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Almost Ricci-Yamabe Solitons in f-Kenmotsu Manifolds

G. S. Shivaprasanna, R. Rajendra, P. Siva Kota Reddy∗, G. Somashekhara and M. Pavithra

abstract: The purpose of this paper is to charecterize f -Kenmotsu manifolds admitting almost Ricci-
Yamabe soliton and gradient Ricci-Yamabe soliton. We deduce the ncessary condition for the potential
function u is constant. Further, a relation between λ and the potential function u has been established.
Finally, a sufficient condition is proved for a Ricci-Yamabe soliton to be a gradient Ricci-Yamabe soliton and
a characterization of the soliton in terms of shrinking, steady or expanding has been done.
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1. Introduction

In 1972, Kenmotsu [8] introduced a contact metric manifold, later called the Kenmotsu manifold. A
study on f -Kenmotsu manifold (an almost contact metric manifold which is normal and locally conformal
almost cosymplectic) was carried by Olszaka and Rosca [13]. The two concepts - Ricci flow(RF) and
Yamabe flow(YF) were introduced in the year 1988 by Hamilton[6]. The Ricci soliton and Yamabe soliton,
respectively, emerge as the limits of the solutions of the RF and YF. RF and YF have been deliberated
by many geometers (See [1,9,10]). Guler and Crasmareanu have studied Ricci-Yamabe flow(RYF) [5]
and many researchers have worked on the same (See [2,15,17]). Some related developments can be found
in [3,4,11,12,18-26].

For the metrics on the Riemannian manifold M, the R-YF is defined as

∂

∂t
g(t) = −2p Ric(t) + q r(t)g(t), g0 = g(0). (1.1)

A soliton to the RYF is called Ricci-Yamabe soliton (RY S) and it is precised on Riemannain manifold
(g, V, λ, p, q) satisfying the equation

LV g + 2p S + (2λ− qr)g = 0, (1.2)

where S is the Ricci tensor, r is the scalar curvature, LV is the Lie derivative along the vector field
and p, q are scalars. We call (M, g) as RY S expanding, RY S shrinking and RY S steady, respectively,
if λ > 0, λ < 0 and λ = 0. Eq.(1.2) as RY S of type (p, q) is said to be p-Ricci soliton and q-Yamabe
soliton, respectively, when q = 0 and p = 0.

If V is a gradient of a smooth function u on the manifold M, then the above notion is called gradient
Ricci-Yamabe solition (GRYS) and then Eq.(1.2) reduces to

Hessu(U1, U2) + pS(U1, U2) + (λ− 1

2
qr)g(U1, U2) = 0, (1.3)

where Hessu is the Hessian operator of u. A RYS (or GRYS) is said to be an almost RYS (or GRYS) if
λ, p and q are smooth functions on M.
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2. Basics

A smooth manifold M of odd dimension is an almost contact metric manifold, if there exist a vector
field ς, an (1, 1) tensor field ϕ, a 1-form η and a Riemannian metric g. Here ς is the characteristic vector
field or the Reeb vector field so that

ϕ2 = −I + η ⊗ ς, η(ς) = 1, ϕς = 0, η ◦ ϕ = 0. (2.1)

Every almost contact structure (ϕ, ς, η) on an odd dimensional manifold M admits a Riemannian
metric g satisfying

η(U1) = g(U1, ς), g(ϕU1, ϕU2) = g(U1, U2)− η(U1)η(U2). (2.2)

An almost contact manifold M together with the almost contact structure (ϕ, ς, η) is said to be an
f -Kenmotsu manifold [f -KM] or a normal contact metric manifold if

[ϕ, ϕ](U1, U2) + 2dη(U1, U2)ς = 0, (2.3)

where [ϕ, ϕ] represents the Nijenhuis torsion tensor field of ϕ and is given by

[ϕ, ϕ](U1, U2) = ϕ2[U1, U2] + [ϕU1, ϕU2]− ϕ([ϕU1, U2])− ϕ([U1, ϕU2]). (2.4)

An almost contact metric manifold of odd dimension with stucture (ϕ, ς, η) is known as an f -KM if

(∇U1
ϕ)U2 = f [g(ϕU1, U2)ς − η(U2)ϕU1], (2.5)

where ∇ is the Levi-Civita connection on M and f ∈ C∞(M) is such that df Λη = 0 (see [8,16]). An
f -KM is

1. β-Kenmotsu manifold [7] when f = β ̸= 0,

2. Kenmotsu manifold [8,14] when f = 1,

3. cosymplectic [7] when f = 0,

4. regular when f 2 + f ′ ̸= 0, where f ′ = ςf .

