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Spectral Expansion for Impulsive ¢g-Dirac System on the Whole Line

Bilender P. Allahverdiev, Hiiseyin Tuna™ and Hamlet A. Isayev

ABSTRACT: In this study, we consider a impulsive g-Dirac system on the whole line. We show the existence of a
spectral function of this system. Also we establish a Parseval equality and expansion formula in eigenfunctions
in terms of the spectral function.
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1. Introduction

Spectral expansion theorems are intensively researched as they are encountered in various problems
in physics and mathematics. Spectral expansion theorems are needed, especially when solving problems
expressed with partial differential equations by the method of separation variables. There are many
studies on this subject in the literature (see [1,3,4,19,26]).

Impulsive differential equations are extensively researched today due to their applications in various
fields in science and engineering ([10,11,17,18,20,21,22,23,25,27] ). These equations serve as basic models
to study the dynamics of processes that are subject to sudden changes in their states.

On the other hand, g-calculus is a type of calculus that allows working with non-differentiating
functions. It has extensive applications in several disciplines such as mechanics, the calculus of variations,
orthogonal polynomials, and the theory of relativity (see [9]). Recently, Annaby and Mansour [4] applied
g-calculus to classical Sturm—Liouville problems and investigated g-Sturm—Liouville problems. In 2017,
Allahverdiev and Tuna [2] introduced g-analogue of the one-dimensional Dirac operator defined as

{ —y5 +p(T)y1 = Ay,
Y1+ 7 (@) y2 = Aye.
Later, ¢-Sturm—Liouville problems were studied by putting impulsive boundary conditions. In [8], the
author studied discontinuous ¢g-Sturm—Liouville problems with eigenparameter-dependent boundary con-
ditions. In [14,15,16], Karahan and Mamedov investigated a ¢-Sturm-Liouville problem with disconti-
nuity conditions. In [6], the authors studied the properties of the scattering function of an impulsive
g-difference equation. In [7], Bohner and Cebesoy investigated the locations of the eigenvalues and
spectral singularities of an operator corresponding to impulsive g-difference equations.
In this paper, a spectral function for impulsive ¢-Dirac system on the interval (—oo, 00) is constructed.

Later, we establish a Parseval equality and expansion formula in eigenfunctions in terms of the spectral
function.
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2. Preliminaries

In this section, the basic concepts of ¢g-calculus that will be used in the article will be given. For more
detailed information, the following sources can be examined, [13,5,9].

Let ¢ € (0,1) and let A C R := (—00,00) be a ¢g-geometric set, i.e., if ¢ € A for all { € A. We begin
by defining the operator D, by

h(gQ)=h(<)
Db () = I ey
q lim,, oo h(q"s)—h(0) C=0
qng ) )

where (,¢ € A. When it is required, ¢ will be replaced by ¢~!.

frequently used, can be verified directly from the definition:

Dy-1h(¢) = (Dgh)(a~"¢),
(Dgh)(q~'¢) = qDg[Dyh(q ™" ()] = Dy-1Dgh(C).

The following facts, which will be

Related to this operator there exists a non-symmetric formula for the ¢-differentiation of a product

Dy[h(Q)w(Q)] = w(€)Dgh(C) + h(gC) Dgw(C).
We define the Jackson g-integration by
C o
| r@dn = -0 e e a,
n=0

provided that the series converges, and

/abh(’Y)dq’Y/Obh(’Y)dﬂ/Oah(’Y)dq%

where a,b € A. From [12], we have
0o oo
/ c(dey= Y q"o(q").
0 n=-—o0o

Through the remainder of the paper, we deal only with functions ¢g-regular at zero, i.e., functions satisfying

lim A (Cq") = h(0),

n—oo
for every ¢ € A.
3. Main Results

Let us consider the following impulsive ¢g-Dirac system

—IDg-1y2a +p ()1 = M,
{ Dy +7( Qe =rp, D (8-1)
Y <—q1n,)\) cos B+ y1 (—qln,)\> sin 8 =0, (3.2)
y1 (d—) — kiy1 (d+) =0, (3.3)
y2 (q7'd—) — kayo (¢ Hd+) =0, (3.4)

1 1
Yo (q”’/\) cosy + Y1 (q”’/\> siny = 0, (3.5)
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where ki,k2,7,8 € R, n e N, [ := [f%, ), I = (d, L], fqin <d< q%, I:=LUIy, and Ais a
complex eigenvalue parameter.

