Bol. Soc. Paran. Mat. (3s.) v. 2025 (43) : 1-11
©SPM — E-ISSN-2175-1188 ISSN-0037-8712
SPM: www.spm.uem.br/bspm do0i:10.5269/bspm.69521

Inner higher derivations on Hilbert C*-modules

Sayed Khalil Ekrami

ABSTRACT: Let M be a Hilbert C*-module. We define a product me on M, making M into a Banach algebra.
Then we study inner derivations and inner higher derivations of Banach algebra (M, 7e). We find the general
form of the family of inner derivations corresponding to an inner higher derivation on unital Banach algebra
(M, me), with the identity element 1. We show that if {v,}22 o and {w,}22 , are sequences in M such
that vo = wo = 1pq and (V* W), = (W* V), =0 for all n € N and {¢n}$2 is the inner higher derivation on
(M, e) defined by
n
on(z) = Z(vi’ e)(z, e)wn—i,
i=0

for all z € M and each non-negative integer n, then the corresponding sequence of inner derivations {¢ }
defined on (M, me) by

e@ = (3 (X O nln )6 (e, ) )

=1 i r=n

oo
n=1’

+ <xve>i ( Z (71)7;71 Ti<wrlve><wrzve>"'(wri—l’e>wri>v

for all x € M and all n € N.
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1. Introduction

A derivation of an algebra A is a linear mapping 0 from A into itself such that §(ab) = §(a)b + ad(b)
for all a,b € A. For a fixed a € A, the mapping d,(z) = ax — za is clearly a derivation, which is
called an inner derivation implemented by a. A sequence of linear mappings {d, : A — A}>2, with
do = I (the identity mapping on A), is called a higher derivation on A, if it satisfies the equation
dn(ab) = Y1 di(a)d,—i(b) for all a,b € A and each non-negative integer n. Mirzavaziri defined the
concept of inner higher derivations on algebras in [9] as a sequence of linear mappings {d, : A — A}5%,
satisfying (n + 1)d,(z) = Y1y @i1dn—i(z) — dp—i(2x)a;41 for each n = 0,1,2,... and 2 € A in which
{an}22, is a sequence in A and then gave a characterization for inner higher derivations on a torsion
free algebra A. He showed that each higher derivation on A is inner provided that each derivation on A
is inner. For more information about derivations and higher derivations on algebras, the reader refer to
[1,2,4,5,6,7,10,11,12,13].

In this paper, we discuss about inner higher derivations on Hilbert C*-modules. The notion of a
Hilbert C*-module is a generalization of a Hilbert space in which the inner product takes its values in a
C*-algebra (see [8]). Let A be a C*-algebra and M be a complex linear space which is a left .A-module
with a compatible scalar multiplication. The space M is called a left inner product A-module, if there
is an A-valued inner product (z,y) — (z,y) : M x M — A such that for each z,y,z € M, o, 8 € C and
a € A,

(i) (z,z) > 0 and the equality holds if and only if z =0,
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(ii) {(az + By, z) = a(z,z) + B(y, ),
(iii) (az,y) = alz,y),
(iv) (z,y)" = (y, ).

It follows from the conditions (i)-(iv) that, (x, ) is a positive element in C*-algebra A, the inner product
is conjugate-linear in its second variable and (z, ay) = (x,y)a* for all x,y € M,a € A. An inner product

A-module M which is complete with respect to the norm ||z||pm = ||(z, x) ||i is called a Hilbert A-module
or a Hilbert C*-module over the C*-algebra A. For example, every C*-algebra A is a Hilbert .A-module
under the A-valued inner product (a,b) = ab* (a,b € A). Every complex Hilbert space is a left Hilbert
C-module. The notion of a right Hilbert .A-module can be defined similarly.

