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Geometry of n-Ricci Yamabe Soliton on Nearly Sasakian Manifold
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ABSTRACT: The present paper is devoted to study n-Ricci-Yamabe soliton on nearly-Sasakian manifolds.
We examine Ricci-semisymmetricity and Einstein- semisymmetric on nearly-sasakian manifold to obtain con-
dition for shrinking or steady or expanding. Further, we analyze the 3-dimensional nearly-Sasakian manifolds
admitting n-Ricci-Yamabe soliton satisfying certain geometric conditions.

Key Words: Nearly-Sasakian manifold, n-Ricci-Yamabe soliton, Einstein tensor, n-Einstein mani-
fold, Projective curvature tensor.
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1. INTRODUCTION

A Ricci soliton is nothing but a generalised concept of the Einstein metric. In a Riemannian manifold
(Q, g) of dimension n, the metric g is called a Ricci soliton if

(£x9) (A1, A2) +25(A1, A2) + 2M19(A;, A2) =0, (1.1)

where £yg is the Lie derivative of the Riemannian metric g along the vector field T, S is the Ricci tensor,
A1 is a constant and Ay, As are arbitrary vector fields on TQ2. The Ricci soliton is said to be expanding if
A1 = positive; shrinking if A\; = negative; and steady if Ay = 0. A Ricci soliton with T = 0 reduces to an
Einstein equation. Cho and Kimura(2009) studied an n-Ricci soliton (g, T, A1, A2) as the generalization
of the Ricci soliton (g, T, A1) [4]. They have explained the extension of Ricci soliton as a notion of n-Ricci
soliton [4]. Hamilton(1988) initiated the concepts — Ricci flow and Yamabe flow [5]. Some related works
can be found in [1-3,6-17]. The 1-Ricci Yamabe soliton (n-RYS) concept was defined by Siddigi and
Akyol [18] as follows:

(Lx9)(A, B) + 2pS(A, B) + (2M\ — qr)g(A, B) + 2Xon(An(B) = 0, (1.2)

where \; and Ay are constants.

In this paper, Ricci tensor for nearly Sasakian n-RYS is attained, and Ricci-semisymmetricity and
Einstein-semisymmetricity conditions are studied. Nearly-Sasakian n-RY'S satisfying the situation S-R =
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0 is discussed. M-RYS on a 3-dimensional nearly-Sasakian manifold satisfying the situation @ - R =
0 is discussed. Further, n-RYS on a 3-dimensional nearly-Sasakian manifold satisfying the situation
R(A,s)- P —P(A,s)- R =0 is discussed.

2. BASICS

Let 2 denotes a smooth manifold of dimension n. An almost contact structure on 2 is given by
(6,¢,m), where O is a one-one tensor field, ¢ is a vector field, and 1 is a 1-form on  satisfying the
relations

%A= -A +n(A), n(s) =1, () =0, n(sA) =0, (2.1)
9(0A,08) = g(A, B) —n(Amn(B),
for all A, B in the Lie algebra x(€2) of all vector fields on Q. An almost contact manifold provided

with a Riemannian metric is called as an almost contact metric manifold(ACMM) and it is expressed by
Q(0,¢,1,9). In addition, on a Nearly-Sasakian manifold(NSM), below mentioned identities are preserved:

R(A1, A2)s = n(A2)A —n(Ar)A;, (2.3)
R((,.Al).AQ = *R(Al,C)AQ = Q(Al,A2)§ *ﬂ(.AQ)Al, (2.4)
S(A1,5) = (n—1)n(A), (2.5)

Qs = (n-—1), (2.6)
S(O©A;,042) = S(A1,A2) — (n—1)n(A1)n(Asz), (2.7)

for all vector fields A;,42 on Q. The following definitions are needed:

Definition 2.1 Let Q be an n-dimensional NSM. We say that € is Ricci semisymmetric if R-S = 0.

Definition 2.2 Let Q be an n-dimensional NSM. We say that § is Finstein semisymmetric if R- E =0,
where E is the Einstein tensor given by

(A1, Ay) = (A Az) = (4 ) 51, Az), (2.8)
where S is the Ricci tensor and r is a scalar curvature of the manifold 2.
Definition 2.3 We say that a manifold 2 is an n-FEinstein manifold if its Ricci tensor is given by
S(A1, Az) = c19( A1, Az) + can(An)n(Az),
for all vector fields Ay, Aa on §, where ¢1 and co are smooth functions on €.