For an f -KM, from (2.1) we have

∇U1
ς = f [U1 − η(U1)ς]. (2.6)

The condition df Λη = 0 holds if the dimension of M is ≥ 5 and does not hold if dimension of M is = 3
(see [13]).

In an f -KM of dimension 3, we have

R(U1, U2)U3 =(
r

2
+ 2f 2 + 2f ′)(U1ΛU2)U3

− (
r

2
+ 3f 2 + 3f ′)[η(U1)(ςΛU2)U3 + η(U2)(U1Λς)U3], (2.7)

R(U2, ς)U3 =− (f 2 + f ′)[η(U3)U2 − g(U2, U3)ς], (2.8)

S(U1, U2) =
(r
2
+ f 2 + f ′

)
g(U1, U2)−

(r
2
+ 3f 2 + 3f ′

)
η(U1)η(U2), (2.9)

QU1 =
(r
2
+ f 2 + f ′

)
U1 −

(r
2
+ 3f 2 + 3f ′

)
η(U1).ς (2.10)
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3. Main Results

Let us consider the distribution D ⊂ TM defined by

η(U2) = g(U2, ς) = 0. (3.1)

The distribution D is nowhere integrable and for any U2 ∈ TM. We have ϕ(U2) = ∇U2
ς ∈ D, since ς is

a Killing vector field. Taking the inner product with respect U4, on both side of the Eq.(2.8), we have

R(U2, ς, U3, U4) = −(f 2 + f ′)[η(U3)g(U2, U2)− g(U2, U3)g(ς, U4)]. (3.2)

Using the distribution condition in (3.1), this reduces to

R(U2, ς, U3, U4) = −(f 2 + f ′)[η(U3)g(U2, U4)]. (3.3)

In view of (2.2) and (3.3), we get

R(U2, ς, U3, U4) = −(f 2 + f ′)[g(U3, ς)g(U2, U4)]. (3.4)

Now, choosing an orthonormal basis vector for U2 = U4 = ei and taking summation over the index i, we
obtain

S(ς, U3) = −(f 2 + f ′)2ng(U3, ς). (3.5)

Consider an almost RY S admitted on f -KM. From (1.2), we have

(LV1
g)(ς, U4) + 2pS(ς, U4) + (2λ− qr)g(ς, U4) = 0. (3.6)

Substituting the value of S from equation (3.5), we obtain

(LV1g)(ς, U4) + [−4np(f 2 + f ′) + (2λ− qr)]g(ς, U4) = 0. (3.7)

This implies that

g(∇ςV1, U4) + g(ς,∇U4V1) = [4np(f 2 + f ′) + (qr − 2λ)]g(ς, U4). (3.8)

Setting U4 = ς in the above equation and simplifying, we obtain

g(∇ςV1, ς) = [4np(f 2 + f ′) + (qr − 2λ)]g(ς, ς). (3.9)

Again, ς being a Killing vector field, we have

(Lς(LV1
g))(U2, U3) = 0. (3.10)

This implies that,

(Lς(LU1
g))(U2, U3)− LU1

g([ς, U2], U3)− LU1
g(U2, [ς, U3]) = 0. (3.11)

Using the condition (∇U1
g)(ς, U3) = 0 and simplifying, we obtain

R(U1, ς, ς, U2) +∇U2
g(∇ςU1, ς) + g(∇ς∇ςU1, U2) = 0. (3.12)

As the vector field U2 is orthogonal to ς, in view of (3.1) and (3.5), we have

R(U1, ς, ς, U2) =− (f 2 + f ′)g(ς, ς)g(U1, U2)− g(U1, ς)g(ς, U2)

=− (f 2 + f ′)g(U1, U2).
(3.13)

Substituting (3.13) in (3.12), we get

−(f 2 + f ′)g(U1, U2) +∇U2
g(∇ςU1, ς) + g(∇ς∇ςU1, U2) = 0. (3.14)
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As well from (3.9) using the value of g(∇ςU1, ς) then we get

−(f 2 + f ′)g(U1, U2) +∇U2 [4np(f
2+f ′) + (qr − 2λ)]

+ g(∇ς∇ςU1, U2) = 0.
(3.15)