Let M be a (left) Hilbert C*-module over a C*-algebra A and I be the identity mapping on M.
Ekrami [3] showed that for any Hilbert C*-module higher derivation {¢,}>2, on a Hilbert C*-module
M, with g = I, there exists a unique sequence of Hilbert C*-module derivations {¢,,}2; on M such

that .
Un = Z ( Z (_1)k_1 T1Pr1 Prg - -+ 907%)7

k=1 ri+ro+--+rp=n

for each positive integers n, where the inner summation is taken over all positive integers r; with
Zle T =n.

Every Hilbert C*-module M is a Banach space but there is no algebraic product on it. In this paper,
using the A-valued inner product defined on M x M, we define a product me on M, making M into a
Banach algebra. Then we study inner derivations and inner higher derivations of Banach algebra (M, me).
We find the general form of the family of inner derivations corresponding to an inner higher derivation.
We show that if (M, 7e) is unital, with the identity element 1, and {v, }22, and {w, }22, are sequences
in M such that vg = wp = 1pq and (vxw), = (wxv), =0 for all n € N and {¢,}>2 is the inner higher
derivation on (M, me) defined by

n

onlx) =Y (vi,e)(z, e)wn_i,

i=0
for all x € M and each non-negative integer n, then the corresponding sequence of inner derivations
{n}22,, defined on (M, me) by

n

U (x) = <Z ( Z (1) vy (v, e) (v, €) ... (Uri_l,e>vm),e>a:

=1 23:1 ri=n

for all x € M and all n € N.
For more information about derivations and higher derivations on Hilbert C*-modules, the reader
refer to [3,12].

2. The Results

Let M be a (left) Hilbert .A-module and let e be an arbitrary element in M with |le]] = 1. The
mapping 7e : M X M — M defind by 7e(x,y) = (x,e)y for all z,y € M, is a product on M. Validity
of equation

Te (7Te(£L’7 y)Z) = <I7 e><y7 e>z = Te (1‘7 7Te(yv Z))7

shows that (M, me) is an associative algebra. With a simple calculation we can show that (M, ) is
a Banach algebra. (M, ) is called unital, if there exists an element 154 in M such that (z,e)lr =
(Ip,€)x =z for all © € M.
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A linear mapping ¢ : (M, 7e) — (M, 7e) is called a derivation on (M, we), if it satisfies the equation

V({z,e)y) = (V(z),e)y + (z,e)v(y),
for all x,y € M.

[\v)
=M%

V2
Example 2.1 Let Ms(C) be the C*-algebra of 2 x 2 complex matrices and E = [ 2
mapping ¢ : (M2(C), ) = (M2(C), 7g) defined by

}. The

o

o) =0 °

T11 + Z21 Ti2 + T22
for all X € M5(C), is a derivation on (Ms(C), 7).
For a fixed element w € M, the linear mapping 1y, : (M, 7e) = (M, 7o) defined by
bulz) = (w ez — (z,e)w,

for all x € M, is a derivation, which is called an inner derivation on (M, me).
A sequence of linear mappings {¢y, : (M, me) = (M, me) 152, with g = I, is called a higher derivation
on (M, me), if it satisfies the equation

n

on{,e)y) =D (i), e)pn—ily), (2.1)

i=0
for all z,y € M and each non-negative integer n.
Proposition 2.1 Let {p,}22  be a sequence of linear mappings on (M, ) with @o = I, for which there
exists a sequence {vp, 152, in M such that

n

>~ (k1. @n-r(@) = (pu-i(@), o). (2:2)

k=0

1
n+1

Pn+1 (‘T) =

for all x € M and each non-negative integer n. Then {©n 52 is a higher derivation on (M, ).

Proof: Assume that for sequence of linear mappings {¢,}22, on (M, me) with ¢ = I and sequence
{vn}52, of elements of M, the equation (2.2) holds. Using induction on n, we show that {¢, }52, satifies
the equation (2.1).

