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ABSTRACT: In the current paper, we investigate a novel class of y-Hilfer type fuzzy fractional differential
equations (FFDEs). Firstly, we convert the system under consideration into an analogous integral system.
Secondly, by using Schauder and Banach fixed point theorems, the existence and uniqueness results of solutions
for ¢-Hilfer FFDESs are then established. Additionally, with aid of generalized Gronwall inequality, we explore
the Ulam-Hyers—Mittag-Lefller stability result of solution for the system under consideration.
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1. Introduction

Fuzzy fractional differential equations (FFDEs) are a generalization of classical fractional differential
equations (FDEs) where the order of differentiation is a fuzzy number. Therefore, 1-Hilfer fuzzy fractional
differential equation is a subclass of FFDEs in which the Hilfer fractional derivative [10] is used. They
have several applications in various fields, including physics, engineering, and finance (see [10,11]). They
are useful for modeling complex systems where the behavior of the system is not fully understood, and
where the parameters of the system may be uncertain or vary over time. By introducing fuzziness [25]
into the differential equations, it becomes possible to capture this uncertainty and to obtain solutions that
reflect the inherent uncertainty in the problem. Overall, ¥-Hilfer fuzzy fractional differential equations
provide a powerful tool for modeling and analyzing complex systems with uncertainty, and they have
important applications in many areas of science and engineering.

On the other hand, Ulam-Hyers stability [20,12,19,13,21,17,18] deals with the stability of solutions of
functional equations under small perturbations of the function. So, Mittag-Leffler stability [23,1,14] is
a type of stability concept for FDEs, which ensures that small perturbations in the initial conditions or
coefficients result in small perturbations in the solution.
In summary, the theory of i-Hilfer fuzzy fractional differential equations is a relatively new area of
research, and the existence and stability results for these equations are still being actively investigated.
Wang et al in [24] studied the existence and stability of solutions of Caputo type FFDEs with time-delays
of the form

CDngZ(u) = g(u7 Z(u)a Z(’U, - J))a u € [Oa T]a

(1.1)
Z(u) = QO(U’)’ u € [_07 O]a
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where CD& is the Caputo fractional derivative of order 0 < v < 1 and g : I x E* x E®* — E" is
continuous function, o € R represents the delay, ¢(u) is history function. They established existence
results by Schauder’s fixed point theorem and a hypothetical condition. Also they showed the uniqueness
of the solution by using Banach contraction principle. In addition, with aid of generalized Gronwall
inequality the Ulam-Hyers stability are discussed.

In [22] Vivek et al considered the following -Hilfer FFDEs with time delay

Dgi”z;wz(u) =h(u,zy), u € [0,T],
T'=5%%(07) = 2o, (1.2)
Z(u) = QO(U,), (S [_Ua O]a

where ( = 71 + Y2 — 7172, Dgi’”;w is the Hilfer fractional derivative of order 0 < 71 < 1 and type
0<% <1landb:[0,T] xC(]-0,T],E®) — E™ is fuzzy function, ¢ € C([—0,0],E"). They studied
the existence, uniqueness and finite-time stability of solution by applying standard theorems and a hy-
pothetical conditions.

Liu et al [16] investigated sufficient conditions for the existence, uniqueness and Ulam—Hyers—Mittag-
Leffler stability of solutions to a class of i-Hilfer fractional-order delay differential equations

D37 a(u) = €(u.2(u). 2(g(v))), we 017,
T1=¢¥z(0%) = 29 € R, C=m+72—"N% (13)
Z(’IL) — (p(u)7 u e [—0'7 0]7

where 0 < ¢ < 1 and Dgrw;w is the v-Hilfer fractional derivative of order 0 < v; < 1 and type 0 < v < 1
and €: I xR xR — R is a given function. the results obtained are based on the Picard operator method
and a generalized Gronwall inequality. Also Arhrrabi et al [2]-[9] studied several problems on FFSDEs.
In this study, we are concerned with a novel class of FFDEs with -Hilfer derivative that are motivated
by the aforementioned studies:

