) + €} is called the open ball with center = and radius ¢.
2. A sequence {x,} in X converges to a point € X if and only if lim,, y—y00 G(Z, Tpn, Tm) = G().
3. A sequence {z,} C X is a Cauchy sequence if lim,, 00 G(Zp, Tm, Tm) exists and is finite.

4. X is complete if every Cauchy sequence {z,} C X converges to a point z € X.

5. X is said to be bounded if sup{G(z,y, 2) : ,y,z € X} < oc.
Lemma 2.1 Let (X,G) be a T -partial Gy-metric space and p: X x X — RT be a function defined by
p(x,y) = eC@vy) 1, (2.2)

Then p is a Tg-distance on X, where 7 is the topology induced by G.

Proof: Let (X, 7g) be the topological space with the topology 7¢ and V' an arbitrary neighborhood of an
arbitrary x € X, then there exists ¢ > 0 such that Bg(z,¢) C V, where Bg(z,e) = {y € X,G(z,y,y) <
G(z) + €} is the open ball in (X, G).

It is easy to see that B,(z,e* — 1) C Bg(z,¢), indeed:

Let y € By(z,e®—1), then p(x,y) < e®—1, which implies that eCG@vy) < eG@)+e Therefore, G(z,y,y) <
G(z) +e. O

Lemma 2.2 Let (X,G) be a bounded T-partial Gy-metric space, then (X,p) is a bounded topological
space with the T-distance p defined in Lemma 2.1.

Lemma 2.3 Let (X, G) be a complete T -partial Gy-metric space, then (X, 7q) is a S-complete topological
space.

Proof: Let {z,} be a p-Cauchy sequence, which implies that lim, ., p(zn,zm) = 0, and hence
limy, 1, G(Xn, Ty Tm) = 0. Therefore, {z,} C (X,G) is a Cauchy sequence. Now, since (X,G) is
complete, there exists u € X such that lim p(u, z,) = 0. O

Proposition 2.1 A T -partial Gy-metric on a nonempty X generates a Hausdorff topology T¢ on X with
a base of the family of open balls {Bg(z,¢) : x € X,e > 0}.

Proof: Let x # y € X, denote B, . = Bg(z,¢) and B, . = Bg(y,e) with ¢ > 0. We put d,
G(z,y,z) — smax{G(z),G(y)} > 0, where z € X.
There exists an element zg € X such that:

B dzg ﬁB dzO =0. (23)

T2

Indeed: If a € B, 4. N By 4, for all z € X, we have
? 2s 77 2s

G(z,y,a) < s[G(z,q, a) + G(a,y,a) — min{G(z), G(y)}]
<s [G + = + Gly) + ;l—;‘ —min{G(z),G(y)}
(2.4)
{G xsy’ G(x) + G(y) — min{G(z),G(y)} — max{G(x),G(y)}

= G(2,y,a) + 5[G(x) + G(y) — min{G(2), G(y)} — max{G(x), G(y)}].
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It is readily apparent that:
G(x) + G(y) — min{G(z), G(y)} — max{G(z), G(y)} = 0. (2.5)
Therefore, we obtain G(z,y,a) < G(z,y, a), which this is a contradiction. Furthermore, we have
T € Brd%o and y € Bydzﬂ (2.6)
The proof is finished. O

The main result of this work is the following:

Theorem 2.1 Let T : X — X be a mapping of a bounded complete T -partial Gy-metric space (X, G)
such that

inf {G(z,y,y) -~ G(Tz, Ty, Ty)} > 0. (2.7)
Yy

o

Then T has a unique fixed point.

Proof: We set a = ;ngx{G(x, y,y) — G(Tz, Ty, Ty)}. Hence, for all z # y € X, we get
z#y

G(T:E7 Ty7 Ty) S G(xa Y, y) - @, (28)

which implies that
GToTYTY) < poGlayw) (2.9)

for all x # y € X where k =e™* < 1. Also,
p(Tz, Ty) < kp(a,y), (2.10)

for all x # y € X where k < 1 and p is the function defined in Lemma 2.1.
Finally, using Lemmas 2.1, 2.1, 2.2, 2.3 and Theorem 1.1, we conclude that T has a fixed point in X. O

Example 2.2 Let X = [0,1] x [0, 1], consider a mapping T : X — X defined by
T(l‘l,l’g) = (0,171’1) (211)

Let us denote X = (z1,22), Y = (y1,y2) and Z = (z1, 22) and define a function G : X x X x X — RT by

1 _ _ _ 2.
oo ={ Y A e
It is easy to see that G is a T-partial G-metric on X of coefficient s = 2.
We have
GX,Y,Y) - G(TX, TY, TY) > 1, (2.13)
for all X £Y.

In other words, we obtain infxxvex{G(X,Y,Y) — G(TX,TY,TY)} >

0. Hence, all assumptions of
Theorem 2.1 are satisfied and T has the unique fized point (0, %) =T (0, %)

If we take G(z) = 0, we obtain:

Corollary 2.1 Let T : X — X be a mapping of a bounded complete Gy-metric space (X, Gy) such that

;an{Gb(ay,y) — Gp(Tx, Ty, Ty)} > 0. Then T has a unique fized point.
TFYEC

For G(z) =0 and s = 1, we get:

Corollary 2.2 Let T : X — X be a mapping of a bounded complete G-metric space (X, G) such that
7ian{G(:r,y, y) — G(Tx,Ty,Ty)} > 0. Then T has a unique fized point.
TFYE
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