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A Novel Approach to AG-groupoids via Soft Intersection Product Operation

Bashar Khan, Imtiaz Ahmad, Aman Ullah, Faruk Karaaslan∗ and Mohammad Rashad

abstract: This study investigates some general properties of soft sets on a symmetry-preserving structure
AG-groupoid. Various weaknesses in the papers Karaaslan [22] and Sezgin [39] are rectified, and some
generalizations and simplifications. Also, it is investigated that the family of soft sets over AG-groupoid is
again an AG-groupoid when equipped with the soft intersection-product (SI-product) operation. Moreover, it
is proven that the family of soft sets over an AG-groupoid possesses the properties of being medial, paramedial,
Bol*, and nuclear square under the SI-product operation.The application of the soft set theory, specifically the
SI-product, is extended to AG-groupoids. Some properties of left abelian distributive (LAD) AG-groupoids
(LAD-AG-groupoids) and right abelian distributive (RAD) AG-groupoids (RAD-AG-groupoids) under the
SI-product of soft sets are investigated. Counterexamples to show that the family of soft sets on a set S (S(S))
is not soft intersection-left abelian distributive (SI-LAD) and soft intersection-right abelian distributive (SI-
RAD) are given. Also, the conditions under which they become SI-LAD and SI-RAD are investigated. Some
of the examples in this article were obtained using modern techniques such as Mace4 and Prover9.
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1. Introduction

Researchers strive to resolve complex problems involving uncertain data in various disciplines like
engineering, medical science, and economics. The existing methodologies have severe problems in dealing
effectively with the problems of uncertainty. In this connection, the researchers introduced different
ideas, such as the fuzzy set theory [47] and intuitionistic fuzzy sets [8] as alternative effective tools.
Molodtsov [30] revealed that both of these concepts have their own complications and limitations and
consequently, he initiated a new approach in 1999 to deal these uncertainty of fuzzy subsets of Zadeh
[47] and the intuitionistic fuzzy sets of Atanassov [8]. This new approach of soft set theory by Molodtsov
is expected to have comparatively limited challenges that are faced by the existing theories. The theory
by Molodtsov does not require any approximation of cumbersome membership function as was required
in fuzzy set theory and thus is considered appropriate to deal various problems of different fields. A new
era began with the effective use of soft sets to other fields, Maji et al. [26] gave an application of soft
sets in decision making and they also introduced new operations in [27] that extensively attracted the
researchers. As a result, various achievements on soft sets can be observed in a variety of papers like
[5,12,14,16,37]. Interestingly, the theory is extended to other algebraic structures in 2007 by Aktaş and
Çağman [6]. After that, an alternative study for other algebraic structures via soft sets increased rapidly
and thus made a revolution in the field of mathematics to put a hand on abstract algebra. Çağman et
al. [13] in 2010, launched the concept of soft-int groups while extending the notion of Rosenfeld [35].
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Aman et al. [46] extended the studies of soft-int groups to AG-groupids, while Kaygısız [23], Sezgin
and Atagün [38] improved some mentioned appealing cases of soft-groups of Aktaş and Çağman. Zhan
et al. [48] presented the application of soft union sets to hemirings via SU-h-ideals. Sezgin et al. [40]
launched the concept of soft intersection product (SI-product) operation [39] and investigated SI-product
for AG-groupoids. Similarly, Ullah et al. [46] introduced the notions of soft intersection for AG-groups.
Also, Amanullah et al. [45] defined the soft uni-AG groups and derived some of their properties. Sezgin
et al. [41] defined soft union group and derived its basic properties and the relation with the notion of
soft intersection group. Acar et al. [2] defined the soft ring structure.

Mahmood et al. [29] introduced the concept of lattice ordered soft near rings and investigated different
properties of lattice ordered soft near rings by using some operations of soft sets. Ḉıtak [15] gave the
definition of soft uni-k-ideal of a semiring by using the union operation of soft sets and investigated
some algebraic applications by using soft uni-k-ideal. Jana et al. [20] introduced a new kind of soft
ring structure called (α, β) -soft-intersectional ring based on some results of soft sets and intersection
operations on sets. Goldar and Ray [17] presented a new definition of soft rings and soft ideals using
soft elements. John and Susha [21] introduced some algebraic soft operations in terms of soft elements
and study their properties. They defined the generalized soft group, its subgroup and investigated its
properties. Şahin and Uluçay [36] defined the concepts of the soft proper ideal, soft maximal ideal. Jan
et al. [19] discussed the notion of double framed soft and derived the basic properties of double framed
soft rings. Ayub et al. [10] defined the some new types of soft roughs sets in groups based on normal
soft groups. Aygün and Kamacı [9] defined some new algebraic structures of soft sets based on the XOR
and XNOR products of soft sets. Öztunç et al. [32] constructed the category of soft groups and soft
group homomorphisms. They also show that this structure satisfies the category conditions. Zhu and
Lv [50] investigated the relationship among rough sets, soft sets and rings. Atagün and Kamacı [7]
studied on some essential properties of α-intersection of soft set. Abdunabi and Shliteite [1] introduced
the rough prime soft ideal and maximal soft Ideal and they studied on some of the properties of these
approximations. Maheswari at al. [28] proved that the association, the associated soft subset for a subset
of a semigroup, is substructure preserving. Barzegar et al. [11] defined the second type nilpotent soft
subgroup and nilpotent soft group.

An AG-groupoid is a non-associative generalized structure of the commutative semigroups satisfying
the left invertive law (LIL) (xy)z = (zy)x. For practical example of AG-groupoid, consider the rotation
transformations of a square [49].

A square is rotated clockwise through 0, 90, 180, and 270 degrees, denoted by ψe, ψa, ψb, and ψc
respectively. We denote the set of these rotations byN = {ψe, ψa, ψb, ψc}. Obviously, the two consecutive
rotations have the following results: ψeψe = ψe, ψaψc = ψcψa = ψe, ψbψb = ψe. Now, define operations
∗ on N as follows: ψx ∗ ψy = ψ−1xψy, for all x, y in {e, a, b, c}. Then, (N, ∗) satisfies the left invertive
law, and obviously, (N, ∗) is an AG-groupoid.

Figure 1: Rotation of a square generating an AG-groupoid

The main contributions of the paper are given below:

1. We prove certain properties of soft sets over AG-groupids and use the same to investigate other
properties, simplify and rectify the already published results.
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2. We investigate, AG*-groupoids, and AG-bands [31] based on these operations.

3. We mention and remove some weak results of the various published papers and investigate various
general results regarding SI-product on AG-groupids

4. Various examples are constructed via modern computational techniques and produced to support
the validity of produced results.

The rest of the paper is organized as follows: In section 2, some fundamental definitions and proposi-
tions related to AG-groupoid and SI-product operation are presented. Section 3 removes some weak re-
sults of the various published papers and investigates various general results regarding the SI-products on
AG-groupoids . In section 4, some properties of the abelian distributive AG-groupoids under SI-product
operation are investigated and some results are obtained. In section 5, properties of RAD-AG-groupoids
are derived under SI-product. In section 6, conclusions related to the study are given.

2. Preliminaries

The notion of Abel Grassmann (AG) groupoid (Left almost semigroup or simply, LA-semigroup) has
been introduced by Kazim and Naseeruddin [24] that generalizes the commutative semigroups and satisfy
the left invertive law (LIL) (pq)r = (rq)p. It is easy to prove that every AG-groupoid satisfies medial law
(ML), pq · rt = pr · qt. Further, left identity is unique if exists and in this case the paramedial law (PML),
pq · rt = tq · rp, becomes true for such an AG-groupoid.Throughout this paper, S denotes AG-groupoid
unless otherwise stated.

