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Lie Symmetry Analysis and Conservation Laws for the Time Fractional Biased Random
Motion Equation
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ABSTRACT: In this paper, the Lie group method is applied to obtain the Lie group symmetries for the
Riemann-Liouville time fractional Biased Random motion equation. These symmetries are employed to reduce
the studied equation to a family of fractional ordinary differential equations in some particular cases with
Erdélyi-Kober fractional operator. Moreover, some exact solutions and conserved quantities are given.
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1. Introduction

Fractional calculus is considered to be a generalization of differentiation to non-integer order. The
emergence of this theory took place around 1695. Since that time, this field have received considerable
attention owing to their applicability in different fields of sciences as engineering [1,2], chemistry [3],
electrochemistry [4], biology [5,6], rheology [7], economics [8], electronics [9,10], dynamics [11,12], ther-
modynamics [13], vibration [14,10], viscoelasticity [15]. It has attracted the attention of many famous
mathematicians who have contributed to the development of this theory. They proposed different defini-
tions of fractional derivatives called fractional derivative approachs. Out of those derivatives, some ones
are worth mentioning: Riemann-Liouville’s approach [1,16], Weyl’s approach [13], Griinwald-Letnikov
approach [16], Caputo’s approach [13].

Lie symmetry analysis is one of the most powerful and general approaches to study differential equa-
tions. By this method one can construct exact solutions, reduce the order, reduce the number of inde-
pendent variables, etc. This approach has been presented by many authors and has been used in a wide
range of physical and engineering models to study their invariance properties and construct their exact
solutions, see for example [17,18]. The systematic method presented in this work is based on the ex-
tension formula established in [19] who derived the allowable extension formula by fractional differential
equations where the considered fractional derivative is in the sense of Caputo and Riemann-Liouville and
used by other authors [20,21,24,25,2223].

The conservation law is a mathematical formulation of the statement that the total amount of a
certain quantity remains unchanged during the evolution of a physical or biological system. Conservation
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laws play an important role in many problems appearing in mathematical physics and biologic. Noether
[26] was the first to investigate symmetries to obtain conservation laws for a differential equation with
integer order. She proved that if a Lagrangian admits a symmetry, then this symmetry is associated with
a conserved quantity. Recently, Ibragimov [27] proposed a generalization of Noether’s theorem in order
to construct conservation laws of fractional differential equations.

Biased Random motion (BRM) model [28,29] is a study of attraction or repulsion between organisms
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where u is the population density, D is the diffusion coefficient and k is a measure of the tendency to
move away from conspecifics when k£ > 0 and is a measure of the tendency to move towards conspecifics
when k < 0. The strength of attraction (or avoidance) is ku and thus is a linear function of density. This
model leads to clumping of organisms if the aggregation component dominates the random component
and a distribution of animals that is bounded, implying that animals spread at a finite speed. Here we
study the time fractional version of (BRM) equation. More precisely, by using the invariance properties
we construct some exact solutions and conserved quantities.

This paper is organized as follows: First, in Section. (2) we recall definitions and some basic properties
of the Riemann-Liouville derivative which are needed in the sequel. In section (3) we present the Lie
symmetry analysis method for a fractional partial differential equation. Section (4) is devoted to construct
Lie symmetry algebra of the time fractional Biased Random motion equation. Next, in section (5), we use
symmetry reductions, we construct some exact solutions of the time fractional Biased Random motion
equation. Finally, in section (6), based on the conservation theorem of Ibragimov, we construct some
conserved quantities of the studied equation.

2. Preliminaries
In this section we recall some basic definitions and useful properties of fractional integrals and frac-

tional derivatives.

Definition 2.1 For a > 0, the left-sided and right-sided fractional integrals of order «, respectively, are
defined by:

0T f(tx) = ﬁ / (t — )° f(s,2)ds,

) e 1 (2.1)
Qf(t ) = —— — 1) d
thf( 717) F(O[)A (S ) f(S,l’) S,
where t >0, JPf(t,z) = f(t,z) and T'(«) is the standard Euler gamma function.
Definition 2.2 For a > 0, the Riemann-Liouville fractional derivative of order « is defined by:
"u
a=n
Da t — otn n ’ 2.2
rultz) {r(nla)aatn fot(t— sy ly(s,z)ds, 0<n—1<a<n, (22)

where n € N.
Properties For the suitable functions f(t) and g(t), the operators mentioned above satisfy :
no1
L TP (D (1) = (1) = £)2 H P, n—1<a<n,
2. JH(f@) +9(@) = TE(f (1) + T (9(t)),