Again, almost RYS being GRYS, taking U1 = ∇u, (3.15) becomes

−(f 2 + f ′)g(∇u, U2) +∇U2 [4np(f
2+f ′) + (qr − 2λ)]

+ g(∇ς∇ςU1, U2) = 0.
(3.16)

From (3.9), we observe that
∇ςU1 = [4np(f 2 + f ′) + (qr − 2λ)]ς

and using the GRYS condition U1 = ∇u, we have

∇ς∇u = [4np(f 2 + f ′) + (qr − 2λ)]ς. (3.17)

Using (3.17) in (3.16), we obtain

−(f 2 + f ′)g(∇u, U2) + g(∇ς [4np(f
2 + f ′) + (qr − 2λ)ς], U2)

+∇U2
[4np(f 2 + f ′) + (qr − 2λ)] = 0.

(3.18)

Straight forward calculation yields

−(f 2 + f ′)g(∇u, U2)+ς[4np(f 2 + f ′) + (qr − 2λ)g(U2, ς)

+∇U2 [4np(f
2 + f ′) + (qr − 2λ)] = 0.

(3.19)

for any vector field U2 in the distribution D ⊂ TM. Thus, the result is true for all vector field U2

satisfying g(U2, ς) = 0. Hence (3.19) becomes

(f 2 + f ′)g(∇u, U2) = ∇U2 [4np(f
2 + f ′) + (qr − 2λ)]. (3.20)

If we consider λ = 2np(f 2+ f ′)+ qr
2 , then we get g(∇u, U2) = 0, ∀U2 ∈ D ⊂ TM, where (f 2+ f ′) ̸= 0,

i.e., the f -KM is regular. Hence we conclude that the potential function u is constant. Thus, we have
the following theorem:

Theorem 3.1 If the manifold M is an f -KM satisfying the almost GRY S and D ⊂ TM, then the
potential function u is a constant when M is regular and λ = 2np(f 2 + f ′) + qr

2 .

The above theorem immediately leads to the following corollary:

Corollary 3.1 If the manifold M is a regular f -KM satisfying the almost GRY S with the potential
function u is a constant and D ⊂ TM, then the RY S is

1. expanding when 2np(f 2 + f ′) + qr
2 > 0,

2. shrinking when 2np(f 2 + f ′) + qr
2 < 0,

3. steady when 2np(f 2 + f ′) + qr
2 = 0.

For a manifold M satisfying the almost GRY S, from (1.3) we can write

∇U1
Du = −pQU1 + [

qr

2
− λ]U1, (3.21)

where Q is the Ricci operator such that g(QU1, U2) = S(U1, U2). Differentiating the above equation
covariantly along any vector field U2, yields

∇U2
∇U1

Du = −p[(∇U2
Q)U1 +Q(∇U2

U1)] + [
q

2
(U2r)− (U2λ)]U1

+ [
qr

2
− λ]∇U2U1.

(3.22)
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Interchanging U1 and U2 in (3.22), we have

∇U1∇U2Du = −p[(∇U1Q)U2 +Q(∇U1U2)] + [
q

2
(U1r)− (U1λ)]U2

+ [
qr

2
− λ]∇U1

U2.
(3.23)

Also, replacing U1 by [U1, U2] in (3.21), we obtain

∇[U1,U2]Du = −pQ[U1, U2] + [
qr

2
− λ][U1, U2], (3.24)

where [U1, U2] denotes the Lie bracket operation. Now, using (3.22)-(3.24) in

R(U1, U2)Du = ∇U1
∇U2

Du−∇U2
∇U1

Du−∇[U1,U2]Du, (3.25)

we have

R(U1, U2)Du =− p[(∇U1
Q)U2 − (∇U2

Q)U1] +
q

2
[∇U1

r(U2)−∇U2
r(U1)]

+ (U2λ)U1 − (U1λ)U2.
(3.26)

Thus, we have the following Theorem:

Theorem 3.2 If the manifold M is an f -KM satisfying almost GRY S, then for the curvature tensor of
M the following relation holds:

R(U1, U2)Du =− p[(∇U1
Q)U2 − (∇U2

Q)U1] +
q

2
[∇U1

r(U2)−∇U2
r(U1)]

+ (U2λ)U1 − (U1λ)U2.