S is called AG*-groupoid [3] if the equivalent weak associative laws [33]:
(pq)r = q(pr), (pq)r = q(rp),∀p, q, r ∈ S, hold in S. S is known as Bol*-AG-groupoid, if ∀p, q, r, t ∈
A, p(qr · t) = (pq · r)t [42,43]. S is called

1. Self-dual if the identity, p(qr) = r(qp) holds in S and is called Bol* if p((qu)v) = ((pq)u)v.

2. S is called bi-commutative (BC) if (pq)(rs) = (sr)(qp), and Moufang if (pq)(sp) = (p(qs))p.

3. AG** if p(qr) = q(pr), S is called left [right] alternative if p(pq) = (pp)q [p(qq) = (pq)q] and is
called flexible if p(qp) = (pq)p.

4. Jordan if, p((qq)r) = (qq)(pr).

5. Left abelian distributive (LAD)/right abelian distributive (RAD) if p(qr) = (pq)(rp) /(pq)r =
(rp)(qr).

6. Slim if p(qr) = pr.

7. AG-3-band if it satisfies the identity p(pp) = (pp)p = p.

8. Right commutative, (RC) if p(qr) = p(rq).

9. Left commutative, (LC) if p(qr) = p(rq).

10. Left alternative, if (pp)q = p(pq).

11. Left (Right) nuclear square if p2(qr) = (p2q)r(p(qr2) = (pq)r2)

12. Middle nuclear square, if (pq2)r = p(q2r).

13. Nuclear square, if it is left, right and middle nuclear square.

14. Cyclic associative (CA), if p(qr) = r(pq)

15. Right permutable (RP*), if p((qr)s) = r((qp)s). for all p, q, r, s ∈ S [3,18,34,42,43]

Definition 2.1 Let U be the universal set, E the set of parameters and S ⊆ E. Then,
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1. A soft set αS over U is defined by αS : E → P(U) wherein, αS(s) = φ if s /∈ S. In this case,
αS is called the approximation function and αS = {(x, αS(x)) : x ∈ E,αS(x) ∈ P(U)}. S(U) is the
collection of all soft sets over U or by S(A) if parameter set is restricted to A [30].

2. Let βS and γS be soft sets over the common universe U . Then, the SI-product (βS ∗ γS) is defined
in [39] as follows:

(βS ∗ γS) (x) =
{

∪x=yz {βS(y) ∩ γS(z)} ∃y, z ∈ S, such that x = yz
∅, otherwise.

In the rest of the paper, U shall have the meaning of an initial universe, E the set of parameters, P (U)
the power set of U . Also, A ⊆ E and S AG-groupoid. Sezer [39] proved that under the operation as
defined in the Definition 2.1, the set ((S(S), ∗) satisfies the left invertive law, (jS ∗ kS)∗ lS = (lS ∗ kS)∗jS
and hence:

Proposition 2.1 Let S be an AG-groupoid. Then, so is ((S(S), ∗) .

We list now some of the properties of the SI-product and soft set operations that arise in [39] as
follow:

Theorem 2.2 [39] Let αS , βS , γS be any soft sets over S. Then, the following are true.

1. (αS ∗ βS) ∗ γS = αS ∗ (βS ∗ γS), the associative law for SI-product

2. αS ∗ βS ̸= βS ∗ αS , in general

3. αS ∗ (βS
⋃̃
γS) = (αS ∗ βS)

⋃̃
(αS ∗ γS)

4. (αS

⋃̃
βS) ∗ γS = (αS ∗ γS)

⋃̃
(βS ∗ γS)

5. αS ∗ (βS
⋂̃
γS) = (αS ∗ βS)

⋂̃
(αS ∗ γS)

6. (αS

⋂̃
βS) ∗ γS = (αS ∗ γS)

⋂̃
(βS ∗ γS)

7. If λA, µA ∈ S(U) such that λA ⊆ αA and µA ⊆ βS , then λA ∗ µA ⊆ αS ∗ βS .

Proposition 2.2 [39] For an AG-groupoid S . The following hold:

1. ((S(S), ∗) satisfies the left invertive law, and hence is medial AG-groupoid.

2. Let S be an AG-monoid and αS , βS , γS and δS be any elements of S(S). Then, the following
properties hold in (S(S), ∗):

(a) αS ∗ (βS ∗ γS) = βS ∗ (αS∗γS),

(b) (αS ∗ βS) ∗ (γS ∗ δS) = (δS ∗ γS) ∗ (βS ∗ αS).

3. Some General Properties of AG-groupoid based on SI-product

In this section, we extend Proposition 2.2 and investigate various results for the AG-groupoid (S(S), ∗).
In AG-groupoids the paramedial law does not hold without the left identity. Sezer [39] proved that

parmedial law holds in S(S) when identity is allowed in it though it is not the case. Similarly, for S(S)
the following is investigated by [22] under requirement of the AG*:

Proposition 3.1 [22, Proposition 3.4] S(A) is parmedial for any AG*-groupoid A.

However, here the situation is different and we investigate that the result holds in general in (S(S), ∗)
without the requirement of the left identity. To this end we first list the following lemmas:
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Lemma 3.1 [22] Let αs, βS , γS ∈ S(S). Then, the following holds,

αS ∗ (βS ∗ γS) = (γS ∗ βS) ∗ αS . (3.1)

Lemma 3.2 Let αS , βS , γS , δS ∈ S(S). Then, the following holds:

αS ∗ {βS ∗ (γS ∗ δS)} = αS ∗ {γS ∗ (βS ∗ δS)} .

Lemma 3.3 Let αS , βS , γS , δS be arbitrary elements of S(S). Then,

αS ∗ {βS ∗ (γS ∗ δS)} = δS ∗ {γS ∗ (αS ∗ βS)}.

We prove the following important property. AG-groupoid is not paramedial in general [4] but here
in this study, the situation is different and thus improves various weakness in the available published
research so far done in this area.

Proposition 3.2 Let S be an AG-groupoid. Then, S(S) is paramedial AG-groupoid.

Proof. For any elements αS , βS , γS and δS of S(S). Then,

(αS ∗ βS) ∗ (γS ∗ δS) = (δS ∗ γS) ∗ (αS ∗ βS) (by Lem.3.1)

= (δS ∗ αS) ∗ (γS ∗ βS) (by ML)

= δS ∗ {αS ∗ (γS ∗ βS)} (by assoc.)

= δS ∗ {γS ∗ (αS ∗ βS)} (by Lem. 3.2)

= δS ∗ {(βS ∗ αS) ∗ γS} (by Lem. 3.1)

= δS ∗ {βS ∗ (αS ∗ γS)} (by assoc.)

= γS ∗ {βS ∗ (δS ∗ αS)} (by Lem. 3.3)

= γS ∗ {(αS ∗ δS) ∗ βS)} ( by Lem. 3.1)

= γS ∗ {(βS ∗ δS) ∗ αS} (by LIL)

= {αS ∗ (βS ∗ δS)} ∗ γS} (by Lem. 3.1)

= {(αS ∗ βS) ∗ δS)} ∗ γS (by assoc.)

= (γS ∗ δS) ∗ (αS ∗ βS) (by LIL)

= (βS ∗ αS) ∗ (γs ∗ δS) (by Lem. 3.1)

= (δS ∗ γs) ∗ (βS ∗ αS) (by Lem.3.1)

= (δS ∗ βS) ∗ (γS ∗ αS) (by ML)

The following results are proved by Sezer [39] and that of Karaaslan [22]. We prove it as a direct
consequence of the above facts, without the requirement of the left identity or the requirement of the
AG* and other restrictions or conditions.

Theorem 3.4 [39, Theorem 3.6] Let S be an AG-groupoid with left identity and αS , βS , δS and γS be
any elements of S(S). Then, (αS ∗ βS) ∗ (γS ∗ δS) = (δS ∗ γS) ∗ (βS ∗ αS).

Theorem 3.5 [22, Theorem 3.5] Let A be an AG*-groupoid and αA, βA, δA and γA ∈ S(A). Then,

αA ∗ {(βA ∗ δA) ∗ γA} = {(αA ∗ βA) ∗ δA)} ∗ γA.

We further draft the two requirements for the following Theorem 3.7 to prove that S(S) is Bol*.
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Theorem 3.6 [22, Theorem 3.8] Let A be an AG-groupoid and αA, βA, δA,γA ∈ S(A) such that αA∗(βA∗
δA)∗γA = (δA ∗αA)∗ (βA ∗γA) and αA ∗ (βA ∗δA)∗γA = (αA ∗γA)∗ (δA ∗βA). Then, αA ∗ (βA ∗δA)∗γA =
(αA ∗ βA) ∗ δA ∗ γA.