Dg}r"mwz(u) = f(u,z(u),z(u — 0)), uwel:=[0,T],
I'=2(0%) =20,  C=m+72— "M% (1.4)
Z(’LL) = SD(U)a u € [_Uv 0]7

where 0 < ¢ < 1 and Dgi’md’ is the ¢-Hilfer fractional derivative of order 0 < v; < 1 and type 0 < 5 <1
and f: I x E® x E® — E® is continuous function, ¢ € RT represents the delay, p(u) is history function.
The novelties and main contributions of this manuscript are:

e Although the technique used to analyze the presence and stability of different systems is similar,
there are many changes in the methods of proof.

e Existence and uniqueness results for the considered system are investigated by applying Schauder
and Banach fixed point theorems under the weaker non-Lipschitz condition.

o We investigate the Ulam—Hyers—Mittag-Leffler stability of FFDEs, which in fact advances the un-
derstanding of Ulam—Hyers—Mittag-Leffler stability in fuzzy space.
The rest of the paper is organized as follows. In Section 2, We introduce some essential definitions and
lemmas. The existence and uniqueness results for FFDEs are given in Section 3. Afterwards, in Section
4 Ulam—Hyers—-Mittag-Leffler stability result of system under consideration is established. Section 5 in-
cludes an example to demonstrate the usefulness of our findings. The last section is where you come to
a conclusion.
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2. Preliminaries
The definitions and lemmas that are utilized throughout this papeer will be introduced in this part.
Definition 2.1 [2/] The set of fuzzy subsets of R™ is denoted by E® := {T : R* — [0, 1}} which
satisfies:
(1) Y is upper semicontinous on R™,

(#3) T is fuzzy convex, i.e, for 0 <A <1

T(Az1 + (1= N)z2) = min{Y(21),T(22)}, Vz1,22 € R",

(iii) [Y]° = {z € R" : Y(2) > 0} is compact,
() Y is normal, i.e Izg € R™ such that T(z) = 1.

Remark 2.1 E" is called the space of fuzzy number.

Definition 2.2 [24] The p-level set of T € E™ is defined by:
For p € (0,1], we have [Y]P = {z € R*|Y(2) > p} and for p = 0 we have [Y]° = {z € R*|YT(z) > 0}.

Remark 2.2 From Definition 2.1, it follows that the p-level set [Y]? of T, is a nonempty compact
interval and [Y]? = [X(p), T(p)]. Moreover, len([Y]?) = Y(p) — L(p).

Definition 2.3 [2/] For addition and scalar multiplication in fuzzy set space E®, we have
[T14+ Yo = [T1)P + [Y2]P = {21+ 22 | 21 € [T1]P, 22 € [T2]P},
and
[@Y]” = a[T]" = {az |z € [Y]"},
for all p € [0,1].
Definition 2.4 [2/] The Hausdor[f distance is given by

Do (Y1, T2) = 021;21 {12, (p) — Xo(p)I, [ T1(p) — Ta(p)l},

- 02281 Du ([Tl]pv [T2]p) :

Remark 2.3 E" is complet metric space with the above definition (see [24]) and we have the following
properties of D:
Do (T1+ Y3, T2+ T3) = Do (T1, T2),

Do (AT1,AT2) = [A|Doo (Y1, T2),
Do (T1,YT2) < Doo(T1,T5) + Doo (T3, T2),
for all T1,T5, T3 € E® and A € R".

Definition 2.5 [2/] Let T1, To € E®, if there exists T3 € E™ such that T1 = Yo+ T3, then Y3 is called
the Hukuhara difference of T1 and Yo noted by Y1 & 5.

