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Some results on MKKCR-type coupling on complete metric space

Dakjum Eshi* Bipan Hazarika and Nipen Saikia

ABSTRACT: The terms Cyclic Meir-Keeler Kannan-Chatterjea-Reich (MKKCR) type coupling, Cyclic Meir-
Keeler Kannan-Reich (MKKR) type coupling, and Cyclic Meir-Keeler Chatterjea-Reich (MKCR) type coupling
are defined in this study by fusing the concepts of coupled fixed points, cyclic contractions, and Meir-Keeler
mappings. In the context of entire metric space, several results of strongly coupled fixed points are produced
for these contraction mappings. We provide an illustration to back up our main finding. It has also been
argued how our main finding can be applied to the question of whether a class of nonlinear integral equations
exists. Our findings generalize a number of previously published findings on coupled fixed points, particularly
findings related to Chatterjea and Kannan type contractions.
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points, cyclic Meir-Keeler Kannan-Chatterjea-Reich (MKKCR) type contraction.

Contents
1 Introduction 1
2 Main Result 2
3 Application 7
4 Conclusion 8

1. Introduction

The study of fixed point theory has been quite popular due to its prominent role in the study of non
linear analysis. Banach Contraction Principle(BCP) was one of the landmark achievement in the field
of fixed points.The contraction principle has been generalized in many directions. One of the direction
is to study the theory of fixed points in different spaces. BCP was established in metric space. In 2006,
Mustafa and Sims [25] defined a generalized metric space and establish fixed point results for contractive
mappings in generalized metric space. Using the concept of generalized metric space, Tripathy et.al.
[7,8,9] defined generalized fuzzy metric space and establish fixed point results in fuzzy setting.

Another very common direction is modification in the definition of contraction. Some popular ex-
tensions in this line are that of Kannan [17], Chatterjea [10] and Reich [21], etc. Another important
generalisation of Banach Contraction Principle was given by Meir and Keeler [19] in the year 1969. With
the help of weakly uniformly strict contraction, they established a result for existence and uniqueness
of fixed point. A mapping p : Rt — RT is a Meir-Keeler mapping if for any o > 0, 3 § > 0 such that
a <t < a+dimplies u(t) < a,Vt € RT. Tt is worth mentioning that in a Meir-Keeler mapping ,
wu(t) <t for all ¢.

Fixed point theory within the context of cyclic contraction maps is another significant extension. The
concept of cyclic mapping in the field of fixed points was initiated by Kirk et al. [18], in 2003.

The study of Coupled fixed point was initiated by Guo and Laksmikantham [15], in 1987. However,
it gain its popularity with the works of Bhaskar and Lakshmitham [6]. Blending it with the concept of
cyclic mappings, Choudhury and Maity [12] introduced the notion of couplings and strong coupled fixed
point in fixed point theory. They defined cyclic coupled Kannan type contraction and established an
existence result for strong coupled fixed point. In 2017, Choudhury et al. [13] used the idea of coupling
to extend Banach contraction and Chatterjea type contractions. Henceforth, many authors used the idea
of coupling in different directions. Some of the works can be seen [1,2,3,4,5,20,22,26], etc.
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In the mean time, Chen and Kuo [11] established the notions of cyclic Meir-Keeler-Kannan- Chatterjea-
Reich contractions and cyclic Meir-Keeler-Kannan-Chatterjea contractive pairs and established some best
proximity results for these contractions. Recently, Eshi et al. [14] introduced the concept of cyclic
MKKCR contractions and cyclic MKKCR. contractive pairs and demonstrated certain fixed point and
best proximity point results, based on the work of Chen and Kuo.

In this paper, motivated by the idea of coupling and following Chen and Kuo [11], we establish some
existence results for strong coupled fixed point for such contractions in the framework of metric space.

Next, we present some of the preliminary definitions in couplings.

Definition 1.1 [12] Let U and V be two non-empty subsets of a set Y. Then, a mapping H : Y XY — Y
is said to be cyclic mapping or coupling with reference to the sets U and V if

(1) H(u,v) €V whenu €U andv € V.

(2) H(u,v) €U whenu €V andv € U.

Definition 1.2 [12] An element (w,w) € Y x Y is called a strong coupled fized point of the mapping
H:YxY—=Yif Hlw,w) =w.

Definition 1.3 [12] Let U and V be two non-empty subsets of a metric space (Y,0). Then, a mapping
H:Yx)Y = X is said to be cyclic coupled Kannan type contraction with reference to the sets U
and V if H is cyclic with reference to the sets U and V such that for some k € (O, %), the inequality

o(H(a,b), H(u,v)) <k (d(a, H(a,b)) + d(u, H(u,v))) holds, for byu € U and a,v € V.