Our basic assumptions throughout the paper are the following:

(A;) Let ¢ € (0,1) and kijke = a > 0.

(A2) p, r : I — R are continuous functions and have finite limits p (d+), r (d+).

A similar problem has been investigated in [1] without impulsive conditions.

Let Hy = L2 (I1) + L2(I5) be a Hilbert space endowed with the following inner product

1

d a
(h,w)m, == / (hyw) g2 dgC + a/d (h,w) ez dgC,

1
i

where : o
_ <7>\ _ h C,/\ s CE I
no=( e ) men={ e (5
_ h’21(C’)‘)’ CE I
e (<7>\) - { hQQ(Ca)‘)v C € I,
and . o
_ w <7/\ o w C,)\ s CE I
w0 =(2len) ) aen={ e f5h
wgl(C,A), CE Il
2 (C7>\) - { MQQ(C’)‘)v C €l

We will denote by

N ¢11(C,/\) ), cen
7>\ - b 7A
oren=(DaiEn) ) oy { 2. Ceb,
¢§12)(C)a CEII
S A
7i2(GY {¢@@%C657

and

by e ©, cen
A) ) ¢21(<’A)_{ $©), e,

the solutions of (3.1) which satisfy conditions

511) (—i )\) = —cos 7, qbglz) (—(Tlm)\) = sin7y,

P
& (;171,/\) =cosa, 9% (ﬁ’)\) — _sina, (3.6)
and impulsive conditions (3.3)-(3.4).
- $2($N) 97 (£,2) Loy
CEEN = efpllin Cq; t_<t _1<7<C;dd7tjdd (3.7)
Weld1,02) < o : :
where

Wy (61, 62) = d11 (§,A) d22 (47 E,N) — 21 (6, N) 12 (71, N)
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Theorem 3.1 Suppose that A is not an eigenvalue of (3.1)-(3.5). Then G((,t, ) defined as (3.7) is a
q-Hilbert—Schmidt kernel, i.e.,

i pd Lk
[ et <oo [T [TIGEENI dicdyt < .

Proof: By (3.7), we find

/%dC/_IGCM)ICszoo/ qc/ [G(C,t, N)||2e dyt < o0,

since ¢1 (., A), P2 (., A) € Hy. Hence

t//%”G<ﬁquwt<m / /’nngm@dwt<m (3.8)

Theorem 3.2 ([24]) Let A{t;} ={z}, i€ N:={1,2,3,...}, where
o0
= katk. (3.9)
k=1

If
> minl? < oo, (3.10)

ik=1

then the operator A is compact in I2.

Theorem 3.3 Suppose that A = 0 is not an eigenvalue of (3.1)-(3.5). The operator K defined as

d

VO =) (= [ GCr0w®dtta [T G0

18 compact and self-adjoint in H.

Proof: Let w,0 € H and let ¢; = ¢; (¢) (i € N) be a complete, orthonormal basis of H;. By Theorem
3.1, one can define

1

d A
b= o = [ @@.sedtra [T @060,

i

1
T

d
%Z@MmZ/ w@m®M%Hﬂ/ (0 ()5 (1))co dat,

4 d

q

Nik 7/,7/4 (€,1,0) ¢5 () D (1)) 2 dgCdgt,
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where i,k € N. Then H; is mapped isometrically /2. K transforms into A defined as (3.9) in [2. (3.8) is
translated into (3.10). By Theorem 3.2, A is compact. Thus, K is compact.
Since G ((,t,0) = G (¢,¢,0) and G ((, t,0) is a matrix-valued function in C? defined on I x I, we find