Replace U1 = ς in (3.26) we have

R(ς, U2)Du = −p[(∇ςQ)U2 − (∇U2
Q)ς] + (U2λ)ς − (∇ςλ)U2 (3.27)

Taking inner product with ς to the above equation, we obtain

g(R(ς, U2)Du, ς) = (U2λ)− (ςλ)η(U2) (3.28)

From (2.8), we have
g(R(ς, U2)Du, ς) = −(f 2 + f ′)[η(U2)(ςu)− U2(u)] (3.29)

In view of (3.28) and (3.29), we have

(U2λ)− (ςλ)η(U2) = −(f 2 + f ′)[η(U2)(ςu)− U2(u)] (3.30)

We have the following:

• If (f 2 + f ′) = 0, then from (2.8) we have R(U1, U2)ς = 0 and therefore the manifold is flat.

• If U2u = η(U2)(ςu), then we have Du = (ςu)ς. Substituting this to (3.21), we get

QU1 =
1

p

{
[
qr

2
− λ− (ςu)f ]U1 − [f (ςu)η(U1)− U1(ςu)]ς

}
(3.31)

Comparing (2.10) and (3.31), we obtain

r

2
+ f2 + f ′ =

1

p

[qr
2

− λ− (ςu)f
]

(3.32)

and [r
2
+ 3f 2 + 3f ′

]
η(U1) = [f (ςu)η(U1)− U1(ςu)] (3.33)

From (3.33), it follows that f (ςu) = r
2 + 3f 2 + 3f ′ and U1(ςu) = 0. Therefore ςu is a constant. In

this case potential vector field v being gradient of u becomes a null vector.
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Thus, we have the following theorem:

Theorem 3.3 If the manifold M is an f -KM satisfying almost GRY S, then the manifold is flat and ςu
is a constant.

From (3.32), we have λ = p[ r2 + f 2 + f ′] + qr
2 + (ςu)f and we can state the following result:

Theorem 3.4 If the manifold M is an f -KM satisfying GRY S, then the soliton is

1. expanding when p[ r2 + f 2 + f ′] + qr
2 + (ςu)f > 0,

2. shrinking when p[ r2 + f 2 + f ′] + qr
2 + (ςu)f < 0,

3. steady when p[ r2 + f 2 + f ′] + qr
2 + (ςu)f = 0.

Definition 3.1 A vector field V on a Riemannian manifold M is said to be a concurrent vector field, if
it satisfies

∇U1V = U1,

for all smooth vector fields U1 on M.

Let us consider an f -KM M admitting almost RY S with concurrent potential vector field V . Then
we have

(LV g)(U1, U2) + 2pS(U1, U2) + (2λ− qr)g(U1, U2) = 0, (3.34)

But

(LV g)(U1, U2) = g(∇U1
V,U2) + g(U1,∇V U2)

= 2g(U1, U2).
(3.35)

Therefore, (3.34) can be written as

S(U1, U2) =

[
qr − 2λ− 2

2p

]
g(U1, U2) (3.36)

This proves that the manifold is Einstein. Thus we have the following result:

Theorem 3.5 If the manifold M is an f -KM admitting an almost RY S with concurrent potential vector
field V , then the manifold is an Einstein manifold.

Comparing (2.9) with (3.36) and taking U1 = U2 = ς, we have

λ = 2p(f 2 + f ′) +
qr

2
− 1 (3.37)

This leads to the following result:

Theorem 3.6 If the manifold M is an f -KM admitting an almost RY S with concurrent potential vector
field V , then the RY S is

1. expanding when 2p(f 2 + f ′) + qr
2 − 1 > 0,

2. shrinking when 2p(f 2 + f ′) + qr
2 − 1 < 0,

3. steady when 2p(f 2 + f ′) + qr
2 − 1 = 0.

Putting p = 0 in (3.37), λ = qr
2 − 1 and we have the following corollary to the above theorem:

Corollary 3.2 If the manifold M is an f -KM admitting an almost RY S with concurrent potential vector
field V , then the q-Yamabe soliton is

1. expanding when qr
2 − 1 > 0,
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2. shrinking when qr
2 − 1 < 0,

3. steady when qr
2 − 1 = 0.

Putting q = 0 in (3.37), λ = 2p(f 2 + f ′)− 1 and we have the following corollary

Corollary 3.3 If the manifold M is an f -KM admitting an almost RY S with concurrent potential vector
field V , then the p-Ricci soliton is

1. expanding when 2p(f 2 + f ′)− 1 > 0,

2. shrinking when 2p(f 2 + f ′)− 1 < 0,

3. steady when 2p(f 2 + f ′)− 1 = 0.
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15. Shivaprasanna, G. S., Samiul Haque, Md., Shashidhar, S. and Somashekhara, G., η-Ricci Yamabe soliton on LP -
Sasakian manifolds, J. Math. Comput. Sci., 11, 6242–6255, (2021).

