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a-Product of Product Fuzzy Graphs

Talal Ali Al-Hawary* and Maref Y.M. Alzoubi

ABSTRACT: In this article, a new operation on product fuzzy graphs (PFGs) is provide; namely a—product.
Conditions for the a—product of two PFGs to be strong are provided and we prove if the a—product of two
PFGs is complete, then one of them is strong. We also study the unbiased notion of the class of PFGs and
also conditions for the a—product to be unbiased are given.
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1. Background

Theory of graph has many applications in mathematics and economics. Since most problems of graphs
are undetermined, it is necessary to handle these facets via the method of fuzzy logic. Fuzzy relations were
made known by Zadeh [24]. Rosenfeld [21] in 1975, defined fuzzy graphs (simply, FG) and some ideas
that are generalizations of those of graph’s. Now days, this theory is having more and more applications in
which the information level immanent in the set of things working together as parts of a mechanism differ
with various degrees of accuracy. Fuzzy fashion are convenient as they reduce differences between long-
established numerical models of expert systems and symbolic models. Peng and Mordeson [16] defined the
conceptualization of FG’s complement and conscious FG’s operations. In [23], improved complement’s
definition in order to guarantee the original FG is isomorphic to complement of the complement, which
concur with the case of crisp graphs. In addition, self-complementary FGs properties and the complement
under FG’s join, union and composition (introduced in [16]) were explored. Al-Hawary [6] introduced
the concept of balanced in the class of FGs and Al-Hawary and others have deeply explored this ides
for many types of FGs. For more on the foregoing concepts and those coming after ones, one can see
[1,2,3,4,5,6,7,8,9,10,11,12,13,16,18,19,20,23].

For a non-empty finite set U, a fuzzy subset of Uis a mapping ‘g:I"J—> [0,1] and a fuzzy subset of UxU
is called a fuzzy relation ¢ on t. We assume that U is finite and < is reflexive and symmetric.

Definition 1.1 [21] A fuzzy graph (simply, FG), with U as the underlying set, is a pair Q : (1,5) where
t:U— [0,1] is a fuzzy subset and ¢ Ux U— [0,1] is a fuzzy relation on ¢ such that ¢(c,s) <{(c)At(s) for
all ¢, s €U, where by A, we mean the minimum. Its classical graph is Q* : (t*,¢*) where t* = supc(f) =

{c eU:t(c) > 0} and <* = supc(s) = {(c, s) € Ux U: 5(¢, s) > 0}.

Definition 1.2 [21] Two FGs Q1 : ({1,61) and Qo : ({2,%2) are said to be isomorphic providing the
existence of a bijective T : Uy — Uy such that 1(c) =t2(7(c)) for all ¢ € Uyand <1 (c,s) = w(7(c), 7(s)) for

all (¢, 8) € F1. We then write Q1 ~ Qo and h is called an isomorphism.
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Using the operation of product instead of minimum, Ramaswamy and Poornima in [22] established
PFGs.

Definition 1.3 [22] Let Q* : (U, F) be a graph, { be a fuzzy subset of U and < be a fuzzy subset of Ux U.
Q: (L) is called a product fuzzy graph (simply, PFG) if (¢, s) <¢(c)t(s) for all ¢,s € U

Next result is immediate:
Lemma 1.1 Every PFG is a FG.

Definition 1.4 [22] A PFG Q: (4,<) is called complete if <(c, s) ={(c)i(s) for all ¢,s e U.
Definition 1.5 [22] A PFG Q: (¢,<) is called strong if (¢, s) ={(c)t(s) for all (c,s) € F.

Definition 1.6 [22] The complement of a PFG Q: ({,5) is Q° : ({,¢%) where {¢ ={ and

“le;s) = 1()(s) —<le,s)
He)Uls) —s(c, ).

Lemma 1.2 [11]If Q: (t,5) is a self-complementary PFG, then
1
Y. sles)=5 D HHs):
(c,8)eF (e,s)EF
Lemma 1.3 [11]Let Q : (1,5) be a PFG such that <(c,s) = 2t(c)i(s) for all ¢, s eU. Then Q is self-
complementary.

Several types of products of two FGs were explored. The notion of a—product of FGs was introduced
and studied in [17] where the regularity property for this product was the main idea. In Section 2 of this
paper, we launch the conception of a—product of PFGs. Conditions for the a—product of two PFGs to
be strong (complete) are established and if at least one factor is a complete PFG, the a—product should
be complete. Section 3 is devoted to provide equivalent conditions for the a—product of two unbiased
PFGs to be unbiased.

2. a—product of product fuzzy graphs
We begin this section by defining the rooted product of PFGs.