The following result reveals the unique and distinct non-classical algebraic properties of S(S) that deviate
from those observed in the general structure of AG-groupoids. It is important to note that not all AG-
groupoids exhibit self-duality, Bol* properties, or bi-commutativity being subclasses. However, these
properties are upheld within the structure under the application of SI-product over its soft sets.

Theorem 3.7 Let S be an AG -groupoid. Then, the following hold in S(S).

1. S(S) is self-dual,

2. S(S) is Bol*,

3. S(S) is bi-commutative.

Proof. Let αS , βS , δS and γS be any elements of S(S).

1.

αS ∗ (βS ∗ γS) = (αS ∗ βS) ∗ γS(by assoc.)

= (γS ∗ βS) ∗ αS(by LIL)

= γS ∗ (βS ∗ αS) (by assoc.)

⇒ αS ∗ (βS ∗ γS) = γS ∗ (βS ∗ αS) .

Therefore, S(S) is self-dual.

2.

αS ∗ {(βS ∗ δS) ∗ γS} = αS∗ {βS ∗ (δS ∗ γS)} (by assoc.)

= (αS ∗ βS) ∗ (δS ∗ γS) (by assoc.)

= {(αS ∗ βS) ∗ δS)} ∗ γS (by assoc.)

⇒ αS ∗ {(βS ∗ δS) ∗ γS} = {(αS ∗ βS) ∗ δS)} ∗ γS .

Thus, S(S) is Bol*.

3.

(αS ∗ βS) ∗ (γS ∗ δS) = (αS∗γS) ∗ (βS∗δS) (by ML)

= (δS ∗ γS) ∗ (βS ∗ αS) (by PML)

⇒ (αS ∗ βS) ∗ (γS ∗ δS) = (δS ∗ γS) ◦ (βS ∗ αS) .

Hence, S(S) is bi-commutative

The following result appears in [22] with a corollary. We generalize and improve it as in the next result,
without the requirement of AG*.

Proposition 3.3 [22, Proposition 3.6] Let A be an AG*-groupoid. Then, for all αA, βA and γA ∈ S(A)

1. α2
A ∗ (βA ∗ γA) = (α2

A ∗ βA) ∗ γA where (α2
A = αA ∗ αA)

2. (αA ∗ βA) ∗ γ2A = α2
A ∗ (βA ∗ γ2A) where (γ2A = γA ∗ γA)

3. (αA ∗ β2
A) ∗ γA = (αA ∗ β2

A) ∗ γA) where (β2
A = βA ∗ βA).

Corollary 3.8 [22, Corollary 3.7.] Let A be an AG*-groupoid. Then, S(A) is nuclear square.
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Theorem 3.9 For any AG-groupoid S any of the following holds in S(S).

1. S(S) is left/right alternative,

2. S(S) is nuclear square,

3. S(S) is locally associative,

4. S(S) is Moufang,

5. S(S) is Jordan, and

6. S(S) is flexible.

Proof The proof follows simply by the associativity in S(S) as in Theorem 2.2, and other above mentioned
relevant properties in S(S).

4. Properties of abelian distributive AG-groupoids via the product of soft sets

Here, now we describe and investigate some other properties of an abelian distributive AG-groupoid
under the SI-product for its soft sets. We first give a counterexample to show that S(S) is not SI-LAD
and thus we proceed to seek under what conditions it becomes LAD.

Example 4.1 Let A = {x, y, w, z} be an AG-groupoid an in the following table and αA, βA and δA
∈ S(A) be soft sets over U = {1, 2, 3, 4, 5} . Then, S(A) is not an LAD-AG-groupoid.

· x y z
x x x x
y z z z
z x x x

Let the three soft sets over A be as follows:

αA = {(x, {1, 2, 3, 4, 5}), (y, {3, 4, 5}), (z, {1, 2, 3, 4, 5})}
βA = {(x, {1, 2, 3, 4}), (y, {3, 4}), (z, {1, 2, 3, 4})} and

δA = {(x, {1, 2, 3, 5}), (y, {1, 3, 5}), (z, {1, 2, 3, 5})}

over U = {1, 2, 3, 4, 5}. Then,

(βA ∗ δA)(x) = {βA(x) ∩ δA(x)} ∪ {βA(x) ∩ δA(y)}∪
{βA(x) ∩ δA(z)} ∪ {βA(z) ∩ δA(x)}∪
{βA(z) ∩ δA(y)} ∪ {βA(z) ∩ δA(z)}
= {1, 2, 3} ,

(βA ∗ hA)(y) = ∅, and

(βA ∗ δA)(z) = {βA(y)∩δA(x)} ∪ {βA(y)∩δA(y)}
∪ {βA(y)∩δA(z)}
= {3} .

Claim: We claim that (S(A), ∗) is not LAD, i.e. it does not satisfy the condition αA ∗ (βA ∗ δA) =
(αA ∗ βA) ∗ (δA ∗ αA). Since
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(αA ∗ (βA ∗ δA)) (z) =
⋃

z=pq {αA(p) ∩ (βA ∗ δA) (q)}. Now, z appears in the given table as, z = yx =
yy = yz, with p = y, and q = x, y, z. Now, (βA ∗ δA) (q) =

⋃
q=rs {βA(r) ∩ δA(s)} = {1, 2, 3} and

αA(y) = {3, 4, 5}. Thus,

αA ∗ (βA ∗ δA) (z) =
⋃

z=pq

{αA(p) ∩ (βA ∗ δA) (q)}

= {αA(y) ∩ (βA ∗ δA) (x)} ∪ {αA(y) ∩ (βA ∗ δA) (y)}}
∪ {αA(y) ∩ (βA ∗ δA) (z)} = {3} ∪ ∅ ∪ {3} = {3}.

Similarly, ((αA ∗ βA) ∗ (δA ∗ αA)) (z) = ∪z=pq {(αA ∗ βA) (p) ∩ (δA ∗ αA) (q)}. Now, z = yx = yy =
yz, with p = y, and q = x, y, z. Since for p = y, (αA ∗ βA) (p) = ∅. So is, (αA ∗ βA) ∗ (δA ∗ αA) (z) = ∅.

Thus, αA ∗ (βA ∗ δA) ̸= (αA ∗ βA) ∗ (δA ∗ αA).
As by Example 4.1, S(S) is not LAD under the SI-product operation. However, it does hold under

various conditions as discussed in the following result.

Theorem 4.2 Let S(S) satisfy at least one of the following properties over an AG-groupid S. Then, S(S)
is necessarily a LAD-AG-groupid.

1. S(S) is RAD

2. S(S) is left distributive (LD)

3. S(S) is slim

4. S(S) is idempotent

5. AG-3-band.

Proof. Let αs, βS , γSand δS be arbitrary elements of S(S). Then in each case we prove that S(S) is
LAD-AG-groupoid or is a commutative AG-groupoid that becomes an LAD.

1. Let S(S) is RAD. Then, by Lemma 2.1,

αS ∗ (βS ∗ γS) = (γS ∗ βS) ∗ αS (by Lem. 2.1)

= (αS ∗ γS) ∗ (βS ∗ αS) (by RAD)

= (αS ∗ βS) ∗ (γS ∗ αS) (by ML)

= (αS ∗ βS) ∗ (γS ∗ αS) .

2. Let S(S) is LD. Then,

αS ∗ (βS ∗ γS) = (αS ∗ βS) ∗ (αS ∗ γS) (by LD)

= (αS ∗ αS) ∗ (βS ∗ γS) (by ML)

= (γS ∗ αS) ∗ (βS ∗ αS) (by PML)

= (αS ∗ βS) ∗ (γS ∗ αS) (by Lem. 2.1)

= (αS ∗ βS) ∗ (γS ∗ αS) .