Definition 1.4 [13] Let U and V be two non-empty subsets of a metric space (¥,0). Then, a mapping
H: Y xY — Y is said to be Banach type coupling with reference to the sets U and V if H is cyclic
with reference to the sets U and V such that for some t € (0,1), the inequality d(H(a,b), H(u,v)) <
L (0(a,u) +0(b,v)) holds, for bu €U and a,v € V.

Definition 1.5 [13] Let U and V be two non-empty subsets of a metric space (¥,0). Then, a mapping
H:Y xY — Y is said to be Chatterjea type coupling with reference to the sets U and V if ‘H is cyclic
with reference to the sets U and V such that for some t € (0,1/2), the inequality d(H(a,b), H(u,v)) <
t (0(a, H(u,v)) +0(u, H(a,b))) holds, for b,u € U and a,v €V,

2. Main Result

Throughout the paper, we use the usual notation N,, = {1,2,...,n}. Using the notions of coupled
fixed points, cyclic contractions and Meir-Keeler mapping, MKKCR, type coupling can be defined in the
following manner.

Definition 2.1 Let U and V are two non-empty subsets of a metric space (¥,0), and p: RT — RT is a
linear Meir-Keeler mapping. Then, the mapping H : Y x Y — Y is said to be MKKCR type coupling, if

(1) H is cyclic with reference to the sets U and V.

(2) forb,u €U,a,v €V andl € N, U{0},
o(H(a,b), H(u,v)) < 1 (0(a,7—l(a,b)) +0(u, H(u,v)) —i—DZl((ClL,j-[l(;x,v)) +0(u, H(a, b)) + 4l0(a,u)).

Lemma 2.1 Let U and V be two non-empty closed subsets of a complete metric space (Y,0). Let p :
R+t — RT be an increasing linear Meir-Keeler mapping, and H : Y x Y — Y be a MKKCR type
coupling. Then, for any ug € U and vy € V such that ;i1 = H(Vm, Um) and vyme1 = H(Um, Om),
(O(tm+1, Vm+2) + (Um+1, Ums2)) — 0.
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Proof: Let up € U and vy € V such that w11 = H(vm, um) and vyy1 = H(tm, vy). Then, w, € U
and v, € V for all m > 0.
Now,

a(u’m—i-l ) U’rn+2)
= D(H<U7TL7 um>7 H(um+17 Um+1)
1
< M(m(b(vm,'}{(vm,um)) + b(um+17H(um+1vvm+l)) + D(Um,H(uerl,Uerl))
+ D(Um—&-h H('Uma Um)) + 410(’Um, u7rz+1)))

< D(Umv um+1) + D(um+1» 'Um+2) + D(vma vm+2) + D(um+1a uerl) + 4la(vma Um+1)
=H 10+1)

< [ W1, Vo) + (4 2)0(n, Unnt1)
=H A(1+1) '

Thus,

20(Umt1, Vmt2) + (414 2)0 (v, Ut 1)
41+ 1)

D(um+17 Um+2) <

(Umt15 Vmt2) < (Vi Umnp1)-

Also,

(Uit 1, Um+2)
= O(H(uma Um)7 H(’Uerl, um+1)

1
§ ﬂ(m (D(UWH H(umv Um)) + o(vm-‘rh H(vm+1, um+1)) + D(uma H(Um—i-lv um+1))

+ o(”m—i—h H(Um, Um)) + 4lb(uma Um+1))>

< D(uma Um+1) + D(Uerlv um+2) + D(umv um+2) + D(Uerlv Uerl) + 4la(umv vm+1)
s 4 +1)

< 20(”m,+1» Um+2) + (4l + Q)D(um, Um-H)

=H A(1+1) '

Therefore

20(Vmt1s Umnp2) + (414 2)0 (W, Vimy1)
41+ 1)

D(Um+17 um+2) <

D('Um—Q—la um+2) < D(Um, Um—l—l)-

Hence, d(wm41, Vm+2)+0(Vm+1, Um+2) < 3V, Um+1)+0 (Ui, Vint1). S0, ((Um 41, Vim+2) +0(Vmi1, Um+2))
is a decreasing sequence which is bounded below. This implies that there exists an a > 0 such that
Tr}igrlm(a(um+1, Um+2)+0(Um41, Um42)) = a. Here, o = inf{0(tsm41, Vm+t2)+0(Vmi1, Umy2) : m € NU{0}}.
We claim: « = 0. On the contrary, let « > 0. Then, there exists a § > 0 and a natural number ng such
that

a< D(unvanrl) +D(vn,un+1) < a+9d, Yn=>mng
:>N(a(un7vn+l) +0(vn,un+1)) <a.
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Now,