1
T

d q
(Kuw, o) g1, = / (Kw) (€) 0 ())ee doC + / (Kw) (€) 0 (O))ce daC

d

1
e

:/ / (G (¢, t,0)w (t),0(C))ce dgtdyC

1 1
- qn - q71

" / TG 0)w ()0 (C))es datdyC

_|_
Q[\.'J
g\

d d
- / (w(®), G (t,¢,0) 0 (¢))c2dqCdyt

I _ 1
T am

+a2/dq7n(w ) /di G (£, 0) 0 (O))erdyCyt = (w, Ko, .
O

By Theorem 3.3 and the Hilbert—Schmidt theorem, we conclude that there is an orthonormal system
{on} (n € Z) of eigenvectors of (3.1)-(3.5) with corresponding nonzero eigenvalues A, such that

d L [e ]

| 1w Oldc+a [T w0 dc = 3 el (311)

qm n=-—o00

which is called the Parseval equality, where w € Hy, a,, = (w,n)m, and n € Z.
Denote by

(1)
Y1(GN) = < w“(g’ig )7 %1((,/\):{ i1 Q) C€ls

s (G, P©. cen,
men={ B0 (&

(where I3 := (—00,d), Iy := (d,0)) and
men= (e ) men-{ il (e
men={ B0 (&

the solutions of (3.1) (¢ € I3 U I4) which satisfy conditions

1 1
51) (Cv >‘) = 15 ng) (C7 >\) i (1)7 (312)

SN =0, 0 () =1, - % <c<d

and impulsive conditions (3.3)-(3.4).
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Let A (s € Z) be the eigenvalues and ys (s € Z) be the corresponding eigenfunctions of the self-
adjoint problem (3.1)-(3.5), where

Ys2 ( sl (C) ) C € I27
1)
— Ysa (C) ) C € Il
v () { y3 (C), (€l

Since the solutions 7 (¢, A) and 9 (¢, \) of the system (3.1) are linearly independent, we find

Ys (C) = us11 (Cv >‘s) + Vst (Cv )‘s) )

where s € Z. Without loss of generality, we can assume that |us| < 1 and |vs| <1 (s € Z). Write

1

d =
o= [ I @l dic+a [T I (Ol dig s < 2).

qn
wi ()
)= € Hy,
w(.) ( wo () ) 1
is a real vector-valued function, where

w1(§)={w§1)(<)’ C€h andw2(C)={wél)(C)a cel

Let

wém (C)v C S IQ-

From (3.11), we find

1

d 2 an 2
/ o (O)]1% g€ + o / o ()12 dg¢
,an d

= Z {/ (W(C)vys (C))C2dq<+a/ (w(C)7ys (C))CquC}

d

Q

= @O (€A v C Al |
o [ (@ (), usthr (G As) + vath2 (€ As)) o dg

t+a qu ' (w (g) 7¢1 (Cv )‘s))CQ qu
{ U (@ (Q) ¥ (G A))en dC }

{ 4 @(0) 11 (¢ M) o }

) { 4 (@(C) 2 (¢ A)) g dyC }

2 d w i
o { (@0 (G A } | (313)
+

@ qu” (w (C) 7¢2 (Ca As))(cfz dqg
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The step function u,, 11 (4,7 =1,2) on R is defined by
di =]

qn7qn
2
- Z o for A <0
A<As<0
My A) =
117[ q%'l7 ﬂ]( ) Z ng for)\>07
0<A.<A
— > g, forA<0
) = A<A<0
afgea] > up fora>0,
0<Aa<A
Fao [ ae 2] A = Hay [ o (A)s
q q q q
- Z %, for A <0
) = A<As<0
S T S S
(157
0< A <A

It follows from (3.13) that

:/ ZQ d,u”[ L] N, (3.14)

where

1
7

d q
0 () = /_ @0 (G N)er dyC + e /d (@ (0),61(C A))en o,

qm

and

™

d
0y (V) = / (@(C) 2(C, A dgC + 0 / (@ (C) $2(C V) .