3. D (f(1) +9(t) =D (f(1) + Di(g(1)),

_ _T(+1) +
4Tt = F(a+~/+1)ta 7
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gy . D(y41) -
5. DY = v oyt ™

6. Dfc = F(%a)t‘a, where ¢ is a constant,
7. Def(t)y=DyJ"“f(t), n—1<a<n, neN,
oo « a—n
s DyIf(0a] = o (o ) PE DL, a0,

where the generalized binomial coefficient is given by:

(o)l

3. Lie symmetry method for fractional partial differential equations
Consider the following time fractional partial differential equation:

0“u

ot

We consider a one-parameter group of point transformations:

t=t+er(t,z,u) +0(62) ,

T=a+e(t,z,u)+o(?),

=u+en(t,x,u) —|—0(62) ,

=F(t,z,u, Uy, Uy, - - -) -

where € is the group parameter, 7, £ and 7 are infinitesimal functions.
The associated infinitesimal generator of the group (3.2) is given by:

X = 70, 0) 4 €00, 0) ()
u

ot Ox

(3.1)

(3.3)

The vectors field X generates a symmetry of the equation (3.1) if and only if the invariance criterion

XA =0
@), =0,
is satisfied, where A = %Z;‘ — F and X(®) is the a— prolongation of X given by:
9] 0
X(a) =X x T a,t
e T au, T g (oru)

where 1%, n®* and n®! are the extended infinitesimals given by:
0" =Dy(n) — uy (D) — ug (Do)
=N+ (Nu — &&) U — Tty — EuUT — Tullgly,
" =D, (773:) — Uz (D:rg) — Uyt (DyT)
:nfcm + (277:cu - gazz) Uy — TraUt + (nuu - 2§mu) ’I.Li - QTzuuxut
- fuuui - Tuuuiut + (nu - 2£x) Uge — ZTzuzt
- Bfuumumz — Ty Ugge Ut — 2Tuu:1:uwt;
n*" =Df(n) + €D} (ug) — Df* (Eug) + D (Dy(T)u) — DFFH (7,) + 7D (w),

with Dj* denotes the total time fractional derivative.
The o th-extended infinitesimals 7%? can be rewritten as:
0% 0“u 0“ny

a,t ~ 0 _ -
n _6ta + (77u OéDt(T)) ota u ote

K n ) 8;2“ - ( n 1 )D?H(T)} D" (u)

< n ) D} (€)DF ™" (ua),

+p

+

(]2 L0V]e

3
Il
-

(3.4)

(3.5)

(3.7)
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where
SRR (1) (2) () bt S I e
Pma 22\ n J\m )\ r JHTn+1-a) @ am ) Gk '
The invariance condition should arrive at 7(t,z,u)|t=o = 0.

4. Lie symmetry analysis for the time fractional Biased Random motion equation
The time fractional Biased Random motion (FBRM) equation [28,29] is given by:
0“u 0%u 0%u ou\?
— —D— —ku— —k|—
ot~ Ox? Ox? ox

According to the Lie symmetry analysis, we retrieve the invariance criterion to be of the form:

=0, (4.1)

n* + (=D — ku)n™ — 2ku,n® — kugen = 0. (4.2)

After some algebraic calculations, the invariance criterion condition leads to the system of determining
equations:

Ta::Tu:é-u:é-t:07

—2kn, + (=D — ku)(2ngu — €zz) =0,

=2k (nu — &) + (=D — ku)(uu — 2§u) + k (nu — aDy(7)) = 0,

—kn+ (=D — ku) (nu — 2&) + (D + ku) (nu — aDy(7)) = 0, (4.3)
0%n 0%y, B
S " Yamm T (=D — ku)ng, =0,

(70”: )a(“)tzu B ( nj—l >D?+1(7)—07 n=20,1,2..