O(Unt1, Vnt2) + (Un+1, Un2)

= D(H(Un7un)7H(un+17vn+l) + D(H(unvvn)7H(Un+17un+1)

1 (0(1)", H(“’m un)) + 0(un+17 H(un—&-la Un—i—l)) + O(Un, H(un+17 Un—i—l)) + D(un-i-la H(Uru un)) + 4la(’0n, un+1))
10+ 1)

IA

+ a(una H(un» Un)) + D(Un+17 H(’Un+1a unJrl)) + a(una H(’Un+1, UnJrl)) + a(vn+1; H(unv vn)) + 410(“7“ Un+1)
a A(1+1)

< D(“ru unJrl) + a(unJrh vn+2) + D(’Un, Un+2) + a(unJrla unJrl) + 410(”717 unJrl)

=H A(1+1)

n O(Un, Unt1) + 3(Vnt1, Unt2) + 0(Un, Unt2) + 3 (Vnt1, Unt1) + HO(Up, Upt1)
K A(1+1)

< 41+ 1)0(vpy tpt1) 41+ 1)0(tp, Vpt1)

=H A(1+1) a A(1+1)

< (s Unt1)) + p((tn, Vnt1))

S /,L(D(Un, un—i—l) + a(unv 'Un-i-l))

<a,

which leads to a contradiction. Hence, ((tm+1, Vm+2) + 0(Vmt1, Umy2)) — 0, as m — oo. O

Lemma 2.2 Let U and V be two non-empty closed subsets of a complete metric space (Y,0). Let p :
R+ — R be an increasing linear Meir-Keeler mapping, and H : Y x Y — Y be a MKKCR type coupling
and U NV # 0. Then, for any ug € U and vo € V such that umi1 = H(Vm, um) and vpms1 = H(tm, vm),
the sequences (un,) and (v,,) are cauchy and converges to the same limit.

Proof: Taking ug € U and vg € V such that umy,y1 = H(vm, Um) and vye1 = H(tm, vm), we have,
Uy € U and vy, € V for all m > 0

(Vmt1, Umt1)

= 0(H(um, Vm ), H(Vm, tm))

<4 (D(um,’}—[(um,vm)) + (v, H(Vmy i) + 0ty H(Vms Um)) + 0(Vmys H(Uim, Vm)) + 400 (U, Um)>
- 4(14+1)

< 0(uma Um+1) + D('Unfm um+l) + a(uma um+1) + D('Uma 'Um-i-l) + 4la(um7 Um)
=H A(1+1)
1
< M(m(a(um VUmt1) + (Vs Umg1) + (Ui Vmg1) + (Vg1 Um1)
+ (Vs Umy1) + (U1, Vma1) + HO(Ums Vmy1) + (Va1 Uma1) + 0(Umt1,Vm))))

<u ((41 + 2)(0(tm, V1) + D(U,Z(,lur_{)l)) + (41 + 2)0(vpmt1, um+1))
(41 + 2) @ (um; Vm+1) + (Vm, Umt1)) + (414 2)0(Vm1, Um+1)

< a(+1) '

S0, ¥(Vmt1sUmt1) < (4 4+ 2)(0(tmy Vim+1) + 0(VUmy Um1)). Thus, in view of Lemma 2.1, the sequence
((Vma1,Ume1)) — 0 as m — oco. Clearly, for any p, ¢ € N such that p < g,

d(up, uq) — 0 and d(vp,vy) = 0 as p,q — oo.

Hence, (u,,) and (v,,) are cauchy sequences in closed sets U and V), respectively. Consequently, (u,)
converges to some u € U and (vy,) converges to some v € V. Further, as 771i_r>)f1000(um,vm) — 0, we get

w=v. Thus, (4,,) and (v,,) converges to the same limit u € U N V. O
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Theorem 2.1 Let U and V be two non-empty and closed subsets of a complete metric space (,0) such
that UNY # 0. Let u: RT — RT be an increasing linear Meir-Keeler mapping. Then, any MKKCR type
coupling H : Y x Y — Y has a unique strong coupled fized point.