3. Let S(S) is Slim. Then,

αS ∗ (βS ∗ γS) = αS ∗ {αS ∗ (βS ∗ γS)} (by assum. 3)

= {(βS ∗ γS) ∗ αS} ∗ αS (by Lemma 2.1)

= (αS ∗ αS) ∗ (βS ∗ γS) (by LIL)

= (αS ∗ βS) ∗ (αS ∗ γS) (by ML)

= (γS ∗ αS) ∗ (βS ∗ αS) (by LIL)

= (αS ∗ βS) ∗ (γS ∗ αS) (by Lem. 2.1)

= (αS ∗ βS) ∗ (γS ∗ αS) .
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Furthermore, S(S) is commutative as;

αS ∗ βS = (αS ∗ γS) ∗ βS (by assump.)

= (βS ∗ γS) ∗ αS (by LIL)

= βS ∗ αS (by assump.)

= βS ∗ αS .

4. Let S(S) is idempotent. Then,

αS ∗ βS = (αS ∗ αS) ∗ βS (by idempotency)

= (βS ∗ αS) ∗ αS (by LIL)

= βS ∗ (αS ∗ αS) (by assoc.)

= βS ∗ αS (by idempotency)

= βS ∗ αS .

i.e. S(S) is commutative AG-groupoid. Hence,

αS ∗ (βS ∗ γS) = (αS ∗ αS) ∗ (βS ∗ γS) (by assump.)

= (αS ∗ βS) ∗ (αS ∗ γS) (by ML)

= (αS ∗ βS) ∗ (γS ∗ αS) (by commutativity)

= (αS ∗ βS) ∗ (γS ∗ αS) .

5. Let S(S) is AG-3-band. Then,

αS ∗ βS = {αS ∗ (αS ∗ αS)} ∗ βS (by assump.)

= {(αS ∗ αS) ∗ αS} ∗ βS (by associativity)

= (βS ∗ αS) ∗ (αS ∗ αS) (by LIL)

= βS ∗ {αS ∗ (αS ∗ αS)} (by assoc. law)

= βS ∗ αS (by assump.)

= βS ∗ αS .

Hence, S(S) is a commutative AG-groupoid, therefore satisfying the LAD property.

Remark. By Theorem 2.2 S(S) is not commutative in general. However, in above theorem, we see in
the last three cases that S(S) is commutative AG-groupoid and thus is an LAD. Further, we study the
sub-classes of LAD-AG-grouoids under SI-products of soft sets.

Proposition 4.1 Let A be an LAD-AG-groupoid. Then, S(A) is right commutative (RC).

Proof. It is known that LAD-AG-groupoid also satisfies the property of an RC groupoid [4]. Thus, for
any αA, βA, γA and any element x of A that is not appearing as a product of its two elements. Then,we
get (αA ∗ (βA ∗ γA)) (x) = (αA ∗ (γA ∗ βA)) (x) = ∅. Now, we consider that the element x can be written
as a product of p and q. Then,
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(αA ∗ (βA ∗ γA)) (x) =
⋃

x=pq

{αA(p) ∩ (βA ∗ γA) (q)}

=
⋃

x=pq
{αA(p) ∩ (∪q=rs {βA(r) ∩ γA(s)})}

=
⋃

x=p(rs)
{αA(p) ∩ ({βA(r) ∩ γA(s)})}

=
⋃

x=p(rs)
{αA(p) ∩ {γA(s) ∩ βA(r)}}

=
⋃

x=p(sr)
{αA(p) ∩ {∪q=srγA(s) ∩ βA(r)}}

=
⋃

x=pq
{αA(p) ∩ (γA ∗ βA) (q)}

= (αA ∗ (γA ∗ βA)) (x).
⇒ (αA ∗ (βA ∗ γA))

= (αA ∗ (γA ∗ βA)) .

Proposition 4.2 Let A be LAD-AG-groupoid. Then S(A) is self-dual AG-groupoid.

Proof. It is known that every LAD-AG-groupoid is self-dual [4]. Thus, for any soft sets, αA, βA, γA we
have to show that (αA ∗ (βA ∗ γA)) (x) = (γA (βA ∗ αA)) (x). Since

(αA ∗ (βA ∗ γA)) (x) =
⋃

x=pq

{αA(p) ∩ (βA ∗ γA) (q)}

=
⋃

x=pq
{αA(p) ∩ (∪q=rs {βA(r) ∩ γA(s)})}

=
⋃

x=p(rs)
{αA(p) ∩ ({βA(r) ∩ γA(s)})}

=
⋃

x=s(rp)
{γA(s) ∩ ({βA(r) ∩ αA(p)})}

=
⋃

x=st
{γA(s) ∩ {∪t=rp (βA(r) ∩ αA(p))}}

=
⋃

x=st
{γA(s) ∩ (βA ∗ αA) (t)}

= (γA ∗ (βA ∗ αA)) (x).

Proposition 4.3 If A is LAD-AG-groupoid, then S(A) is AG**.

Proof. From [4], it is known that LAD-AG-groupoid is AG**. Thus, for any αA, βA, γA we have to
prove (αA ∗ (βA ∗ γA)) (x) = (βA ∗ (αA ∗ γA)) (x) for any x written as the product of its two elements,
otherwise (αA ∗ (βA ∗ γA)) (x) = (βA ∗ (αA ∗ γA)) (x) = ∅. Now, for any element x that is appears as a
product of p and q. Then,

(αA ∗ (βA ∗ γA)) (x) =
⋃

x=pq

{αA(p) ∩ (βA ∗ γA) (q)}

=
⋃

x=pq
{αA(p) ∩ (∪q=rs {βA(r) ∩ γA(s)})}

=
⋃

x=p(rs)
{αA(p) ∩ ({βA(r) ∩ γA(s)})}

=
⋃

x=r(ps)
{βA(r) ∩ ({αA(p) ∩ γA(s)})}

=
⋃

x=rq
{βA(r) ∩ {∪q=ps (αA(p) ∩ γA(s))}}

=
⋃

x=rq
{βA(r) ∩ (αA ∗ γA) (q)}

= (βA ∗ (αA ∗ γA)) (x).



A Novel Approach to AG-groupoids 11

Proposition 4.4 Let A be an LAD-AG-groupoid. Then, S(A) is left distributive (LD) AG-groupoid.

Proof. From [4], we know that LAD-AG-groupoid is LD-AG-groupoid. Thus, for any αA, βA, γA we have
to show that (αA ∗ (βA ∗ γA)) (x) = ((αA ∗ βA) ∗ (αA ∗ γA)) (x). Thus,

(αA ∗ (βA ∗ γA)) (x) =
⋃

x=pq

{αA(p) ∩ (βA ∗ γA) (q)}

=
⋃

x=pq
{αA(p) ∩ (∪q=rs {βA(r) ∩ γA(s)})}

=
⋃

x=p(rs)
{αA(p) ∩ ({βA(r) ∩ γA(s)})}

=
⋃

x=p(rs)
{(αA(p) ∩ αA(p)) ∩ ({βA(r) ∩ γA(s)})}

=
⋃

x=(pr)(sp)
{αA(p) ∩ βA(r) ∩ ({γA(s) ∩ αA(p)})}

=
⋃

x=(pr)(ps)
{αA(p) ∩ βA(r) ∩ ({αA(p) ∩ γA(s)})}

=
⋃

x=qv
{∪q=pr (αA ∗ βA) (q) ∩ {∪v=ps (αA ∗ γA) (v)}}

=
⋃

x=qv
((αA ∗ βA) ∗ (αA ∗ γA)) (x)

= ((αA ∗ βA) ∗ (αA ∗ γA)) (x).

Proposition 4.5 Let A be an LAD-AG-groupoid. Then, S(A) is CA-AG-groupoid.