1
i

Lemma 3.1 For any positive &, there is a positive constant A = A (§) not depending on q% such that
V {Nz’j,[—%,%] (/\)} <A (,j=12). (3.15)

Proof: By (3.12), we find z/JE;) (do, \) = 6;5, where &;; (4,5 = 1,2) is the Kronecker delta. It is clear that

wg) (¢, \) (i,7 =1,2) are continuous both with respect to ¢ € [—ﬁ, d) and X\ € R. Then for every € > 0
there is a dg < k < d such that

(GO

= (2240

be a nonnegative vector-valued function such that wg (¢) vanishes outside the interval [dg, k] with

<e, [N\ <&, where ¢ € [do, k] . (3.16)

Let

k
L WEk1 (g) qu = ]., (317)

0
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and wgs (¢) = 0. Write

k k 1
O (A) = / (@h (C) ) s daC = / wir (OB (¢, ) dy,

where ¢ = 1,2. From (3.16) and (3.17), we see that
Q1 (A) — 1] <&, |Q2r(N)] <e, and [N <E&. (3.18)
By (3.14), we find

LI ¢
/do wiy (€) qu>/_£Qlk (A) dl‘n[ o] (A)

¢
+2 /—s Qe (A) Qo (M) gy 2 11 (A)

¢ 3
+ / o N gy [ ) ) 2 / RUCEL RN

—2/ Q15 (V)] Q25 (A |‘dﬂ12 EERER IOV E

It follows from (3.18) that

Then we obtain

—e ()t g ) O = oy, 4] (O] (3.19)
due to
3
V Atz )
L g g (©) =t e ) (50)
=2 | ] (€~ o) (O | (320)
Let

_{ ok (Q)
7k (0) = < k2 (€) )
be a nonnegative vector-valued function such that ops ({) vanishes outside the interval [dg, k] with
S or2 (€) dg¢ = 1, and o3y (¢) = 0. Similarly, we get

k
/d ot ()i > (1=39) {31 O =3 (O
—e (1) (g 3 O =2 (O} (3:21)
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By virtue of (3.19) and (3.21), we conclude that
k
[ b @+t @b dig > (1- 22— )
0

y { P [ e, 2] () = By o a7 (<€) } .

thgo =] (§) = hgy =] (=)
If the number € > 0 is selected such that 1 — 4e — 2 > 0, then the statement follows for the functions
Fon - (=¢) and p,, -2, 2] (=¢), relying on their monotonicity. For the function
Fag [~ 2 1] (=¢), it follows from the Cauchy—Schwarz inequality. O

Now let’s define the following spaces.

H :=L?(I3;C?) + L2 (14;C?) , be a Hilbert space endowed with the following inner product
d 0o

o= [ @@.0@Oeddta [ @C.0@)edg,

—0o0 d

where I3 = (—o00,d), Iy = (d,0),

(1) (1)
_ Wy (C)’ C els o Wy (C), C ISR
0= { WP(©), Cel, w(0) = { {2

(1) (1)
o , el o , eI
o1 (C) — %2)(0 C 3 02(0 _ %2)(0 C 3
01 (C)’ C € 147 (e (C), C S I4.
Let o be any non-decreasing function on —oo < A < oo. Lg (R) be a Hilbert space of all functions

¢ : R — R which are measurable with respect to the Lebesque—Stieltjes measure defined by g and such

that -
[ 6 (\) do () < oo

D= [ oW de(y).

Theorem 3.4 Let w is a real vector-valued function and w € H. There are two monotone functions
p11 (A) and pas (A), and a function pye (\) with variation bounded in each finite interval, none of which
depends w, and such that the following Parseval equality holds

d 2 OO 2
/ o (Ol dg¢ + / w0 (Ol doC
d

—0o0

with the inner product

/ Z Qi ( A) dpi; (N, (3.22)

0 4.5=1

where

d
f,L (o‘() (C) %‘ (C7)‘))C2 dqc: (Z: 1’2)

Qi (A) = lim ql
n—0o0 +af ar ( ) q,zjz (CaA))CQ d‘IC
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We note that the matrix-valued function pu = (,u”)” 1 (p12 = p21) is called a spectral function for
the system (3.1), (3.3), (3.4).

Proof: Let

an(@ = (2 ) mez)

where " o
— wlm(C)v Cels _ ng(C), Cels
0 { WS, cen, o= { S0, Cet,

satisfies the following conditions:

1) wp, (€) vanishes outside the interval [ q—m,d) U (d, qu} , where —q% < —qim <d< qim < q%.