Putting n = 0 in (2.2), we have p(x) = (v1,e)x — (x,e)v1 = @y, () for all z € M. Thus ¢; is an
inner derivation on (M, me). Suppose that the equation (2.1) is true for all k£ < n. For n + 1 we have

(n+ Dentr({z, €)y)

I
NE

((rsr,e)pn-r((z,e)y) — (pu-i((a. }y). )i

ES
I
o

77[}11k+1 (‘Pn—k((‘ra e>y))

=

n—

Yo (i) &)n-r—i(b))

1=

|
=
i
Bl

n

(Vugir (9i(2)), €)Pn—r—i(y) + (pi(2), €Yoy, (Pn—k—i(y))

B

K2
n—

3
L

M+ 1M DM+ 1M

I
o
b
I
o

(Yoii1 (#i(2)), €)pn—k—i(y) +

K2

(#i(2), €)Yuy 1, (Pn—b-i(y)),

E
I

03

N
I
=
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for all z,y € M. Now, putting k + ¢ = r in the first summation, changing the indices in the second
summation and using assumption, we have

(n + 1)50n+1(<m7 e>y)

S (S b il Yoo ) + S lrl)eh( 3 b (s )
k=0

r=0 k=0 r=0
= {0+ V(@) e)pnr(y) + Y (or(@),€) (0 =+ Dpn i)
r=0 r=0
n+1 n
= ZM@T( )s €)Pn—rt1(y "’Z n—r1+1){pr(7), €)on—ri1(y)
r=1
= (n+1){pnt1(z )+ Zr or(x), €)on—r1(y)

n

+ Y (n =7+ 1){er(2), @)pn—rr1(y) + (n+ 1){po(@), €)pnr1(y)

r=1
n

= (n+ 1) {(nt1(@),€)00(y) + (0 +1) Y (pr(2),€)n—ri1(y) + (0 + 1){po(x), €)nt1(y)

r=1
n+1

=(n+1) Z<90T(x)a e)nt1-r(Y),

r=0

for all z,y € M. This shows that {¢,}52 is a higher derivation on (M, me) and completes the proof. O

Definition 2.1 A higher derivation satisfying in Proposition 2.1, is called an inner higher derivation on

(M, ).
The next corollary follows from Proposition 2.1.

Corollary 2.1 A sequence of linear mappings {¢n}2, on (M,m) with o = I, is an inner higher
derivation on (M, m.), if and only if there is a sequence of inner derivations {1, }>2, on (M,me)

defined by ¥, (x) = (v, €)x — (x, €)v,, such that

( (PnJrl Z,l/}”k-%—l Pn—k, (23)

for each non-negative integer n.

Lemma 2.1 Let {v,}22, and {w,}32, be two sequences in M, and {pn}52, be a sequence of mappings
defined on (M, me) by

n

@n(x) = Z<Ui7 e> <Jf, e>wn—i’

=0

for all x € M and each non-negative integer n. Then we have

i:<901( ), €)en—i( Z§01<$ e){(w* v)p— Z,e)y),

=0

for all x,y € M and each non-negative integer n, in which (w* v) = Zfzo(wi, e)vg_i, k=0,1,2,---
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Proof: Trivially each ¢, is linear. For all x,y € M and each non-negative integer n, we have

n

Zg@i<<x,e)<(w*vn i,e ) ngz(x e <HZ:) Wj,€)Vp—i— j,e>y)

=0

n n—i

=S wi((w ey, e)vai . ely)

i=0 j=0

n n—i %

= Z Z Z<U’“ e><<x7 e)(w;, e)(vn—i—j,e)y, e>wi—k

i=0 j:O k=0

- Z Z Z Uk, € Y w;, €)(vn—i—j,e)(y, e)w;_k.