Definition 2.1 The a—product of two PFGsQy : (t1,51) is defined to be the PFG Q1H8,Q4: (118412, 5184

G2) on the vertex set (jlx ﬁg, where

(t1Bate) (1L7) =t1 (1)t2(7), for all (,7) €Uy xUs and

to(J1)t2 (o)1 (Gatle)  tifie € F 1,102 & F 2
v e t (1)t (G2)s2(i192)  falia & F 1, 9102 € F 2
H Uy, Us, = . NN o by e
(1 Ba Cg)(( ! y1)( ? y2)) 1 (t1)s2(192) u; = Ug2,Y1y2 € F 2

%
to(41)s1 (1 1i2) Uity € F 1,91 = o
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Next, we show that the above definition is well-defined.
Theorem 2.1 The a—product of two PFGs is a PFG.

Proof: Let Q; : (t1,61) and Qs : (t2,¢2) be two PFGs.
Case 1: If tiylia € F1,%152 ¢ F 2, then

(61 o 62) (i, 1) (2, G2)) = ta(¥1)ta(Y2)sr (iliz)
t (1)t (ti2) 2 (91 ) b2 (42)
((t1 Ba t2) (tir, §1)) ((t1 Ba t2) (ta, §2))-

Case 2: If iylis € F 1, 4182 € F 2, this case is similar to Case 1.
Case 3: If iy =y, 9192 € F 2, then

IN

(61 Ha 2)((t1,91) (G2, 52)) = t1(t1)s2(4172)
<t (i)t (G2) 62 (§1) 62 ()
= ((t Ba to)(f1, 91))((t1 Ba to) (2, §2))-
Case 4: If 111y € F 1,31 = ¥2, this case is similar to Case 3. O

Theorem 2.2 If Qy : ({1,51) and Q2 : ({2,$2) are strong PFGs, then Q1 B, Qg is a strong PFG.

Proof: Let Q1 : (t1,¢1) and Qs : (t2,62) be two strong PFGs.
Case 1: If t4ls € F 1,312 ¢ F 2, then as O, is strong,

(1 Ba s2)((ti1, §1)(H2, %2)) = t2(¥1)t2(2)s1 (1 li2)
=ty (1)t (i2) 62 (91) 2 (32)
= ((t; Ba t2) (1, §1)) (41 Ba t2) (2, §2))-

Case 2: If tiylis & F 1, 9192 € F 2, is similar to Case 1.
Case 3: If 111 =0, 1192 € F 2, then as (), is strong,

(¢1 Ba <2) (i, §1) (2, 42)) =ty (ti1)s2(§182)
=t (fa)ty (2t (§1)t
= ((tn B t2) (1, 91))

2(ij2)
(61 Ba t2)(li2, §2))-

Case 4: If 1102 € F 1,91 = ¥2, this case is similar to Case 3.
Thus, 21 B, 29 is a strong PFG. O

Corollary 2.1 IfQq : ({1,61) and Qs : ({2, $2) are fuzzy complete (strong) FGs, then Q1 B, Qs is a strong
FG.

We remark that if both PFGs are complete, then their a—product need not be a complete PFG.
Example 2.1 Consider Q; : (t1,¢1) where t (1)) = .2,t1(4) = .4, (1,U) = .08 and Qs : (t2,c2) where

t2(c) = .1 =t2(s) and ¢2(c, s) = .01. Then both are are complete PFGs while Oy B, Qs is not a complete
PFG since (51 By s2)((1, ¢) (4, s)) = .002 # (.02)(.02) = .0004 = (t1812) (1, ¢) (t1Bat2) (1, s).

A nice property of complement is the following:.
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Theorem 2.3 If Qi : (t1,61) and Qs : ({2, s2) are complete PFGs, then (Q1 B, Q)¢ ~ Q$ B, Q5.

Proof: Let Q: (,7) = (1 Ha 22)°, T = (s1 Ha )% (29)° = (U, F°), Q1 (t1,57), (27)° = (Ur, F9),
Q5 ¢ (t2,65), (23)° = (Uz, (F2)¢) and Qf Bq Q5 1 (t18ate, of Ha 5). We only need to show (¢ Hq 62)¢ =
¢f By ¢5. Given an arc e joining nodes of U, (;1lia € F1,0192 ¢ Fo and {1ls ¢ F1,5172 € F 2 are not
possible to occur as both ©; and Qs are complete. If iy ={is,¥1¥2 € F 2, then as ; is complete, ¢{(e) = 0.
But (¢1 By s2)¢(e) = 0 since i11is ¢ F§ and y1 ¢ F§. The case (i;{i2 € F1,§1 = 9o is similar.

In all cases (¢1 By 62)¢ = ¢f B, 5 and therefore, (21 H, Q2)¢ ~ Qf B, Q5. O

Next, we prove if the a—product of two PFGs is complete, then both can not be not complete.

Theorem 2.4 If Qy : ({1,51) and Qg : ({2,%2) are PFGs where Qq B, Qq is complete, then one PFG is

complete.