Definition 2.6 [22] The generalized Hukuhara difference (gH-difference) of Y1, T2 € E® is defined as
follows:
(’L) Tl = T2 + Tg, Zf len([Tl]p) 2 len([TQ]p)
T109u To=T3&
(ZZ) Tg = Tl + (—1)T3, ’Lf len([Tg]p) Z len([Tl]p)
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Definition 2.7 [2/] Let a fuzzy function Y : [a,b] — E™. If for every p € [0,1], the function u —
len[Y (u)]P is increasing (decreasing) on [a,b], then T is called increasing (decreasing) on [a,b].

Remark 2.4 If T is increasing or decreasing, then we say that T is monotone on [a, b].

Let C([a,b],E™) be the set of all continuous fuzzy functions and AC([a,b], E®) the set of all abso-
lutely continuous fuzzy functions on [a,b] with value in E® and AC?([a,b], E®) the set of all absolutely
continuously differentiable fuzzy functions on [a, b] with value in E®. For ¢ € (0,1), let C¢,y ([a, b], E®)
be the space of continuous functions defined by

Cep =1{z € (a,b] — E™: (¥(u) — (a))' " z(u) € Cla,b]}.
Denote by L([a,b], E®) the set of all fuzzy functions z : [a,b] — E™ such that ¢ — D [z(tu, 0] belong
to Ll[a,b].

Definition 2.8 [22] The v-Riemann—Liowville fractional integral of order y1 > 0 of a continuous func-
tion is defined by
1

['(71)

Definition 2.9 [22] The -Riemann—Liouville fractional derivative of order 4 > 0 of a continuous
function z is given by

e = o [ () — (o) 2(v)do.

D)V ¥a(u) : = D”I:f”“wz(u),
o ( 1
I'(n =) \¢'(v)d

) / W ) ((u) — ()" a(v)do,
where n = [y1] + 1.

For z € L([a, b], E“), we define the -Hilfer fractional integral of order 7; of the fuzzy function z:

1
L'(71)

Since [z(u)]P = [ (u,p),z(u, p)}, we can define the fuzzy ¢-Hilfer fractional integral of fuzzy function
z based on lower and upper functions

Zoyy s (U) := I;’}r;wz(u) = /u V' (0)(W(u) — (v)" ta(v)dv, u> a.

LV aw)? = [ e, p), T 2w,p)],  u>a
Where ) "
T au) = s [ 900~ 00) " alo.pldo,
and

I“/}r’wz(u )

1-1z0y
o [ YO - s et

It follows that the operator z.,,y(t) is linear and bounded from C/([a, ], E®) to C([a,b], E®) and we

hav
e o [ o — v =
~ I'(n) Ja Ty +1)

where ||z|| = sup, <, <, Doo (z(u),0).

(¢ (u) = ¥(a))™,

Definition 2.10 [22] The fuzzy v-Hilfer fractional derivative of order v, and parameter v, of a function
z € Ci_¢.pla,b] is defined by

o =) (1 d " (1—ma) =)
Dz}r’h ( ) IZ?# 71 (w/(u) du) Ia+ 72 71 z(u),

if the gH-derivative Z,(1—»y1)-¢(t) exists, wheren —1 <~y <mn, and 0 <y, < 1.
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Lemma 2.1 [22] Let 1,72 > 0 and ¢ > 0. Then

Izi;wzﬁ;wz(u) _ I;/Jlr-l-“/z;wz(u)’

() — (@St = L&)y )
ZZ—%— (11[}( ) w( )) F(a—l—C) (1/}( ) w( )) '

In the following lemma, we give the composition of I;Td’ with DZL’WW.

Lemma 2.2 [22] Let v1 > 0 and let f € C¢,y([a, b], R™), I(Slf'“);wf(t) € Cé;w([a, b],R™). Then

IS:%)%@/} (a)
I'(n)

Lemma 2.3 Let 0 < v < 1 and 0 < ( < 1. Ifz € C¢yy([a, ], E) and Iir’“wz € Ct.yla, 0], then we
have

TV (D7) (u) = f(u) - (¥(u) = y(a))" 7

L1 (D] () = 2(u) Sgar =g ((u) — (@),
if z is increasing, and we have

_Ii:%;wz(a)
L(7)

if z is decreasing and provided that the mentioned Hukuhara differences ezist.