We can write >0 S0 @ik = 2 2ope; Thy, in which

n—t

Lik = Z<vk7 e> <$, e> <wja e> <Un—1'—ja e> <y7 e>wi—k-

=0

Thus we conclude that

n n n n—k
Z‘Pi<<x7e><(w*v)n—iae>y) = Z Uu <x e><w17e><vn k—j> )(y, >wk i
i=0 i=0 k=i j=0

n n—in—i—k

(vi, e){z, e)(wj, €)(Vn—k—i—j, ) (y, e)wy

(=)
<
(=)

I
™

0

e

.
I

We can write Y 7 Z" R o = Z;:S S W27 2k, in which
k5 = (Vi, €)(x, &) (wj, e)(vn i, e)(y, e)w

Thus

n

> i@ e) (W V)n-isely) =

=0 %

n—in—i—j

Y (vi,e) (@, e){w;, e)(vn—k—i—j,e)(y, e)w

k=0

-
o
I
[en)

J

In the summation > o Z] o» We have 0 <4+ j < n. Thus if we put ¢ + j = r, then we can write it as
the form >, ZHJ:T. Putting j = r — ¢, we indeed have

S i (0w = V) isedy) = 30 D7 S (uns )€} (i) (v hro ) 5 )

=0 7=0 i=0 k=0
= Z < <vl,e><w7e>wr,“e> (Vn—r—k,€)(y, €)
r=0 =0 k=0
= Z(‘PT (1‘), e><P"—7“(y)
r=0

This completes the proof. O
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Corollary 2.2 Let (M, m.) be unital, with the identity element 1y and {v,}52y and {w,}22, be se-
quences in M such that vy = wo = 1y and (v* w),, = (w* v), =0 for alln € N. Then the sequence of
mappings {¢on 22y on (M, ) defined by

n

‘pn(‘r) = Z<viv e> <£E, e>wn*iv

i=0
for all x € M and each non-negative integer n, is a higher derivation on (M, ).

Proof: For n = 0, we hane pg(x) = (vg, e){x,e)wy = x = I(z) for all x € M. Thus ¢y = I. Let n € N.
By Lemma 2.1, we have

n

> teil@),e)pn-ilw) = > @i (@, ) (W V)u-ise)y)
=0

=0
= ou () (W v)o.ey) + "fgoi(@,ex(w V)i e)y)
=0
= son(<w,e>y),
for all z,y € M. O

In the next proposition, we find the general form of the family of inner derivations corresponding to
an inner higher derivation.

Proposition 2.2 Let (M, 7.) be unital, with the identity element 1y and {v,}5 and {w,}52 be
sequences in M such that vg = wo = 1y and (v w), = (Wxv), =0 for alln € N. Let {p,}52, be the
(inner) higher derivation on (M, w.) defined by

n

on(@) =3 (v, €)(, €,

=0

for all x € M and each non-negative integer n. Then the corresponding sequence of inner derivations
{¢n}?f:1; deﬁned on (M77Te) by

¢n(x):<§n:( > DT (v, €)@ ) €)a (2.4)
=1 i r=n

n

+ (z, €) Z ( Z (=) ri(wey, €)(wry, €) .. {wy,_,, e)wri),

=l S r=n

for all x € M and all n € N.

Proof: Put

i ( Z (=) vy (v, e) (v, €) ... (vnfl,eﬂ)n),
i=1 Z;’_:l rj=n
zn: (> 0 il e) (e, e)uy, ).

=1 @ L
i, ry=n

An
B,
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Then ¥, (z) = (A, e)x + (x,e)B,,. First we prove the following equations, using induction on n.

n

i) (4 Dvnpr =D (Aki1,€)vn s,
k=0

(i) (4 Dwni1 = (wn g, e)Bii1.
k=0

Proof of (i): For n = 1 we have A7 = v1. Suppose that Ay, is defined for all k = 1,2,...,n as equation
(i). Then for n + 1 we have

An+1
n+1
= Z ( Z (—=1)* " ri (v, e) (v, €) ... (vrk_l,e>v,«k>
k=1 E?:l rj=n+1
n+1
= (4 Do+ Y ( D G AR TS TSNS S <vr,€71,e>vr,€)
k=2 ’;:1 ri=n-+1

Do+ (Y U o @0 (o v, )
k=1

SA

n n—(k—1)
=(n+1)vpe — Z Z ( Z (=)t (v, €) (v, €) ... <vrk,e>)vm+1
k=1 rp41=1 ritrot... 41y
=nt+l—rp4q
n n—(k-1)