The solution of the above system is obtained to be of the form:

D(2b — aa)

T=at, E=br+ec, n=(2b—aa)u+ z ) (4.4)
where a,b and c are arbitrary constants.
Then, the Lie symmetry algebra of FBRM equation is spanned by the following vector fields:
X3 :xai; + (2u+2kD> %,
Xo= 2 (4.5)
X3 = t% + <au OékD) %

According to the commutator operator [X;, X;] = X;X; — X;X;, we get the following commutators:

(X1, Xo] = —Xo, [Xo, X1] = Xo, [X1,X3] = [Xo, X3] =0. (4.6)

5. Lie symmetry reductions and exact solutions

We construct similarity variables and similarity solutions to reduce the FBRM equation.
Case 1. Reduction with X;
The similarity variable corresponding to X; can be obtained by solving the following characteristic equa-

tion: it p p
T u

B S 5.1

0 T 2u+% (5-1)
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The invariants are given by:

D
with £ = ¢, and ¢(&) is a function of &.
Inserting these into (4.1), it yields the reduced equation,
(DF) (6) ~ Tgr——6 " — 667 = 0 (53)
kz?T(1 — «)
By deriving the equation (5.3) with respect to  we obtain D = 0, so the equation (5.3) becomes:
(D7) (¢) — 69* = 0. (5.4)
The solution of the obtained equation (5.4) is given by:
't—ao) ,_,
¢ — mt . (5.5)
Consequently, a solution of FBRM equation is obtained to be of the form:
'l—a) o, _
t,r) = —— "t~ .
uh®) = Gr A 2w (56)

Next, to see the effect of the order a on the solution, we draw graphical representations for this solution
displayed in Figure. 1.
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Figure 1: Representation of the solution (5.6) for different values of a.
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Remark 5.1 It can be shown that the function u is intensively increases where the a-parameter
goes to 1.

Case 2. Reduction with X,

The corresponding characteristic equation for this vector field is:

dt dr du
D= 5.7
0 1 0 (5:7)
So, the invariants are
u=¢(), where &=t. (5.8)
Using of invariants (5.8) and the equation (4.1) then, we get:
0%u
o = (5.9)
That yields,
c
tw) = ——t*" 5.10
ulta) = st (5.10)

as an exact solution of the studied equation (4.1).

Case 3. Reduction with X3

The similarity variable corresponding to X3 can be obtained by solving the following characteristic equa-
tion:

dt dz du
G — . (5.11)
t 0 —ou — 5=
We get:
ut,z) =t %p(z) = (5.12)
where ¢(x) is a function of .
Substituting expression (5.12) into (4.1) yields the reduced equation:
¥ D feY 2
— 1% — kopee — kg = 0. 5.13
T(l—a) K0(1—a) PPz = Bfa (5.13)
Taking in mind that ¢ = ¢(x), we get D = 0, hence the above equation becomes:
P
Ti—a) kpper — kel = 0. (5.14)
Solving the reduced equation, we obtain:
1 1 2 20 1 Cyts
p(x) = 5C1 |(C1)? + L ——— (5.15)
2 kL(1—a) KD(1—a)e &1 e* o1
where C7 and Cy are arbitrary constants.
Hence, an exact solution obtained in this case is given by:
2
1 1 2C 1 Cata
u(t,r) =t~*-C1 |(Ch)° () + bt o |6 O (5.16)
2 kF(l — Oé) kjr(l _ a>e g} eQT

To see the effect of the order a on the solution, we present a graph for this solution in Figure. 2.
Remark 5.2 Note that when the a-parameter goes to 1, the function u intensively decreases.

Case 4. Reduction with X; 3 = X1 + AX3, (A # {0, 2})
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Figure 2: Representation of the solution (5.16) for Co = 0, C; = k = 1 and different values of « .

We have: 5 5 D\ 9
X173 = I% + )\ta + (2 — Oé)\) <U+ E) %

The similarity variables corresponding to X; 3 can be obtained by solving the following characteristic

equation:

dt dx du
- , 5.17
Mox (2—a)) (ut2) (517

Integrating the above system leads to:

u = t§_°‘go(§) — and € = ot (5.18)

D
Ea
Theorem 5.1 Similarity transformation u = t%_o‘go(f) - %, where £ = at> converts the time fractional
biased random motion equation to a nonlinear fractional ordinary differential equation (NFODE) given
by:

1—2a+2, D a—2 a—2
(,P)\ a+ 5 0480) (E) _ mt X — 2Dt >‘90§§ + k(pg + k§080§ = O, (519)
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where P3% is the Erdélyi-Kober fractional operator defined by:

n—1

(Pg,aw) &) = H <5+g - fdg) (;Cgm,nww) ),
7=0

(5.20)

and 1 — a, a €N,

N {[a]-i—L aé¢ N,

with
{(]Cg%) (€)= i JI0e = 0200 (e ) d, >0 (521)
(KEp) (€) = 9 (&) a=0,

is the Erdélyi-Kober integral operator.