Proof. From [4], we know that LAD-AG-groupoid is CA-AG-groupoid . To provide that S(A) is CA-AG-
groupoid, we should provide that (αA ∗ (βA ∗ γA)) (x) = (γA ∗ (αA ∗ βA)) (x), for any αA, βA, γA ∈ S(A).
Since

(αA ∗ (βA ∗ γA)) (x) =
⋃

x=pq

{αA(p) ∩ (βA ∗ γA) (q)}

=
⋃

x=pq
{αA(p) ∩ (∪q=rs {βA(r) ∩ γA(s)})}

=
⋃

x=p(rs)
{αA(p) ∩ ({βA(r) ∩ γA(s)})}

=
⋃

x=s(pr)
{γA(s) ∩ ({αA(p) ∩ βA(r)})}

=
⋃

x=sq
{γA(s) ∩ {∪q=pr (αA(p) ∩ βA(r))}}

=
⋃

x=sq
{γA(s) ∩ (αA ∗ βA) (q)}

= (γA ∗ (αA ∗ βA)) (x).

Thus, (αA ∗ (βA ∗ γA)) = (γA ∗ (αA ∗ βA)) .

Theorem 4.3 Let e be the right identity element of an AG-groupoid S and αS , βS are arbitrary elements
of S(S). Then, S(S) is commutative semigroup. i.e. αS ∗ βS = βS ∗ αS.

Proof. For any s ∈ S, if s does not appear as a product of two elements in S, then (αS ∗ βS)(s) =
(βS ∗ αS)(s) = ∅. Otherwise, s = yz, for y, z ∈ S and since yz = ye · ze = (ze · e)y = (ze · y) = zy. Thus,

(αS ∗ βS)(s) =
⋃

s=yz
{αS(y) ∩ βS(z)}

=
⋃

s=zy
{βS(z) ∩ αS(y)}

= (βS ∗ αS) (s)

⇒ αS ∗ βS = βS∗αS .
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In the subsequent analysis, we delve into an intriguing characterization of the AG-groupoid when sub-
jected to the SI-product. Typically, in an AG-groupoid with a right identity, it transforms into an
AG-monoid and exhibits commutativity, leading to the acquisition of various other properties, including
LAD. However, it should be noted that for any AG-groupoid S with a right identity, S(S) does not
qualify as an LAD structure under the SI-product operation, as illustrated by the example.

Example 4.4 Let A = {x, y, z} be an AG-groupoid with right identity element x defined by the following
table and αA, βA and γA be soft sets over U = {1, 2, 3, 4, 5, 6, 7, 8} . Then, S(A) is not an LAD-AG-
groupoid.

∗ x y z
x x y z
y y z x
z z x y

Consider three soft sets on A
over U = {1, 2, 3, 4, 5, 6, 7, 8} given as follows:

αA = {(x, {1, 2, 5}), (y, {2, 3, 7}), (z, {1, 7, 8})}
βA = {(x, {4, 5, 6}), (y, {3, 7, 8}), (z, {2, 3, 7, 8})}
γA = {(x, {1, 2, 3}), (y, {3, 5, 8}), (z, {1, 3, 8})}

Then, (βA∗γA)(x) = {3, 8} , (βA ∗γA)(y) = {3, 5, 8} (βA∗γA)(z) = {2, 3, 8}, (γA ∗αA)(x) = {2, 3, 8} ,(αA ∗
βA)(x) = {2, 3, 5, 7, 8}.

We show that (S(A), ∗) is not LAD, i.e. it does not satisfy the condition αA ∗ (βA ∗ γA) = (αA ∗ βA)∗
(γA ∗ αA). Since

αA ∗ (βA ∗ γA) (z) =
⋃

z=pq

{αA(p) ∩ (βA ∗ γA) (q)}

= {αA(x) ∩ (βA ∗ γA) (z)} ∪ {αA(y) ∩ (βA ∗ γA) (y)}
∪ {αA(z) ∩ (βA ∗ γA) (x)}
= {{1, 2, 5} ∩ {2, 3, 8}} ∪ {{2, 3, 7} ∩ {3, 5, 8}}
= ∪{{1, 7, 8} ∩ {3, 8}}
= {2} ∪ {3} ∪ {8} = {2, 3, 8}.

Now, (αA ∗ βA) (x) = {2, 3, 5, 7, 8}, (γA ∗ αA) (x) = {2, 3, 8}, (αA ∗ βA) (y) = {3, 7, 8}, (γA ∗ αA) (z) =
{1, 3}, (αA ∗ βA) (z) = {3}, (γA ∗ αA) (y) = {1, 2, 3, 5, 8}

Thus, ((αA ∗ βA) ∗ (γA ∗ αA)) (z) = ∪z=pq {(αA ∗ βA) (p) ∩ (γA ∗ αA) (q)}.

((αA ∗ βA) ∗ (γA ∗ αA)) (z) =
⋃

y=pq

{(αA ∗ βA) (p) ∩ (βA ∗ γA) (q)}

= {(αA ∗ βA) (x) ∩ (γA ∗ αA) (z)}
∪ {(αA ∗ βA) (y) ∩ (γA ∗ αA) (y)}
∪ {(αA ∗ βA) (z) ∩ (γA ∗ αA) (x)}
= {{2, 3, 5, 7, 8} ∩ {1, 3}} ∪ {{3, 7, 8} ∩ {1, 2, 3, 5, 8}}
∪ {{3} ∩ {2, 3, 8}}
= {3} ∪ {3, 8} ∪ {3} = {3, 8}.

Thus, αA ∗ (βA ∗ γA) ̸= (αA ∗ βA) ∗ (γA ∗ αA).
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S(S) is a non-commutative structure but it is an associative AG-groupoid, so left invertive law holds in
it. Further, it is paramedial, bi-commutative, and nuclear square. Using these properties we proceed to
prove the following characterization under some restriction of the left abelian distributive property.

Theorem 4.5 Let S be an AG-groupoid and S(S) be the AG groupoid. Then,

1. S(S) is AG*,

2. S(S) is AG**,

3. S(S) is LD-AG-groupoid,

4. S(S) is RD-AG-groupoid,

5. S(S) is cyclic associative (CA),

6. S(S) is right abelian distributive (RAD),

7. S(S) is left commutative (LC) AG-gropupoid (LC-AG-groupoid) and right commutative (RC) AG-
groupoid (RC-AG-groupoid),

8. S(S) is Stein AG-groupoid,

9. S(S) is right permuatable (RP*) AG-groupoid (RP ∗-AG-groupoid).

Proof. Let αS , βS , γS and δS be arbitrary elements of S(S). Then,

1.

(αS ∗ βS) ∗ γS = αS ∗ (βS ∗ γS) (by assoc.)

= (αS ∗ βS) ∗ (γS ∗ αS) (by LAD)

= (αS ∗ γS) ∗ (βS ∗ αS) (by Prop. 2.2)

= αS ∗ (γS ∗ βS) (by LAD)

= (βS ∗ γS) ∗ αS(by Lem. 3.1)

= βS ∗ (γS ∗ αS) (by assoc.)

= (βS ∗ γS) ∗ (αS ∗ βS) (by LAD)

= (βS ∗ αS) ∗ (γS ∗ βS) (by BC law)

= βS ∗ (αS ∗ γS) (by LAD)

⇒ (αS ∗ βS) ∗ γS = βS ∗ (αS ∗ γS) .

Hence, S(S) is AG∗-groupoid.

2.

αS ∗ (βS ∗ γS) = (αS ∗ βS) ∗ (γS ∗ αS) (by LAD)

= (αS ∗ γS) ∗ (βS ∗ αS) (by ML)

= αS ∗ (γS ∗ βS) (by LAD)

= (βS ∗ γS) ∗ αS (by Lem. 3.1)

= βS ∗ (γS ∗ αS) (by assoc.)

= (βS ∗ γS) ∗ (αS ∗ βS) (by LAD)

= (βS ∗ αS) ∗ (γS ∗ βS) (by ML)

= (βS ∗ αS) ∗ (γS ∗ βS) (by PML)

= βS ∗ (αS ∗ γS) (by LAD)

⇒ αS ∗ (βS ∗ γS) = βS ∗ (αS ∗ γS) .

Thus, S(S) is AG∗∗-groupoid
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3.