16. Shivaprasanna, G. S., Samiul Haque, Md. and Somashekhara, G., η-Ricci soliton on f-Kenmotsu manifolds, Journal
of Physics: Conference Series, 1543(1) (2020), 012007.

17. Siddiqi, M. D. and Akyol, M. A., η-Ricci-Yamabe solitons on Riemannian submersions from Riemannian manifolds,
arXiv preprint arXiv:2004.14124, (2020).

18. Somashekhara, G., Girish Babu, S., and Siva Kota Reddy, P., Indefinite Sasakian Manifold with Quarter-Symmetric
Metric Connection, Proc. Jangjeon Math. Soc., 24(1), 91-98, (2021).

19. Somashekhara, G., Girish Babu, S. and Siva Kota Reddy, P., Conformal Ricci Soliton in an Indefinite Trans-Sasakian
manifold, Vladikavkaz Math. J, 23(3), 43-49, (2021).



8 G. S.Shivaprasanna, R. Rajendra, P. S. K. Reddy, G. Somashekhara and M. Pavithra

20. Somashekhara, G., Girish Babu, S. and Siva Kota Reddy, P., Ricci Solitons and Generalized Weak Symmetries under
D-Homothetically Deformed LP -Sasakian Manifolds, Italian Journal of Pure & Applied Mathematics, 46, 684-695,
(2021).

21. Somashekhara, G., Girish Babu, S. and Siva Kota Reddy, P., Conformal η-Ricci Solitons in Lorentzian Para-Sasakian
Manifold Admitting Semi-Symmetric Metric Connection, Italian Journal of Pure & Applied Mathematics, 46, 1008-
1019, (2021).

22. Somashekhara, G., Siva Kota Reddy, P., Shivashankara, K. and Pavani, N., Slant Sub-manifolds of Generalized
Sasakian-Space-Forms, Proc. Jangjeon Math. Soc., 25(1), 83-88, (2022).

23. Somashekhara, G., Girish Babu, S., Siva Kota Reddy, P. and Shivashankara, K., On LP -Sasakian Manifolds admitting
Generalized Symmetric Metric Connection, Proc. Jangjeon Math. Soc., 25(3), 287-296, (2022).

24. Somashekhara, G., Girish Babu, S. and Siva Kota Reddy, P., η-Ricci soliton in an indefinite trans-Sasakian manifold
admitting semi-symmetric metric connection, Bol. Soc. Parana. Mat. (3), 41, 1-9, (2023).

25. Somashekhara, G., Rajendra, R., Shivaprasanna, G. S. and Siva Kota Reddy, P., Pseudo Parallel and Generalized
Ricci Pseudo Parallel Invariant Submanifolds of a Generalized Sasakian Space Form, Proc. Jangjeon Math. Soc.,
26(1), 69-78, (2023).

26. Somashekhara, P., Naveen Kumar, R. T., Siva Kota Reddy, P., Venkatesha and Alloush, K. A. A., Pseudo Projective
Curvature Tensor on Generalized Sasakian Space Forms, Proc. Jangjeon Math. Soc., 26(3), 243-251, (2023).

G. S. Shivaprasanna,

Department of Mathematics

Dr.Ambedkar Institute of Technology

Bengaluru-560056, India.

E-mail address: shivaprasanna28@gmail.com

and

R. Rajendra,

Department of Mathematics

Field Marshal K.M. Cariappa College

(A Constituent College of Mangalore University)

Madikeri-571 201, Inida.

E-mail address: rrajendrar@gmail.com

and

P. Siva Kota Reddy,

Department of Mathematics

Sri Jayachamarajendra College of Engineering

JSS Science and Technology University

Mysuru–570 006, India.

E-mail address: pskreddy@jssstuniv.in

and

G. Somashekhara,

Department of Mathematics and Statiatics

M.S.Ramaiah University of Applied Sciences

Bengaluru-560058, India.

E-mail address: somashekhar96@gmail.com; somashekhara.mt.mp@msruas.ac.in

and

M. Pavithra,

Department of Studies in Mathematics

Karnataka State Open University

Mysuru–570 006, India.

E-mail address: sampavi08@gmail.com


	Introduction
	Basics
	Main Results