Proof: Let ug € U and vy € V such that w1 = H(Vm, tm) and vy,11 = H(tm, Um). Then, by Lemma
2.2, (um) and (v,,) are Cauchy sequences converging to the same limit, say z € U N V. Since, H is
MKKCR type coupling,

(U1, H(z, 2))

=0 H(vm, um), H(z, 2))

0(Vm, H(Vm, um)) + (2, H(2, 2)) + 0(vm, H(z, 2)) + (2, H(vm, tim)) + 410(0m, 2)

A+ 1)

< (D(vm,umH) +0(2,H(z,2)) + 0(vm, H(z,2)) + 0(2, tm1) + 40 (v, 2)

=H A(1+1)

< (Vs Umnp1) + 0(2, Hiz, 2)) + 0(vm, H(z, 2)) + 0(2, tmt1) + 400(Vpm, 2)
4(1+1) '

<

)

)

As m — oo,

20(z, H(z, 2))
0(z,H(z,2)) < 0+
=0(z,H(2,2)) =0
=z =H(z,2).
Thus, z is a strong coupled fixed point of H.
Next, to prove uniqueness, consider another strong coupled fixed point of H, say v. That is, H(v,v) = v.
Then,

(2,v) = ( ) H(v,v))
o(z )+o(v, H(v,v)) +0(z, H(v,v)) + 0(v, H(z, 2)) + 40 (z,v)
= < A0+ )
0(z,2) +o(v,v) +0(z,v) + 0(v, 2) + 4l0(z,v)
= < 0+1) )
(414 2)o
( )
(4l +2)o(z,v)
C4(l+1
This implies, 0(z,v) = 0, which in turn gives z = v. Hence, z is the unique strong coupled fixed point of
H. O

Example 2.1 Consider Y = [—1, 1] along with the metric 9 defined by ?(u, v) = |[u —v|. Let Y = [—1,0]
and V = [0, 1] and a mapping H : Y x Y — Y be defined by

=4, if (u,v) €U XV
=%, if (v,u) eU x V.

Also let u(t) = kt, where k € [1/3,1). Then, p is a linear increasing meir Keeler mapping and H is cyclic
with reference to the sets U and V. Now, let us verify if H satisfies the following condition:

For b,u € U,a,v €V and | € N,, U {0},

o(H(a,b), H(u,v)) < 1 (D(a,?—[(a,b)) +0(u, H(u,v)) + 1((6;,?1(;@1))) +0(u, H(a, b)) +4lD(a,u)) @)
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So,
—a —u a u 1
3(H(a,b), H(u,v)) = (?, ; ):’—§+§\ — 3lu—al (2.2)
Also,
(D(a,?—l(a, b)) + o(u, H(u,v)) + o(a, H(u,v)) + 0(u, H(a, b)) + 4id(a, u))
a A(1+1)
o(a, Z2) +o(u, ) +0(a, =) + 0(u, Z2) + 4l0(a,u)
- k( 3 ) 3 )
lat+ g+ u+g|+la+ 5[+ utg[+4la—uyl
(e )
3 (lal + ) + (40 +2) 0 — ]
4(1+1) (23)

From Equations (2.2) and (2.3), it can easily be seen that the inequality (2.1) holds for k£ € [1/3,1). Thus,
the necessary conditions of Theorem 2.1 are all being satisfied. Hence, H has a unique strong coupled
fixed point. In fact, (0,0) is the unique strong coupled fixed point.

Definition 2.2 IfU and V are two non-empty subsets of a metric space (Y,0), and p: RT — RT is a
Meir-Keeler mapping. Then, the mapping H : Y x Y — Y is said to be MKKR type coupling, if

(1) H is cyclic with reference to the sets U and V.

(2) forbu U, a,veV andal qujn Ub{o}’ - .
2000 ) M) < (PR M) £ 2000

Definition 2.3 IfU and V are two non-empty subsets of a metric space (V,0), and p: RT — RT is a
Meir-Keeler mapping. Then, the mapping H : Y x Y — Y is said to be MKCR type coupling, if

(1) H is cyclic with reference to the sets U and V.

(2) forb,ueU,a,veVandaleI;I—lnu{o}’ . .
o(H(a,b), H(u,v)) SM( (a, (u,v))+2((1;,+ 1()a, ) + (a,u))l

Correponding to the above two definitions, we have the following two results.

Theorem 2.2 Let U and V be two non-empty and closed subsets of a complete metric space (),0) such
that UNY # 0. Let p: RT — RT be an increasing Meir-Keeler mapping. Then, any MKKR type coupling
H:Y xY — Y has a unique strong coupled fixed point.