αS ∗ (βS ∗ γS) = (αS ∗ βS) ∗ (γS ∗ αS) (by LAD)

= (αS ∗ γS) ∗ (βS ∗ αS) (by ML)

= (αS ∗ γS) ∗ (βS ∗ αS) (by PML)

= (αS ∗ βS) ∗ (αS ∗ γS) (by Prop. 2.2)

Thus, αS ∗ (βS ∗ γS) = (αS ∗ βS) ∗ (αS ∗ γS) and so S(S) is LD-AG-groupoid.

4.

(αS ∗ βS) ∗ γS = (γS ∗ βS) ∗ αS (by LIL)

= γS ∗ (βS ∗ αS) (by assoc.)

= (γS ∗ βS) ∗ (αS ∗ γS) (by LAD)

= {(αS ∗ γS) ∗ βS} ∗ γS (by LIL)

= (αS ∗ γS) ∗ (βS ∗ γS) (by assoc.)

It is concluded that (αS ∗ βS)∗γS = (αS ∗ γS)∗(βS ∗ γS) . This shows that S(S) is RD-AG-groupoid.

5.

αS ∗ (βS ∗ γS) = (γS ∗ βS) ∗ αS (by Lem. 3.1)

= γS ∗ (βS ∗ αS) (by assoc.)

= (γS ∗ βS) ∗ (αS ∗ γS) (by LAD)

= (αS ∗ γS) ∗ (βS ∗ γS) (by ML)

= (αS ∗ βS) ∗ (αS ∗ γS) (by LIL)

= (γS ∗ αS) ∗ (βS ∗ γS) (by ML)

= γS ∗ (αS ∗ βS) (by LAD)

Then, αS ∗ (βS ∗ γS) = γS ∗ (αS ∗ βS) and so S(S) is CA-AG-groupoid.

6.

(αS ∗ βS) ∗ γS = αS ∗ (βS ∗ γS) (by assoc.)

= (γS ∗ βS) ∗ αS (by Lem. 3.1)

= γS ∗ (βS ∗ αS) (by assoc.)

= (γS ∗ βS) ∗ (αS ∗ γS) (by LAD)

= (γS ∗ αS) ∗ (βS ∗ γS) (by ML)

Here, we see that (αS ∗ βS) ∗ γS = (γS ∗ αS) ∗ (βS ∗ γS) . Therefore, S(S) with LAD-AG-groupoid
is RAD-AG-groupoid.

7.

αS ∗ (βS ∗ γS) = (αS ∗ βS) ∗ (γS ∗ αS) (by LAD)

= (αS ∗ γS) ∗ (αS ∗ βS) (by Prop. 2.2 )

= (αS ∗ αS) ∗ (γS ∗ βS) (by ML)

= (βS ∗ αS) ∗ (γS ∗ αS) (by PML)

= (αS ∗ γS) ∗ (βS ∗ αS) (by Prop.2.2)

= αS ∗ (γS ∗ βS) , (by LAD)

= αS ∗ (γS ∗ βS) .



A Novel Approach to AG-groupoids 15

Hence, when S(S) is LAD, then it is RC.

Now, let us show that if S(S) is LAD, then it is LC.

(αS ∗ βS) ∗ γS = (αS ∗ βS) ∗ γS , (by assoc.)

= (αS ∗ βS) ∗ (γS ∗ αS) (by LAD)

= (αS ∗ γS) ∗ (βS ∗ αS) (by BC law)

= αS ∗ (γS ∗ βS) (by LAD)

= (βS ∗ γS) ∗ αS (by Lem. 3.1)

= βS ∗ (γS ∗ αS) (by assoc.)

= (βS ∗ γS) ∗ (αS ∗ βS) (by LAD)

= (βS ∗ αS) ∗ (γS ∗ βS) (by Prop. 2.2)

= βS ∗ (αS ∗ γS) ( by LAD)

= (βS ∗ αS) ∗ γS (by assoc.)

= (βS ∗ αS) ∗ γS .

This shows that If S(S) is LAD-AG-groupoid, the it is LC-AG-groupoid.

8.

αS ∗ (βS ∗ γS) = (αS ∗ βS) ∗ (γS ∗ αS) (by LAD)

= (αS ∗ γS) ∗ (βS ∗ αS) (by Prop. 2.2)

= αS ∗ (γS ∗ βS) , (by LAD)

= (βS ∗ γS) ∗ αS , (by Lem. 3.1)

= βS ∗ (γS ∗ αS) , (by assoc.)

= (βS ∗ γS) ∗ αS , (by assoc.)

= (βS ∗ γS) ∗ αS .

Thus, S(S) with LAD property is Stein AG-groupoid.

9.

(αS ∗ βS) ∗ γS = αS ∗ (βS ∗ γS) (by assoc.)

= (αS ∗ βS) ∗ (γS ∗ αS) (by LAD)

= (αS ∗ γS) ∗ (βS ∗ αS) (by BC law)

= αS ∗ (γS ∗ βS) (by LAD)

= (αS ∗ γS) ∗ βS (by assoc.)

= (αS ∗ γS) ∗ βS .

Hence, S(S) with LAD property is RP ∗-AG-groupoid.

5. Properties of Right Abelian Distributive AG-groupoid

For an AG-groupoid S it has been depicted in Example 4.4 that (S(A), ∗) is not LAD over the
SI-product operation. We also provide an example to show that (S(A), ∗) is not SI-RAD

Example 5.1 Let A = {x, y, z} be an AG-groupoid defined by the following table and αA, βA and γA be
soft sets over U = {1, 2, 3, 4, 5, 6, 7, 8} . Then, S(A) is not an SI-RAD AG-groupoid.

∗ x y z
x x y z
y y z x
z z x y
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Consider three soft sets on A over
U = {1, 2, 3, 4, 5, 6, 7, 8} given as follows:

αA = {(x, {1, 2, 5}), (y, {2, 3, 7}), (z, {1, 7, 8})}
βA = {(x, {4, 5, 6}), (y, {3, 7, 8}), (z, {2, 3, 7, 8})}
γA = {(x, {1, 2, 3}), (y, {3, 5, 8}), (z, {1, 3, 8})}

Then, (βA∗γA)(x) = {3, 8} , (γA ∗ αA)(x) = {2, 3, 8} , (αA ∗ βA)(x) = {2, 3, 5, 7, 8} , (αA ∗ βA) (y) =
{3, 7, 8}, (αA ∗ βA) (z) = {3} (βA∗γA)(x) = {3, 8}, (βA ∗ γA)(y) = {3, 5, 8} , (βA∗γA)(z) = {2, 3, 8} .

We show that (S(A), ∗) is not RAD, i.e. it does not satisfy the condition (αA ∗ βA)∗γA = (γA ∗ αA)∗
(βA ∗ γA). Since ((αA ∗ γA) ∗ γA) (z) =

⋃
z=pq {(αA ∗ βA) (p) ∩ γA(q)}.

Wherein, z appears in the table as,

(αA ∗ βA) ∗ γA(z) =
⋃

z=pq

{(αA ∗ βA) (p) ∩ γA(q)}

= {(αA ∗ βA) (x) ∩ γA(z)}
∪ {(αA ∗ βA) (y) ∩ γA(y)}
∪ {(αA ∗ βA) (z) ∩ γA(x)}
= {{2, 3, 5, 7, 8} ∩ {1, 3, 8}}
∪ {{3, 7, 8} ∩ {3, 5, 8}} ∪ {{3} ∩ {1, 2, 3}}
= {3, 8} ∪ {3, 8} ∪ {3} = {3, 8} .

Further since,
(αA ∗ βA) (x) = {2, 3, 5, 7, 8}, (γA ∗ αA) (x) = {2, 3, 8}, (αA ∗ βA) (y) = {3, 7, 8}, (γA ∗ αA) (z) = {1, 3},
(αA ∗ βA) (z) = {3}, (γA ∗ αA) (y) = {1, 2, 3, 5, 8}. Thus,

((γA ∗ αA) ∗ (βA ∗ γA)) (z)
=

⋃
z=pq

{(γA ∗ αA) (p) ∩ (βA ∗ γA) (q)}

= {(γA ∗ αA) (x) ∩ (βA ∗ γA) (z)}
∪ {(γA ∗ αA) (y) ∩ (βA ∗ γA) (y)}
∪ {(γA ∗ αA) (z) ∩ (βA ∗ γA) (x)}
= {{2, 3, 8} ∩ {2, 3, 8}} ∪ {{1, 2, 3, 5, 8} ∩ {3, 5, 8}}
∪ {{1, 3} ∩ {3, 8}}
= {2, 3, 8} ∪ {3, 5, 8} ∪ {3} = {2, 3, 5, 8}.