T (D e () = () = (@)~ Sy (~ 2(w),

Proof: By using Lemma 2.2, we have for case of z is increasing:

25 (D17 (u.p) = [0 (D137 ) (o) T8 (D7 5) ()

—lz(u _21*71;1#(@ w) — w(aN" L Z(u _Zlfvl;w(a) W) — la)) 1

And for case of z is decreasing, we have:

T (D2 s ) (w,p) = (L8 (P*2) (. ), ¥ (DA™ 5) ()|,

—\z(u  Ziqyyp(a) W) — (a1 2l _Zlfw;w<a) W) — hla)) -1

for all p € [0, 1] which complete the proofs. O

3. Existance and Uniqueness Results

The fuzzy fractional differential equations with -Hilfer fractional derivative given in system (1.4) are
discussed in this section.

Lemma 3.1 [22] Let § : I x E® x E® — E® is continuous function, ¢ € C([-0,0],E®). Then a

monotone fuzzy function z € C([—U, 7], E“) is a solution of (1.4) if and only if for u € 1, z satisfies the
following integral equation

zo(p(w) —(0)" 1 v (e B
a(u) Son S I = o [T @ )~ w() (s e s = )ds @)

and z(u) = (u), u € [-0,0] and u— T'~S¥§(u,z(u),z(u — o)) is increasing on 1.
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We make the following hypotheses concerning the coefficients of the system under consideration:

(H1) For all ¢1, ¢a, v1,v2 € E™ and for all u € I, we have

oo [, 1,11), (1, ¢2,12)] < H (u, Doo[¢1, 2], Doo[11,12]),

where H : I x E® x E® — E™ is a monotone increasing, continuous and concave function with
H(u,0,0) =0 and H(u,z(u),z(u)) = kH(u,z(u)), k is a constant.

(H2) For any ¢, v € E® we suppose that there exists a function h € C'(I, E®) such that

H(U»Doow)v V]) < h(u)Doo[9, V].
We will now use the Schauder’s fixed point Theorem to demonstrate our result.

Theorem 3.1 Suppose that f : I x E® x E® — E" is continuous and satisfying the hypotheses (H1)
and (H2). Then, there exist at least a solution z(u) to the system (1.4).

Proof: Consider the operator £ : C(I7 En) — C(I, En) defined as follows

¢—1
— (0 u _

2 (wuop(g( DL o | O = 0) " (s n(e). 2l - o)) s

To prove this result, we divide the subsequent proof into two steps.

Step 1: We will prove that £ is completely continuous. For this, let us prove that:

(@)- £ is continuous. Indeed, for any integer n > 1, define z,(u) = ¢(u) for all u € [—0,0]. For all u € I

£(z(u) =

Zo u) — ot “ —1
L(zn(u)) = (¢( )P(Cz)p(O)) + F(}Yl) /0 P (s) (1/J(u) — w(s))ﬂ{1 f(s,zn(s),zn(s — J))ds. (3.2)

By using the properties of the metric Do, and hypotheses (H1) and (#2), we have

2o (Y (u) — 9(0)) Y (5)f (5,2 (5), 20 (5 — 0))
IN(Q) 71/ ((u) —(s)) " !
0 (1(u) —(0))° V()i (s2(5). 25— )
r(© 71/ w(u) —v(s) " d}

(
sz77 zns—a S (s,z ,zsfo)
a { ['(71) / e j/, )(s))g " ['(71) / - zizu) w)(s)()”l) ds}’