Proof: Using the Riemann-Liouville fractional derivative definition for similarity transformation u =
3 mop(E) — 2 with ¢ = Tt

we have:

0%u o" 1 ¢ n—a—1 2_4, =1 D

S = B <F(n—a)/o (t—s) <5A % (zs X ) — k> ds) . (5.22)
Let u = é, then ds = ——d,u
Thus,

0% _ on tn+7—2a e’} S —(n+1+2—2a) 1 D e
o —at<<n_a)/ A oo )dn) — im0

Based on the last equation with the definition of Erdélyi-Kober fractional integral operator, one can get:

% = STT; (32 (IR ) () - ﬁt—“. (5.24)
In addition, we have:
g (747 (k5770 )
O [0 (12 00 (vl—at2n—a
W [5 (t o (’CA ) sa) (g))} (5.25)

Applying the chain rule, we get:

gtz 0 (lmetiee ) g -

g Lpn+z-2a-1. 9 ((Ki—”%vn—%) (5)) : (5.26)

A o€

and thus,

(e r e (k) @)

6t"
o anil n+2—-2a-1 2 1 a 1—a+%,n—a (527)
- otn—1 |:t A (TL + X — 20— )\585> (IC)\ SD) (5):| .
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Repeating the same procedure for (n — 1) times, we obtain:
o" n+2_2¢ l1—a+2 n—a
g (0737 (lTE0) )

. anil n+2—-2a—1 2 1 8 l—a—&-%,n—a

(5.28)

n—1
2 _oq 2 .o —1.d —a+2 n—a
=t 2 Il <1+/\—2a+3+)\§d§) (IC}\ *3 (p) (f)

j=0
Using the definition of Erdélyi-Kober fractional differential operator, we get:

O (i (i) () = i (PR o) (5.29)

By calculation of u;, and u;, we find that the time fractional Biased Random motion equation reduces
into a nonlinear fractional ordinary differential equation (NFODE) given by:

1-20+4+ 2« D a—2 a—2
(P,\ * @) (&) — mt X = 2Dt X pge + ki + ke = 0.

Case 5. Reduction with X953 = X3+ XXy A #O.

0 0 aD\ 0

The similarity variables corresponding to X5 3 can be obtained by solving the following characteristic
equation:

We have:

e b 5.30
That yields
D
u=1t" %) 7 and € =t'e " (5.31)
Theorem 5.2 Similarity transformation u =t~ *p(§) — %, where & = t e~ conwerts the time fractional

Biased random motion equation to a nonlinear fractional ordinary differential equation (NFODE) given
by:
D
731,_2(17& ) _ toz _ k,t)\ —x _ th)\—(x —2x _ kt2>\ —2x, 2 _ O, 5.392
(PL*0) © ~ tra—a) e e ppee — ki (5.32)

where P2%¢ is the Erdélyi-Kober fractional operator defined as in (5.20).

Proof: As the previous case, using the Riemann-Liouville fractional derivative definition for similarity
transformation u = t~*p(§) — %, with £ = the™®,

we get,
0%u o 1 k n—a—1 —a A —x D
v = o (taay J, - (e e -7 ) i) (533

Let p = %, then ds = —%d,u.
Hence,

D

| /100(’u _ l)nfafluf(nJrlan)(p (f,uik) dU) _ mtia' (5.34)

T s
ot otn \ T

(n—«
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Based on the last equation with the definition of Erdélyi-Kober fractional integral operator, one can get:

% = g,; (t"_%‘ (’C;a’"*%) (f)) - mt‘“. (5.35)
Additionally, we have:
o (1 (K 70) ©)
n—1
) .
n—1
= gt |0 2 (R ) 4 e D (k0 0) 9]

Applying the chain rule, we find:

A

o2 (i) (6 = arrete (k) ©), (537

and thus, B
o (e () )

8"*1 n—2a— 0 —a,n—a .
= {t 20-1 <n20¢+)\§8€> (S (g)] . (5.38)

Repeating the same procedure for (n — 1) times, we obtain:

O (=2 (ko) )

(5.39)
n—1 d
_ 42« _ - el l—-an—«a
—t Jl;[o<1 2a+j+/\§d£) (/C,Tl v) (©)
According to the definition of Erdélyi-Kober fractional differential operator, we get:
an n—2a l—-an—« " 1-2a,c
& o () 0) = () 0. 0

By calculation of u, and u,, we find that the time fractional biased random motion equation reduces
into a nonlinear fractional ordinary differential equation (NFODE) given by