Theorem 2.3 Let U and V be two non-empty and closed subsets of a complete metric space (),0) such
that UNY # 0. Let u: RT — R be an increasing Meir-Keeler mapping. Then, any MKCR type coupling
H:Y xY — Y has a unique strong coupled fixed point.
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3. Application

In this section, we discuss the existence of a unique solution for a given class of non linear integral
equations.
Consider the nonlinear integral equations

a(t) = /T h(t,a(s),b(s))ds, te€[0,7]
9 (3.1)
b(t) :/0 h(t,b(s),a(s))ds, t€[0,r],

where 7 is a real number in (0,00) and i : [0,7] x Rx R — R.
Let Y = C([0,7],R) denotes the set of all continuous functions defined on [0, 7] and is endowed with a
metric 0 : Y x ) — R defined by

0(a,b) = t:}ép] la(t) — b(t)|, ¥ a,b e V.

Clearly, (¥,0) is complete.

Theorem 3.1 Suppose that for the given system (3.1), the following holds:

(1) the mapping h: [0,7] x R x R = R is continuous.

(2) there exists closed subsets U and V with U NV # @ and for t € [0,7], byu € U, a,v € V and

l e N, U {0},
Ih(t, a(s), b(s)) — h(t, u(s), v(s))]| < Lu (W)

where p: RT — RY is an increasing linear Meir-Keeler mapping.

Then, the system (3.1) has a unique solution in C([0,7],R).
Proof: Define a mapping H : Y x Y — Y by
H(a,b)(t) = / h(t,a(s),b(s))ds, t€[0,7],a,b€ Y.
0
Then, for any b(t) € U and a(t) € V, the system (3.1) implies

H(a,b)(t) = 07’ h(t,a(s),b(s))ds
=a(t) €V

and H(b,a)(t) = /OT h(t,b(s),a(s))ds
=b(t) e U.

Thus, the mapping H is cyclic with reference to the sets &/ and V.
Next, we show that H is MKKCR type coupling.
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Consider b,u € U and a,v € V. Then,

b)(t) — H(u, v)(1)] (3.2)

\/ (t, a( )ds—/0 h(t,u(s),v(s))ds|
= / [h(t; a(s), b(s))ds — h(t, u(s), v(s))]ds|

0

L[ et —utoy,,

IN

r [+1
= % /OT.U (4(114_1)(41(a(s) —u(s)) + a(s) — H(a,b)(s) + u(s) — H(u,v)(s)
+H(a,b)(s) —u(s) + H(u,v)(s) — a(s))) ds

< 1/0’“,u <4(Z1+1) <4l sup |a(p) —u(p)| + sup |a(p) — H(a,b)(p)| + sup |u(p) — H(u,v)(p)]

r pE[0,7] p€E[0,7] p€E[0,7]

pe[0,r] pe(0,r]
(410(@, u) + 0(a, H(a,b)) + o(u, H(u,v)) + 0(u, H(a, b)) + 0(a, H(u, v)))
4(1+1) ’

+ sup |u(p) — H(a,b)(p)| + sup Ia(p)—H(u,v)(p)l»ds

< p

This implies

sup [H(a,5)(t) — H(u, 0)(8)] < g (

te[0,r]

4l0(a,u) + 0(a, H(a, b)) + o(u, H(u,v)) + 0(u, H(a, b)) + 0(a, H(u, v)))
4(1+1) '

That is,

o(H(a,b) — H(u,v)) < 4 <4l0(a,u) +9(a, H(a, b)) +o(u, H(u,v)) + 3(u, H(a, b)) + D(a,?—[(u,v))) .

A1+1)

Thus, the mapping H is a MKKCR type coupling. As the necessary conditions of Theorem 2.1 are all
being fulfilled. So, H has a unique strong coupled fixed point, say (z, z), in ¥ NV. That is, H(z, z) = 2.
Thus, (z, z) is the unique solution of the given nonlinear integral equations (3.1). O

4. Conclusion

Couplings of MKKCR type, MKKR type and MKCR type have been defined and results for existence
and uniqueness of strong coupled fixed point have been established. An application of our main result with
regard to the existence of solution for a class of non linear integral equations has also been discussed. Our
results also generalize many existing coupled fixed point results. In particular, for [ = 0 and u(t) = kt
with & € [0,1), Definitions 2.2 and 2.3 reduces to cyclic coupled Kannan type contraction [12] and
Chatterjea type coupling [13], respectively.
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