Proof: Suppose to the contrary that both PFGs are not complete. Thus there exist iy, €U, and
V1,92 €Ug with
ci(firfiz) < t1(f1)ty (tiz)) and
@) < ta(Pi)ta(¥2)).
Case 1: If Gyl € F1,0192 ¢ F2, then (61 Ha s2)((G1,91)(l2,%2)) = s1(f1l2)t2(v1)t2(¥2) and as
4 H, Q9 is complete,
(61 Ha ) (1, 91) (2, 92)) = (&1 Ba t2)((t1,91))(t; Ba t2)((G2, v2))

t (1)t (ti2) 2 (91 ) b2 (d2)
= a(frfiz)s2(i192),

V

which is a contradiction.
Case2: 171y ¢ F, jjlij € F o is similar.
Case 3: If iy =lo, 12 € F 2, then as Q; H, Q9 is complete,

(61 Ba c2) (i1, 51)(H2,v2)) = (tg Ba to) (1, v1)) (41 Ba t2) (2, §2))
=t ()t (ti2)t2(G1)t2(42)
s1 (1 ti2)<2 (41 9i2),

V

which is a contradiction.
Case 4: If 11y € F 1,31 = ¥, this case is similar to Case 3. O

3. Unbiased product fuzzy graphs

We begin this section by recalling the definition of unbiased (balanced) PFGs from [11] and then

proving the following Lemma 3.1 to make it possible characterize unbiased a—product of two unbiased
PFGs.

2 Y (o(ii)
dyer

> () A U(E))

Definition 3.1 [71]. The compactness degree of a PFG is cd(Q) = . Q0 is unbiased if
cd() > cd(H) for any non-empty PFS H of Q.

Lemma 3.1 Let 1 and Qy be PFGs. Then cd(Q1 B, Q2) > ¢d(21) and cd(Q2) < ed(2 By Q2) iff
Cd(Ql) = Cd(Qg) = Cd(Ql EBQ QQ)
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Proof: If cd(21) < ed(1 B, Q2) and ¢d(Q2) < ed(Q; By Q2), then

cd(@) = 20 ) altute)/( Y () At(i)

ﬁl,ﬁzeﬁl ﬁl,ﬁzeﬁl

> 20 > au(fintio) (i)t (2)) /(D (6a(fa)ty (f2) 62 (1)t (32)))
1,20, {i1,liz €Uy
#i1,42€ U2 i1,52€ U2

> 20 Y allufio)e(@ie)/( D (ta (i)t (Ge)ta(§1)ta (i)
1,42€0; {iy,t2€0y
3'1'17?32602 i]l,’yQE(jQ

> 2 )« B () (fadiz) /(D (4 Ba ta((fs, §1) ({2, §2)))
1,20, tiy,l2€U;y
#i1,52€02 ii1,92€ U

= Cd(Ql EHa Qg)

Hence in all cases cd(Q1) > cd(y By Q2) and thus cd(1) = cd(2y By Q). Similarly, cd(2) =
cd(Q By, Q2). Therefore, cd(21) = ed(Q2) = ed(Qy B, Q2). The converse is trivial. O

Theorem 3.1 For two unbiased PFGs Q1 and Qg, Q1 8, Qs is unbiased if and only if cd(Q1) = c¢d(Q2) =
Cd(Ql Bﬂa QQ)

Proof: If Q; B, Q9 is unbiased, then ¢d(21) < ed(21 By Q2) and cd(2s2) < ed(21 B, 22) and by Lemma
3.17 Cd(Ql) = Cd(QQ) = Cd(Ql Bﬂa QQ)

If cd(Q) = ed(Q2) = cd(Q2 B, Q2) and K is a product FS of Q4 B, O3, then we can find product FSs
K; of Q; for ¢ = 1,2 with K = K; B, K3. As Q; and 5 are unbiased and ¢d(Q) = ¢d(Q2) = my/k1,
then Cd(Kl) = al/bl S ml/kl and Cd(KQ) = ag/bg S ml/kl. Thus a1k1 +a2k1 S blml +b2m1 and hence
cd(K) < (a1 +az)/(by + b2) < my/k1 = cd(Qq By Qo). Therefore, Q1 B, Qs is unbiased. O

We end this section with the following result which states that unbiased notion is preserved under
isomorphism:

Theorem 3.2 Let Q1 and Qs be isomorphic PFGs. If one of them is unbiased, then the other is

unbiased.

”

Proof: Suppose (2, is unbiased and let € :U; = U, be a bijection such that t; (1) =tz (e(t1)) and ¢ (i§) =
So(e(t)e(y)) for all &,5 €Ur. Now Y. ¢ 41 (1) = Dycp,te(l) and Youic, si(lif) = Yyyep, s2(iif). If
K1 = (t1,1) is a product FS of Q; with underlying set W, then Ky = (t2,¢2) is a product FS of Qy
with underlying set e(WW) where ta2(e(11)) =t () and ¢ (e()e(§)) = <1(g) for all {, 3 € W. Since Q7 is

. Saper ; s2le(i)e(@) Sager , <)
unbiased, cd(K) < ed(§z) and so 2= e gy < 25 Sn @G )

3 Hence

Zﬁyjefl ST <9 ZﬁjjeFl s1 (1)

S et (@ A ) S et (6@ A ()

Therefore, €27 is unbiased. O
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