=+ vyt — Z Z ( Z (=D 1 ri (v, €)(vpy,€) ... <vrk,e>)vi
k=1 i=1

ritroto g

=n+1—1i
n n—(i—1)

— (4 Do = Y (X U e ve) (0 )

i=1 k=1 ritret. .ty

=n—(i—1)

n n—(i—1)

AR D DX CED S (R SN Co Lt ST CONR SS SRR SR S R

i=1 k=1 ritret..try
=n—(i—1)
n n—1
=+ 1D)vns1 — > (An_o1),@)vi = (n+ Dvngr — Y _(An_i,e)vip
=1 1=0
n—1
= (n + 1)U7L+1 - Z<Ak+1ae>vn—k~
k=0

This proves the validity of equation (i).

Proof of (ii): For n = 1 we have B; = w;. Suppose that By is defined for all K = 1,2,...,n as
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equation (ii). Then for n + 1 we have

Bn+1
n+1

=302 U e wne) - fwn, un, )
k=1

k —
j=1 rj=n+1

n+1
=+ Dwpgr + Z ( Z (*1)k71 e (W, €)(wy,,€) . .. <wm717e>wm)

Zf L rj=n+1

= (4 Duwper + 3 ( S (U i (e wye) (wTk,e>wTk+l)
k=1

n n—(k—1)

=(n+ Dwpy1 — Z ( Z <wr17e> Z (_1)k_1 Tk+1 <wrza e> cee <wrkve>wm+1)

k=1 m=1 Sy ri=ntl-n

n n—(k—l)
= (n+ Dwasr — > ( (wie) Y (DR rga{wg,.e) . <wrk,e>wm+1)
=1 = S i
n ’I’L*(Zfl)
= (n+ Dwppr — > (wie) Y ( 3 (=1)% ! v (wry, @) - . <wrk,e>wrk+l)
=1 I
n n—(i—1)
=n+1Dwp41 — Z(wi, e) ( Z (1) rp(w,,,e) ... (wrk_l,e)wTk>
i=1 k=1 Yk r=ne(i-1)
n n—1
=+ Dwpg1 — Z(wz‘, e)B,_(i—1) = (n+ Dwyy1 — Z<wi+17e>Bn—i
=1 i=0
n—1
= (n+ Dwpq1 — Z(wnfk, €)Bjy1.
k=0

This proves the validity of equation (ii). Now we have

n n n n—k
> rirpn-k(z) = Zwkﬂ( (vi, e)(z, e)wp_j— z) SN vk ((vis e, e)wn k)
k=0 =0 k=0 i=0

((Aks1,€) (03, @), @)wn—pi + (vi, €) (2, €) (wn ki, &) Brs1 )

(<Ak+1, e) (v, €){x, e)wn_k—i + (vn_k—i, e){z, ) (w;, e>Bk+1>.

In the summation ZZ:O Z?;Ok, we have 0 < k+ ¢ < n. Thus if we put k+1¢ = r, then we can write it as
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the form " (>, . . Putting i = r — k, we indeed have

=33 ((Aksr,e)(vr s €)a, €)wnr + (vr,€) (z,€) (1, 1,€) By )

T T

=0 k=0

Pt D, €) (@, €)wa iy + (1 1) (vn-r €)@, )41 )

- ;no(r + 1) vy, @) (7, €)w_y + g(r + 1) (vn s @) (@, €)wy 1
= (n+ 1) (vpp1,e)z + g(r + 1) (01, €) (x, )wn_r
+ (n+ 1), @)wns + g(r + 1) (Un s @) (@, €)wy 1
= (n+ 1) (vpp1, )z + g(r + 1) (01, €) (x, )wn_r
+ (n+1)(z, e)wny1 + g(n = 1){vr41, €)(z, €)wn—r
= (n+ 1) {vpg1, @)z + (n+1) 1(vr+1, e)(x, e)wn_r + (n +1)(x, ) w41