Thus, (αA ∗ βA) ∗ γA ̸= (γA ∗ αA) ∗ (βA ∗ γA).

Proposition 5.1 Let A be LC-AG-groupoid. Then, S(A) is LC-AG-groupoid.

Proof. From [4], we know that RAD-AG-groupoid is LC-AG-groupoid. To show that S(A) is a LC-AG-
groupoid, we should prove that for all αA, βA, γA ∈ S(A) and x ∈ A ((αA ∗ βA) ∗ γA) (x) = ((βA ∗ αA) ∗ γA).
We consider that if x does not appears as a product of two elements in A, then (αA ∗ βA)(x) =
(βA ∗ αA)(x) = ∅. Let x = pq, for p, q ∈ A. Then,
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((αA ∗ βA) ∗ γA) (x) =
⋃

x=pq

{(αA ∗ βA) (p) ∩ (γA) (q)}

=
⋃

x=pq
{∪p=rs {αA(r) ∩ βA(s)} ∩ (γA(q))}

=
⋃

x=(rs)q
{(αA(r) ∩ βA(s)) ∩ γA(q)}

=
⋃

x=(sr)q
{(βA(s) ∩ αA(r)) ∩ γA(q)}

=
⋃

x=pq
{∪p=sr (βA ∗ αA) (p) ∩ γA(q)}

=
⋃

x=pq
{(βA ∗ αA) (p) ∩ γA(q)}

=
⋃

x=pq
{((βA ∗ αA) ∗ γA) (x)}

= ((βA ∗ αA) ∗ γA) (x)

Proposition 5.2 Let A be an RAD-AG-groupoid. Then, S(A) is RD-AG-groupoid.

Proof. From [4] we know that if A is RAD, then it is RD. Thus, for any αA, βA, γA we have to show
that ((αA ∗ βA) ∗ γA) (x) = ((αA ∗ γA) ∗ (βA ∗ γA)) (x). Then,

((αA ∗ βA) ∗ γA) (x) =
⋃

x=pq

{(αA ∗ βA) (p) ∩ γA(q)}

=
⋃

x=pq
{(∪p=rs {αA(r) ∩ βA(s)}) ∩ γA(q)}

=
⋃

x=(rs)q
{({αA(r) ∩ βA(s)}) ∩ γA(q)}

=
⋃

x=(rs)q
{(αA(r) ∩ βA(s)) ∩ ({γA(q) ∩ γA(q)})}

=
⋃

x=(rq)(sq)
{αA(r) ∩ γA(q) ∩ ({βA(s) ∩ γA(q)})}

=
⋃

x=(rq)(sq)
{{αA(r) ∩ γA(q)} ∩ ({βA(s) ∩ γA(q)})}

=
⋃

x=uv
{{∪u=rq (αA ∗ γA) (q)} ∩ {∪v=sq (βA ∗ γA) (v)}}

=
⋃

x=uv
((αA ∗ γA) ∗ (βA ∗ γA)) (x)

= ((αA ∗ γA) ∗ (βA ∗ γA)) (x).

Hence, (αA ∗ βA) ∗ γA = (αA ∗ γA) ∗ (βA ∗ γA) .
As by Example 5.1, S(A) is not RAD under the SI-product operation. However, it does hold under

the following conditions as mentioned below.

Theorem 5.2 Let S(S) satisfy at least one of the following properties over an AG-groupid S. Then S(S)
is necessarily an RAD-AG-groupid.

1. S(S) is LAD

2. S(S) is LD

3. S(S) is RD

4. S(S) is slim
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5. S(S) is idempotent

Proof. Let αS , βS , γS and δS be any elements of S(S). Then,

1. Let S(S) be LAD. Then,

(αS ∗ βS) ∗ γS = αS ∗ (βS ∗ γS) (by assoc.)

= (αS ∗ βS) ∗ (γS ∗ αS) (by LAD)

= (αS ∗ βS) ∗ (γS ∗ αS) (by PML)

= {(γS ∗ αS) ∗ βS} ∗ αS (by LIL)

= (γS ∗ αS) ∗ (βS ∗ γS) (by assoc.)

= (γS ∗ αS) ∗ (βS ∗ γS) .

2. Let S(S) be LD. Then,

(αS ∗ βS) ∗ γS = αS ∗ (βS ∗ γS) (by assoc.)

= (γS ∗ βS) ∗ αS (by Lem. 2.1)

= γS ∗ (βS ∗ αS) (by assoc.)

= (γS ∗ βS) ∗ (γS ∗ αS) (by LD)

= {(γS ∗ αS) ∗ βS} ∗ γS(by LIL)

= (γS ∗ αS) ∗ (βS ∗ γS) (by assoc.)

(αS ∗ βS) ∗ γS = (γS ∗ αS) ∗ (βS ∗ γS) .

3. Let S(S) be RD. Then,

(αS ∗ βS) ∗ γS = αS ∗ (βS ∗ γS) (by assoc.)

= (γS ∗ βS) ∗ αS (by Lem. 2.1)

= (γS ∗ αS) ∗ (βS ∗ αS) (by RD )

= (αS ∗ βS) ∗ (γS ∗ αS) (by Lem. 3.1)

= (αS ∗ βS) ∗ (γS ∗ αS) .

4. Let S(S) be Slim. Then,

(αS ∗ βS) ∗ γS = αS ∗ (βS ∗ γS) (by assoc.)

= αS ∗ {γS ∗ (βS ∗ γS)} (by assump.)

= {(βS ∗ γS) ∗ γS} ∗ αS (by Lem. 2.1)

= (αS ∗ γS) ∗ (βS ∗ γS) (by LIL)

= (αS ∗ βS) ∗ (γS ∗ γS) (by ML)

= (γS ∗ βS) ∗ (γS ∗ αS) (by PML)

= {(γS ∗ αS) ∗ βA} ∗ γS (by LIL)

= (γS ∗ αS) ∗ (βS ∗ γS) (by assoc.)

= (γS ∗ αS) ∗ (βS ∗ γS) .

Furthermore, S(S) is commutative as;

αS ∗ βS = (αS ∗ γS) ∗ βS (by assump.)

= (βS ∗ γS) ∗ αS (by LIL)

= βS ∗ αS (by assump.)

= βS ∗ αS .
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5. Let S(S) be an idempotent. Then,

αS ∗ βS = (αS ∗ αS) ∗ βS (by assump.)

= (βS ∗ αS) ∗ αS (by LIL)

= βS ∗ (αS ∗ αS) ( by assoc.)

= βS ∗ αS (by assump.)

= βS ∗ αS .

Now, we prove that S(S) is RAD;

(αS ∗ βS) ∗ γS = αS ∗ (βS ∗ γS) (by assoc.)

= (γS ∗ βS) ∗ αS (by Lem. 2.1)

= γS ∗ (βS ∗ αS) (by assoc.)

= (γS ∗ γS) ∗ (βS ∗ αS) (by assump.)

= (γS ∗ βS) ∗ (γS ∗ αS) (by ML)

= {(γS ∗ αS) ∗ βS} ∗ γS (by LIL)

= (γS ∗ αS) ∗ (βS ∗ γS) (by assoc.)

= (γS ∗ αS) ∗ (βS ∗ γS) .

Next, we give an alternative characterization of S(S) that subclasses emerge, when it posses the RAD
property. Note that this does not happen in the usual case of AG-groupoids but it only holds in S(S)
under the SI-product of soft sets. It means the application of SI-product to the structure of AG-groupoids
has a unique impact on its characteristics. We provide some counterexamples to depict the fact that not
every AG-groupoid equipped with the property of RAD is (i). AG*; (ii), AG** and (iii). CA-AG-
groupoid. However, this rises in the case of S(S), the unique subclass of the AG-groupoids under the
SI-products of soft sets as characterized in the following theorem.