2) The real vector-valued functions wy, (¢) and Dyw,, (¢) are g-regular at zero.
3) wm (€) satisfies conditions (3.2)-(3.5).
From (3.11), we find

¢ 2 o 2
[ lem (Ol dig +a / o (€)1 du¢
S d

aq

) i al{ S @ (€),9k (e da€ } _ (3.23)

2 am
k=—oo Mk e [ (wm (€),yk (C))e2 g€
g-integrating by parts gives

1
0

d
[ O @esdi ot [T (0 (s ot

d

/\k/i [ lD Sy (O +p () uty) (C)] dyC

+5- /d @i (<) [—;D Sy (Q+p(Quy (C)] dyC
d

—&-i/_iwg}% (g) {qul(cll) (C)+r(§) yl(clz) (C)} qu

+ia / W20) [Pafd) (€ + 7 (02 (O] dt
- — / ' HD Wi (O +p(Qw “(4‘)] vt (€) doC
+la /d " [—1D w2 () +p () w (0] vt (Q) doC
= / d [ Dyl () + 7 (O wh (O)] w3 (©)

_y_a/d;n [quﬁi Q)+ (¢ Wéfy)l (O} ka (€) dgC.

Z ai { Lmim 2k (€)) g2 dgC }2

+a fd (wm (C) s Yk (C))CZ qu

By condition 1, we find
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2
f:iq}ﬁ |:_1D *1w(1) (C) +p wlm ):| y](;t) C
_1 o 1) el [in, wzm( > p(Q)win <<>} yffﬁ( >
=82 al e [D m( (0 (
Ail=s F — o [Paim (€ ¢) o ()| Wk
+a [ {quﬁ{ w2m ]y;(fg)
2
ffi [_%Dq*w(l) () +p(¢ wlm )] ykl dqC
S ) el -ip wéii P >w§‘i,1<o] yffﬁ( )
s k=—o0 a% +f - [ qwl'rr)z Wé}% }y
+afd7|: qwg% w2m :|
2
I [F5Dg i © + 2wl ()] dy
1) i [ ( > p(Q)wii <<>}
== 5
N +f |: qwlm w2m :| qu
2
o fd [ qWﬁi Wéi)L } dgC
From (3.23), we conclude that
d
JZ o, llwm (€ e o + o [ o ()22 dyg
_Z—Ngkng a2 {wm ()Y ()>H}2
1
< D> o lwm () (untn (M) o (M)}
~N<M<N K
N 2
:/ > Q) Qi Ny V),
=N =1
where
sz ()\) = <wm( ) 7¢i (a)‘)>H (Z = 1a2)
Thus, we find
fi’ b (122 o+ [ lwm (Q)l122 dC
f Z” 1 zm( )QZ ()‘)dﬂ [ q%q%]@‘)
2
< [0 |30 ) (O +p (el (€] dd
T T @) @ (17
oz [ [~ 1w (O +p QWi (©)] di
(3.24)
J 2
tr [0 [Dalin (© + 7 (©Qwhi (O] dog

1 2
0 [ [Dt () + 7 (Qwi (O)] duc:



12 BILENDER P. ALLAHVERDIEV, HUSEYIN TUNA AND HAMLET A. ISAYEV

From Helly’s theorems and Lemma 3.1, we can find sequences § —— } and {qig } such that the functions

Hig [ s =] (A) converge (ns, — 00) to a function p;; (A) (¢, = 1,2). By (3.24), we conclude that

n
sq

T leom ()12 da + @ 77 lom (€)1 d
- ii=1 Sim (A) Qjm (A) dpiz (A)

I 1 2
<w /. [—qD ) O+ O 0] g

% 2
rags [T [0 0 40w 0] dic

d
s [ [Pt 0 +r @bl @] g

™
1

Q

1 qm 2
tge [T [Pt 0+ ©uf 0] dit

As N — oo, we obtain

¢ 2 o 2
[ lem (Ol dic +a / o (€)1 du¢
-1 d

qm

-/ 3 Qo () e () ity (V).

1,j=1
Now let

w(2)(<)7 C € I4,

is a real vector-value function and w € H. Choose vector-valued functions

Q)= { AV, cel

e
w(() — { (g)v < € IS

w7(]2) (C)a C S I4,
satisfying conditions 1-3 and such that
d 2

lim [ e ©) -l ©)

n—o0 — 00

c2 daG

+a lim h Hw(2) ¢) - wff) (C)‘

n—00 d

2
L daC=0.

Let

Then, we obtain

[ ) T A S

e 2

_ / TSy () 2 (V) iy (V).