3
|

%
I
o

\E

— (n+ D{vnrr,e)a+ (n+1) S (vr,€) , Q)wnsr—, + (n+ 1) (&, )iy

1
l
—

n+1

=(n+1) Z<UT’ e){x, e)wn 41—

= (4 Dpnia (2.

k
(< (Ag41,€ vr,k7e><x, e)wp_r + (Up_r,€){z,€) (wr,lﬁe)BkH)
(1

Thus {9, }22, is the corresponding sequence of derivations to the higher derivation {p,}>2,. Since
Yn(lpg) = 0 for all n € N, it follows that A, + B, = 0 or B, = —A,, for all n € N. Thus ¢, (z) =

(An,e)x —

(x,e) A, is an inner derivation for each n € N. This completes the proof.

Example 2.2 Using Proposition 2.2, the four terms of sequence of inner derivations {1y, }52

|

>, are defined
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on (M, m¢) as follows:
Y1(z) = (v1, ez + (, e)wy,
ba(z) = <2v2 — (v1, €)1, e>m + (2, €) (2w2 — (wn, e>w1),
bs(a) = <3v3 — 2, vy — (v1, €)vs + (v1, €)(v1, €)vy, e>x
+ (o, €) (3w — (w, ejwn = 2wy, e)ws + {wr, e)(wr, eyuy ),
ba(z) = <4v4 — 3(vs, &)v1 — 2(va, €)vs — (v1, €)vs + 2(va, €) (1, €)vr
+ {vr, €)(v2, €)vr + (01, €) (01, €)va — (v1, €) (v, e)uy, vy, e
+(z, €) (4w4 — (w3, ey — 2wz, e)wz — 3(w1, e)ws + (w2, €) (w1, €)w:
+ (w1, €) (w2, €)wy + 2(w1, €){w1, e)wa — (wi, €){wr, €){wi, €>w1>-
The next corollary follows from Proposition 2.2.

Corollary 2.3 Let (M, 7.) be unital, with the identity element 1pq and {on}S>, be an inner higher
derivation on (M, 7.) defined by

n

on(@) = 3 (v, €, e)wns,

i=0
in which {vp 152y and {w,}22, are sequences in M such that vo = wg = 1y and

n n

Z<U“ €)Wy _; = Z(w“ e)vn—; =0,

i=0 i=0
for alln € N. Then

n

Z ( Z (—1)i_1 (7“1 <UT1, €> <’Ur2, e> ce <'Uri,1, €>’U” + ri<wT17 €> <w7’2’ 6> s <wri—1’ e}w”)) =0,

i=1 Z§:1 ri=n

for allm € N.

Proof: Putting 2 = 1, in (2.4), we get the result. O

Example 2.3 Let M,,(C) be the C*-algebra of all n x n complex matrices, E € M, (C) with |E|| =1 and
A € M, (C) be an arbitrary matriz. Define the sequences V= {V,}5_, and W = {W,}2, in M, (C) by
Vo = Wy = I, (the n X n identity matriz) and

V, = C(AE) .. (A E) A,
—_—————
n—1 times
and
W, =L (A E)...(AE)A,
—_————
n—1 times

for each positive integer n. Then

. B n 4 _ n (71)2
(Vs W), = ;:0(%,}3) Wi ;:O T 7l <A,Ij>1. tan E)A
- n(_1>in_1 n_in_
_<A,E>...<A,E)AZE:O . <z) = (A,E>...<A,E>AE (-1 () =0.

=0

n—1 times n—1 times
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Similarly, (Wx V), = >0 ((W;, E)V,,_; = 0. Then by Corollary 2.2, the sequence of mappings {¢n}o
defined on (M, (C),7g) by on(X) = > i o(Vi, EX(X, E)YW,_; for all X € M,(C), is an inner higher
deriwation on (M, (C),wg). Also by Proposition 2.2, the corresponding sequence of inner derivations
{n}22,, defined on (M, (C),7g) by 1(X) = (X, E)A — (A, E)X and ¢, =0 for all k > 2.

1.

e A

12.
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