Do [E(zn(u)), S(z(u))] =D [

L ! - 57171 S, Zn\S),Zp\S — O S,Z\S),Z(S — O S
grmméw@xwm ()" " Do [}(5. 20 (5). 20 (s — 0)) H(5.2(s), 2(s — 7)) ] ds,
(¢(uw) —9(0)™
S WH(SyDQo [Zn(S),Z(S)],DOO [Zn(s — U),Z(S — 0‘)])’

or, by using the definition of D, we have

Do [zn(s — 0),2(s —0)] = Oiliglorgsaé(uﬂ zZn(s —o,r)—z(s—o,r)|,|Z.(s —o,r) —2Z(s —o,r) |},

sup max  {| zn(p,7) —2(p,7) |, | Zn(p,7) — 2(p,7) |},

0<r<1 —oSpsu—o

sup  max {| zn(p,7) —2z(p,7) |, | Zn (e, ) —2(p,7) [}
0<r<1 —o<p<0

+ sup max {| Zn(:uv ) _Z(M7r) ‘7 ‘ E(Mﬂﬂ) - Z(,UJ") |}7
0<r<10spsu—c

IN

IN

P max, {l 2u(s,7) = 2(s,7) |, [ Z0(s,7) = Z(s5,7) [} = Doolzn(s), 2(s)].
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Then, using the hypothesis (H1), we get

k(v () — (0))™
I'(y1+1)

Do [£(2a(u)), £(2(u))] < H (5, Doc[2(5),2(5)] ),

Since H is continuous, we can conclude that D, [,E(zn(u)), £(z(u))} — 0 as n — o0o. Therefore, £ is
continuous.

(®)- We prove that there exists a positive constant & and for all ¢; > 0 satisfying for all z(u) € B, =
{z(u) € C([~0,T),E*)|Duo[z(u),0] < gl} one has D [£(2(u)),0] < &. In fact, for all u € I and
z(u) € Bg,, we have

z2o(Y(w) — () 1 v, e e e e .
o *mn / ) (00) = 9(6) (s 2(5), s - )0

() — ()" 1 et R
S F(C) ZO 0 F('Yl / 1/) ) DOO [f(S,Z(S),Z(S 0’)),0] dS,
u) —(0))° (0 .
< %D [20,0] + MD [f(s z(s), z(s—a)),O].

Since the function § is continuous, there is exist a constant Nj > 0 such that Do [f(u, ¢, ¢), 0] < N;.
Then

Ny (9(T) —(0)) ™" —t
(v +1) s

Therefore, for every z(u) € Be,, we have D [£(z(u)),0] < &, this implies that £(B,) C B, .
(©)- £ maps bounded set into equi-continuous set. Indeed, for each z(u) € B, and uj,us € I such that
0<u; <uy <T, we have

Z uy) — (0 1 1 ) (s)f(s,2(s),2(s — o
D [3(t00). 2atu)] = Do [ 2T e Ew)gl) _(zias)()l—wl)) ds,
z0((u2) — () 1 () (s,als).2(s —0)
r'(¢) T /0 (¥(ug) — v(s)) " ! }

V)6 ) TG dluz) — () "
1 u2 4! (s)f(s,2(s),z(s — o)) s
F('}/l) / (w(u2) _ T/J(S))17% :| s
1 u1 , . e
= r(%)/o W/(5)] (9 () = ¥(5) (b(u2) = ()™ [Duc [[(s. 2(5), 25 — ). 0] s

1 vz
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(Y(ur) —9(0))" + (¥(uz) — Y(ur))™ — (P(uz) — ¥(0))™

< T+ 1) Do [f(s, z(s),z(s — o))ﬁ}
(¢(uz) = v(ur))™ ;
T 1) Do {f(s,z(s),z(s—a)),O},

() = $(0) " +2((u2) — P(wn)™ = (Y(u2) —(0))™ ]
< Fon 1) D, [f(s,z(s), z(s — U)),O],
< (@) = 9(0) " +2(¥(u2) — v(w)) ™ = (W(u2) —¥(0)"
= f.

L(m +1)
We have O := (w(ul)iw(o))ﬂ+2(w(u13();ﬁ(11;1))ﬁ7(12)(“2)77’0(0))71 is independent of z(u) and & — 0 as

us — u1. Then, we obtain
Do [£(z(w)), £(z(us))] — 0.