%0 ,j=1
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Since

2
2 daC =0

/_; o2 © - @, dac + a/d“’ o2 ©) -2 ©

as 11,12 — 00, we get

o 2
/ S (s () Qs ) = Quy () Qg (V) iy (V)
— ;=1

-/ io o © —tp @ ot +a [ [l (© -2 (@ dug 0

as 11, n2 — 0o. Therefore, there is a limit function €; (i = 1,2) which satisfies

[ @l acva [ ©ff,

= [ e W ).

=1

by the completeness of the space Li (R).
Now, we shall prove that the sequence

d
Ky (V) = / @D (€)1 (6 N))eadyC

+ / "W ()t (€A exdaC (i = 1,2)
d

converges as 17 — 00 to w; (i = 1,2) in L2 (R). Let ¢ be another real vector-valued function in H. ¥ ()
can be defined by o. It is immediate that

2

e e

/_C; Hw(l) (€)=t (C)H; dy¢ + a/doc Hw(z) (€)= o (C)‘

o 2
= [ @)~ B ) (@ )~ 5 () s ().

i,j=1

Let

0, otherwise.

a@:{w(@v Cel-Eau L]

Then, we have

o 2
/_ S0 () = Kot (V) (25 (A) = Koy (0)} dpisy (V)

i,7=1

_ /_; o )], dac + a/j @ | dug 0 (1> ).

which proves that (K,;) converges to Q; (i = 1,2) in LZ(R) as n — oo. O
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Theorem 3.5 Suppose that the real vector-valued functions

W), I W), I
w0 ={ G, (&n w0={ 0@ (&R

w,o0 € H, and Q; (\), X; (A\) (i = 1,2) are their Fourier transforms. Then, the following generalized
Parseval equality holds

[ (0.0 @) e [T (210,00 @)

— 00

:/_oo ST (N duiy (V)

ij=1

Proof: Since 2 F ¥ are transforms of w F o, we find

[+ o [ 0+ 0 g
N /_Z mz: (2 (A) + 24 (X)) (& (A) + 25 (A)) dpaag (V) (3.25)
and . 2 . 2
| @ o[ ra [ o @ o @ g
N /Z Z (9 (\) = i (V) () (\) = 5 (V) dpaag (V). (3.26)
From (3.25) and (3.26), we get t:e:;esired result. 0

Theorem 3.6 Let w is a real vector-valued function and

(1) , cl
Q)= { 5(2)587 ge 1, WM

Then, the integrals
|2 (€N s () (i =12

—0o0

converge in H. Thus, we obtain the spectral expansion formula

= | TS0 () Wy (G di (V).

- 3,j=1
Proof: Define )
(O = [ 37 @O (€N disy ()

ij=1

where s > 0, ws € H and

W0, cern
(JJS(C) - { W£2)(C)7 CG 1—4.
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Let

(), cel
U(O:{ Z(”Ec; ler, O€H

be a real vector-valued function which is equal to zero outside the finite interval {—q%, d) U (d, q%} , where

q% < #. Hence we get

/d (4210.00(0) ,dic+a | ” («2(©).0®(Q)) , dac

_iﬂ_ c2
/1 (/ Zﬂ ) (¢ A) dpij (N) o (<)) dyC
T qT S4,5=1 o
/ / Z Qi ( 7/’] (¢, A) dﬂz;( ), o@ ©) dyC
e )
T4 (0D (C) 4y (EA)) o o
/ ”219 {+af; (6@ (¢) 1 <<,A)§@dq<

/ Z Qi ( A) dpi; () . (3.27)

1,j=1

By Theorem 3.5, we deduce that

-/ S 2005, (el (). (3.28)

7,7=1
By (3.27) and (3.28), we have

2
(W—ws,0)y = /A> >N (N dpij (V) (3.29)

i,j=1
Let

0, otherwise.

U(C):{ w(() —ws(¢), C€[-sd)U(d,s]

From (3.29), we obtain
2

o — el = /| S0 () () duis (V).

1,7=1
Letting s — oo gives the desired result. O
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