(i)

· 1 2 3
1 2 2 2
2 3 3 3
3 3 3 3

(ii)

∗ 1 2 3
1 1 1 1
2 3 1 1
3 1 1 1

(iii)

◦ 1 2 3
1 1 1 1
2 3 1 1
3 1 1 1

Theorem 5.3 For an AG-groupoid S, let S(S) satisfy the RAD property. Then, any of the following
hold.

1. S(S) is an AG*,

2. S(S) is an AG**,

3. S(S) is Left distributive (LD),

4. S(S) is right distributive (RD),

5. S(S) is cyclic associative (CA),

6. S(S) is an LAD,

7. S(S) is an LC and RC,

8. S(S) is Stein,
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9. S(S) is an RP*.

Proof. Let αS , βS , γS be any elements of S(S) and the RAD property, (αS ∗ βS)∗γS = (γS ∗ αS)∗(βS ∗ γS)
holds in S(S). Then,

1.

(αS ∗ βS) ∗ γS = (γS ∗ αS) ◦ (βS ∗ γS) (by RAD)

= (γS ∗ βS) ∗ (αS ∗ γS) (by ML)

= (βS ∗ αS) ∗ γS (by RAD)

= βS ∗ (αS ∗ γS) (by assoc.)

Hence, S(S) is AG∗-groupoid.

2.

αS ∗ (βS ∗ γS) = (αS ∗ βS) ∗ γS (by assoc.)

= (γS ∗ αS) ∗ (βS ∗ γS) (by RAD)

= (γS ∗ βS) ∗ (αS ∗ γS) (by Prop. 2.2)

= (βS ∗ αS) ∗ γS (by RAD)

= βS ∗ (αS ∗ γS) (by assoc.)

Thus, S(S) is AG∗∗-groupoid

3.

αS ∗ (βS ∗ γS) = (γS ∗ βS) ∗ αS (by Lem. 3.1)

= (αS ∗ γS) ∗ (βS ∗ αS) (by RAD)

= (αS ∗ βS) ∗ (αS ∗ γS) (by Prop. 2.2)

It is shown that if S(S) is RAD-AG-groupoid, then it is LD-AG-groupoid.

4.

(αS ∗ βS) ∗ γS = (γS ∗ αS) ∗ (βS ∗ γS) (by RAD)

= (γS ∗ βS) ∗ (αS ∗ γS) (by ML)

= {(αS ∗ γS) ∗ βS} ∗ γS (by LIL)

= (αS ∗ γS) ∗ (βS ∗ γS) (by assoc.)

Thus, S(S) is RD-AG-groupoid.

5.

αS ∗ (βS ∗ γS) = (αS ∗ βS) ∗ γS (by assoc.)

= (γS ∗ αS) ∗ (βS ∗ γS) (by RAD)

= (γS ∗ βS) ∗ (γS ∗ αS) (by Prop. 2.2)

= (γS ∗ βS) ∗ (αS ∗ γS) (by RC)

= (βS ∗ αS) ∗ γS (by RAD)

= (γS ∗ αS) ∗ βS (by LIL)

= γS ∗ (αS ∗ βS) (by assoc.)

S(S) is CA-AG-groupoid.
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6.

αS ∗ (βS ∗ γS) = (γS ∗ βS) ∗ αS (by Lem. 3.1)

= (αS ∗ γS) ∗ (βS ∗ αS) (by RAD)

= (αS ∗ βS) ∗ (γS ∗ αS) (by Prop. 2.2)

Hence, it is seen that if S(S) is RAD-AG-groupoid, it is LAD-AG-groupoid.

7.

(αS ∗ βS) ∗ γS = (γS ∗ αS) ∗ (βS ∗ γS) (by RAD)

= (γS ∗ βS) ∗ (αS ∗ γS) (by ML)

= {(αS ∗ γS) ∗ βS} ∗ γS (by LIL)

= {(βS ◦ γS) ∗ αS} ∗ γS (by LIL)

= (βS ◦ γS) ∗ (αS ∗ γS) (by assoc.)

= (βS ∗ αS) ∗ (γS ∗ γS) (by ML)

= (γS ∗ αS) ∗ (γS ∗ βS) (by PML)

= {(γS ∗ βS) ∗ αS} ∗ γS (by LIL)

= (γS ∗ βS) ∗ (αS ∗ γS) (by assoc.)

= (βS ∗ αS) ∗ γS (by RAD.)

It is cocluded that If S(S) is RAD-AG-groupoid, then it is LC-AG-groupoid. Further,

αS ∗ (βS ∗ γS) = (αS ∗ βS) ∗ γS (by assoc.)

= (βS ∗ αS) ∗ γS (by LC)

= αS ∗ (βS ∗ γS) (by AG*)

= αS ∗ (γS ∗ βS) (by LC)

It is cocluded that If S(S) is RAD-AG-groupoid, then it is RC-AG-groupoid.

8.

αS ∗ (βS ∗ γS) = (αS ∗ βS) ∗ γS (by assoc.)

= (γS ∗ αS) ∗ (βS ∗ γS) (by RAD)

= (γS ∗ βS) ∗ (αS ∗ γS) (by ML)

= (βS ∗ αS) ∗ γS (by RAD)

= (γS ∗ αS) ∗ βS (by LIL)

= γS ∗ (αS ∗ βS) (by assoc.)

= (βS ∗ αS) ∗ γS (by Lem. 3.1)

= αS ∗ (βS ∗ γS) (by AG*)

= (γS ∗ βS) ∗ αS (by Lem. 3.1)

= (βS ∗ γS) ∗ αS (by LC)

Hence, S(S) satisfying RAD-AG-groupoid properties is Stein AG-groupoid.
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9.

(αS ∗ βS) ∗ γS = (γS ∗ αS) ∗ (βS ∗ γS) (by RAD)

= (γS ∗ βS) ∗ (αS ∗ γS) (by ML)

= (βS ∗ αS) ∗ γS (by RAD)

= (γS ∗ αS) ∗ βS (by LIL)

= (αS ∗ γS) ∗ βS (by LC)

Thus, S(S) satisfying RAD-AG-groupoid property is RP*-AG-groupoid.

6. Conclusion

This paper has centered on the concept and application of the SI-product for soft sets over AG-
groupoids. It has successfully rectified and improved upon various published results. Including alter-
native, concise, and general proofs has made understanding these results more accessible. Additionally,
the construction and inclusion of examples and counterexamples have validated the obtained results and
supported the corrections and improvements made to the published work. The investigation that has
been conducted in this paper relies on the utilization of modern techniques such as Prover-9 and Mace-4
to generate counterexamples, which proved to be valuable tools for further exploration and investigation
in this field.

Acknowledgment: The authors express their gratitude to the anonymous reviewers for their valuable
insights and expert suggestions that greatly contributed to the enhancement of this paper.

References

1. F. Abdunabi and A. Shliteite, Approximations of the Prime Soft Ideal and Maximal Soft Ideal of Soft Semirings, Lybian
Journal of Basic Sciences 14 (2022), 169-172.

2. U. Acar, F. Koyuncu and B. Tanay, Soft sets and soft rings, Computers and Mathematics with Applications 59 (2010),
3458-3463.

3. I. Ahmad, M. Rashad and M. , Some properties of AG-groupoids, Research Journal of Recent Sciences 2(4) (2013),
91-93.

4. I. Ahmad, S.-Rahman M Iqbal, A Note on Left Abelian Distributive LA-semigroups Punjab University Journal of
Mathematics 52(1) (2020), 47-63

5. M.I. Ali, F. Feng, X. Liu, W.K. Min and M. Shabir, On some new operations in soft set theory, Computers and
Mathematics with Applications 57 (2009), 1547–1553.
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11. R. Barzegar S.B. Hosseini and N. Çaǧman, Second type nilpotent soft subgroups, Afrika Matematika 34(1) (2023), 17.
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