D

1-2a,a @ A —x 2 —a ,—2x 2\ —2x 2

P T - —t% — kt ppe — kt ppee — kt e = 0.
( 7)\1 ) (g) A (1 ) e ¢ e 133 e ¢ 0

6. Conservation laws of the time fractional Biased Random motion equation

A conserved vector C = (C?, C%) for the FBRM equation satisfies the following conservation equation:

Dy (C*) + Dy (C)](4,) = 0. (6.1)
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According to the conservation theorem [27], the formal Lagrangian for equation (4.1) is given by:

0%u 0?u 0?u ou >

in which v is a new dependent variable.
And its adjoint equation is defined by:
oL

ou

where % is the Euler-Lagrange operator which is presented by the expression

=0, (6.3)

6 0 0 0 0
— =— N ———— — D, D?
5a ~ou TP Gew " Praes TP g
-« ) (64)
+ .. —,
where 5 5 5 5
Dx:%+um%+um8u +utxat+ - (6.5)
and (D&)* is the adjoint operator of D&, and D, is the total derivative with respect to .
In view of the Riemann-Liouville fractional differential operators, we have:
(D))" = (=1)"Pp~* (D}), (6.6)
where .
_ 1 f(r,x)
Ot ) = d = 1 6.7
P f(00) = o [ L e n=lal+ (67)
Combining the equation (6.2) and equation (6.3), we obtain:
(D" (v) — Dvgy — kuvg, = 0. (6.8)

Since Ibragimov’s method for deriving the conservation laws of fractional partial differential equations
closely mirrors that of standard partial differential equations, the adjoint equation follows a similar
structure to the case of integer order. Therefore, we have:

oL
X(L) + Dy(r)L + Dy(6)L = Wi— i+ D (C) + Ds (C7), (6.9)
where W, are the characteristic functions given by:
Wi =mn; — miug — ity (6.10)

For the Riemann-Liouville time fractional derivative, the components C* and C% of the conserved vectors
C' are given by [27]:

n—1
oL oL
' = 3 (~1)F D1k (W) D a—@%ﬁWD? a)
k=0 0 (Dju) 0 (Ditu) (6.11)
e y 0L

where J is defined by:

J(f.9) T —a) / / 2d0d7. (6.12)
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Then,
oL oL
t =D (W) = Wi, Dy | 5o 1
ot ”a(Dm”( " t<3(D?V)))’ (019
and
o _w [ OL oL oL
c=m <8ux Do (au:m>) " Dz( 2 o[ (6.14)

Based on the Lie point symmetry generators (4.5), we obtain the following conserved vectors for (4.1):

Case 1. For the generator X; = z2 + (2u+ 22) 2.

We obtain the corresponding Lie characteristic function:
2D
Wi=m —nu —&ue = 2u+ e e (6.15)

Then, the conserved quantities are as follows:

2D 2D
Ct =ovDo ! (2u + - :cux> +J (2u + - xuz,vt> , (6.16)
and
2D
Cy = (2u + - = :vum> (—kvug + Dug + kuvy) + (uy — 2Uzy) (—Dv — kuv) . (6.17)

Case 2. For the generator Xo = %.
Here, we obtain the corresponding Lie characteristic function:

W2 = —Ug. (618)
Hence, the conserved vectors in this case are given by:
Ch=vD¢ ! (—up) + T (g, ve) (6.19)

and
cy = kzvui — Dugv, — kuugvye + Doug, + kuvtg,. (6.20)

Case 3. For the generator X3 = t% + (fau - %) 6%’ we obtain the corresponding Lie characteristic
function:

D
Ws = —au — a? — tuy. (6.21)

Consequently, the conserved vectors are obtained to be of the form:

D D
Ct=vD3! (—au - (XT - tut> +J (—au - 047 - tut,vt) , (6.22)
and
D
C3 = (—au - a? - tut> (—kvuy + Dvg + kuvy) + (—auy, — tug,) (—Dv — kuv) . (6.23)

7. Conclusion

In this work, we have shown that the Lie symmetry analysis could be of great interest to reduce
fractional partial differential equations to fractional ordinary differential equations. This work has inves-
tigated some properties of invariance to derive exact solutions and conserved quantities and it can be used
to other linear and nonlinear fractional differential equations. In addition, this work will open up new
possibilities for the future in studying and develop the Lie symmetry analysis for differential equations
involving different approach of fractional derivatives.
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