It means that £(B.,) is equi-continuous. Then, according to Arzela-Ascoli Theorem, £ is completely
continuous.
Step 2: In this step, we will demonstrate that there is a closed, convex and bounded subset B¢ =

{z(u) € O([~0,T],E?)|Duoz(u),0] < f} such that £(B¢) C Be. We know that B¢ is a closed, convex
and bounded subset of C’([—T7 T],E“) for all € > 0. Suppose that for all £ > 0, Jz¢(u) € B¢ such that
£(z¢(u)) ¢ Be, that is Doo [£(2¢(u)),0] > €. Then

€ < Do [£(z¢ (1)), 0]

— 1 “ ’ 1— 0
—p, [0 L et - vt (o2, 25 — ). 0].
¢—1
0 . 1 - .
< bW Pg Vb fan, ] + 5 | 00 = 00 D[ me(0).2els = ). 0.
((w) = () (¥ (w) — ¥ (0))" ;
< 0 D [Zo,O] T+ 1) Do {f(s,z5(s),z§(s—o))70},
((u) = (0)*” ((u) = 9(0))™
< WO - U,
Taking limit as £ — +o00, we obtain that %Dm [zo, O] + %Lf — 400 which is in
contradiction with %Dw [zo7 (A)} + %[q is bounded. Therefore, for every positive
constant £, we obtain £(B¢) C B¢. By means of Schauder’s fixed point Theorem implying that there is
at least one solution to the system (1.4). O

For the uniqueness result, we have the following theorem:

Theorem 3.2 Assume that the hypotheses (H1)-(H2) holds. If

“u " L(y+1)
0SusT ilu) < (v(u) —1(0)) "'k’

then the solution of system (1.4) is unique.

Proof: We know that z(u) is a solution of system (1.4) if

(V) - () 1 PR
i L e i)

-1

L(z(u)) =

f(s, z(s),z(s — a))ds,



EXISTENCE, UNIQUENESS AND ULAM HYERS MITTAG LEFFLER STABILITY OF SOLUTIONS 9

hold. If z(u) € C([—0,T],E™) is a fixed point of £ which define as in Theorem 3.1, therefore z(u) is the
solution of system (1.4). Let 2y (u),z2(u) € C([—0,T],E®) and for u € [—0,0], z1(u) = z2(u) = ¢(u).
For all u € I, we have

¢— U o/
2@ - vO) T 1 e me)ms-0)

Do [S(zl(u)),ﬁ(zz(u))} =D [

F(C) F(’yl) (w(u) _TZ)(S))1771 )
2o (¢ (u) — ( W (3)f (s, 22(s), 22 (5 — )
F(C ['(71) / (1/, )1 " ds},
1 v (s)f(s,z1(s),21(s — 7)) 1 W (5)f(s,22(5), ZQ(S —0))
= Do I=m ds, -7 ds|,
[F(vl) o (Y(u) —(s)) "T(m1) Ji () — () ]
1 “ / v1—1
< ) Jy V' (s) (Y (u) — ¥(s)) Do {f(s,m(s),m(s —0)),§(s,22(8),22(s — U))]ds,
((u) — 9 (0))™
S o1y (5P 19,2206 D a5~ 0), 2205 o))
((u) —(0)) "k

_ () = ¢(0) "k
- L(y+1

sup h(u)Ds [zl(u), Zo (u)] .
0<u<T

~—

Since sup h(u) < ——BFD__we have
oS ) < T o)

Do [£(21(w)), £(22(u))] < Doo [21(w), 22(u)].

Based on the Banach contraction principle, £ has an unique fixed point z(u).

4. Stability Result
In this part, Ulam—Hyers—Mittag-Leffler stability principles for the system (1.4) are provided.

Definition 4.1 [16] The system (1.4) is said to be Ulam—Hyers—Mittag-Leffler stable with respect to
E,, ((¢(u) — 9(0))7) if there exist a constant wg, > 0 such that for each € > 0 and solution z(u) €

C([~0,T),E™) of the following inequality
Do {Dg}r"”;wz(u), F(u, 2(u), 2(u — a))} <e  wel-o,T] (4.1)
there ezist a solution v(u) € C([—o,T],E™) of system (1.4), such that
Do [2(u), v(w)] < wp, eBry (0(w) —w(O) ), we [-0,T].

Remark 4.1 z(u) € C([—0,T],E®) is a solution of (4.1) if and only if 3¢ € C([—0o, T], E™) such that

(i)- Doc[0(w), 0] < B, (((u) —(0)), u € [—0,T],

(#9)- For u € 1,

_ ¢-1 u 1
a0 sy I BOD L [ ) ) = 60) ™ o0, ) + 06 s

Now, we prove the Ulam—Hyers—Mittag-Leffler stability result.
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Theorem 4.1 Assume that the hypotheses (H1) and (H2) holds. Then, the system (1.4) is Ulam-Hyers-
Mittag-Leffler stable.

Proof: Let z(u) be the solution of the system (4.1) and v(u) be the solution of the proposed system
(1.4). Note that for u € [—a,0], we have Do [v(u), z(u)] = 0.
For u € I, we have

{ZO(w(w— L / $ (5 v(s), Vs = 0) | 20 (Y(u) — $(0)°
T R CH N )1 o r(©)

1 ' (s)f (5, (s— a)) 1 u ' (s)p(s)
Mo /o () ¢ )1 TR o /0 (W) —d(s) " ds}’
/ Y (s Y(s) " 'D [f(s v( (s —0)),f(s z(s),z(s — J))]ds

+ / ¥/(5) (¥(u) — ¥()) " Dee [¢><s>, 0] ds.
- w(s))ﬂnle(s7 Do [v(s),2(s)], Do [V(s — 0),2(s — U)Dds

%E () =9 (O)™),

— ()" sup H(u,Dw[v(u),z(u)])ds

%EE% (W) = ()™,

W' (s)(¥(w) = ¥(s)) " sup h(u)Dec [v(s), 2(s)]ds

() — ()"
I'(ym +1)

So, the generalized Gronwall inequality implies that

Do [v(u), 2(u)] < ABy, (1) — $(0)) B, (O(u) (4(u) — 6(0)™),

- F(71

+

+

IN
—
SES
h

eB,, (((u) — $(0)™).

where ( )w
P(u) —(0) "
A=-~———"""4 ¢ and O(u) =k sup h(u).
L(m +1) (u) 0ueT w
Therefore
[ u),z(u)] < wp, eBy ((V(u) = $(0)™),
where wg, = AE,, (@( (¥ ¥(0)) )
Hence, from Definition 4.1, the system (1.4) is Ulam—Hyers—Mittag-Leffler stable. O

5. Example

In this section, we provide an illustration of the results from the previous part.

11,2 z(u
Dt a(u) = 2y + fsin(z(u—2)),  we (0,1,
Il—(;u2z(0+) = 7, (51)

z(u) = (u+2,1.3,—u—2), wue[-20],
where 71 = &, 72 = ;. Then, ( = 1, ¢(u) = v? and | = % + +sin(z(u — 2)). The verification
demonstrates that all assumptions in Theorem 3.1 are met in full. Then, the problem (5.1) has a unique
solution on [—2,1]. Also, we can verify that system (5.1) satisfies all assumptions in Theorem 4.1. Then,
system (5.1) is Ulam-Hyers—Mittag-Leffler stable.
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6. Conclusion

This research has examined a class of ¥-Hilfer fuzzy fractional differential equations with time delay.

The Schauder’s fixed point theorem is employed under non-Lipschitz conditions to demonstrate the
existence result. In addition, Banach fixed point theorem are used to arrive at uniqueness result. Finally,
by using the generalized Gronwall inequality Ulam-Hyers-Mittag-Leffler stability result for the main
system is provided.
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