3. n-RYS ON NSM
Let 2 be a NSM. Let (g,¢, A1, A2) be an 1-RYS on . Then by (1.2),

2pS(A, B) = —(£09)(A, B) = (2A1 — qr)g(A, B) — 2Aon(An(B). (3.1)
On a nearly-Sasakian manifold, from a nearly-Sasakian structure V 46 = —0.A4, we have

Using (3.2) in (3.1), we obtain

S(AB) = Mg(Aﬁ)—fn(Amw), (3.3)

QA = 7/1—%11@4)9 (3.4)
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Putting B = ¢ in (3.3) and (3.4), we obtain

(QT — 2)\1 — 2)\2)

S(Aq) = (),
Q§ _ (qT’ — 2A1 — 2)\2)<.
2p

Comparing (3.5) with (2.5), we obtain

Consequently, we obtain the following outcome.

Theorem 3.1 For ann-RYS on a NSM Q, the Ricci tensor is in the form (3.3) and A\1+Xo = p(1—n)+% .

4. 1-RYS ON RICCI-SEMISYMMETRIC NSM

Consider a Ricci-semisymmetric NSM . By Definition 2.1,

S(R(s, A1) Az, A3) + S(As, R(s,A1)A3) = 0.

Suppose Ricci-semisymmetric NSM admits an n-RYS. Then by Eq.(3.3), Eq.(4.1) becomes

2 al(s, ) A Aa) — (s, A ()
+ {QTQ;M} 9(As, R(s, A1) Az) — %H(R(%«%)As)ﬂ(“‘m =0

Using (2.4), we have

— 2\ A
[qr%l] g(9(A1, A2)s —m(A2) A, As) — ?211(9(«417-42% —n(A2) A1) (Asz)+
— 2\ A
[qupl] 0(A2,9(A1, Az)s —n(As) A1) — fﬂ(G(AhAsk —n(A3)Ai)n(A2) =0
which implies
A2

7[9@41, A2)n(As) +1(A2)g( A1, Az) — 2n(A1)n(A2)n(Asz)] = 0.
Putting Az = ¢ in (4.4), yields
g1, 42) ~ n(An(Aa)] = 0.

Replace A; by ©A4; and A by ©.A4,, we obtain

%g(@fh, @AQ) =0.

Hence Ay = 0. Therefore, by Theorem 3.1, we have A\; = p(1 —n) + 4. Thus, we have

Theorem 4.1 A nearly-Sasakian n-RYS cannot be Ricci-semisymmetric and Ay = p(1 —n) +

(4.1)
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5. NEARLY-SASAKIAN n-RYS SATISFYING S-R=0

Consider a nearly-Sasakian 1-RYS satisfying
(S(A1,A2) - R)(U, T) A3 =0, (5.1)
for all Ay, As, A3,U and T on Q. Equation (5.1) implies that

(A1 Ay A)RU, T) Az + R((A1Ay AU, T) Az + R(U, (A1 A Az)T) As
+ RU,T) (A1 A A) Az = 0, (5.2)

where (A1A;A2) A3 = S( Az, As) A1 — S(A1, As)As. Using (5.2) in (5.1) and taking .4; = ¢, we obtain

S(Az, RU,T)Asz)s — S(s, R(U,T)A3) Az + S(A2, U)R(s, T) A3z — S(s,U), R(Az, 1) A3
+ S(AQ, T)R(u, §).A3 — S(g, T)R(L{, AQ)A?, + S(.A27 Ag)R(u, T)C
— S(c, As)R(U, T) Ay = 0. (5.3)

Taking inner product with ¢, using (3.3) and putting T = A3 =, in (5.3), we obtain

{qr 2/)2)\1} [(9(As, R(U, <)) = n(A2)a(s, RU,<)s) —n(U)n(R(As,<)s)

+n(A2)n(RU, <)s) —n(R(U, A2)s) +n(A2)n(R(U,<)s) —n(R(U,<)Az))]
+ %{n(UM(R(AQ, Q)s) = n(AaM(RU, <)s +n(R(U, As)s) —n(A)M(RU, <)s)
+n(RU,<)A2))} = 0. (5.4)

Using (2.3) and (2.4) in (5.4) we obtain

21 —qr + A
BRI g )~ it (Aa) =
- A
)\1 == qTTZ
Then by (3.3), we have
Ao [ 1
(A1 Ar) = 22 |Lals, )~ ()| (5.5)
Substituting Az = ¢ in (5.5), we obtain
A2
519 = - | 2] n(y), (5.6)

Comparing this with (2.5) results
Ae=p(l=n), A=

Hence, we have

Theorem 5.1 If a nearly-Sasakian n-RYS satisfies the condition S - R = 0, then Ay = p(1 —n), Ay =

r—p(l—n) . . . . .
L= and the underlying manifold is n-Einstein.
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6. n-RYS ON EINSTEIN-SEMISYMMETRIC NSMs
Consider an Einstein-semisymmetric NSM €. By Definition 2.2,

E(R(A1, A3) A3, W) + E(Asz, R(A1, A2)W) = 0. (6.1)

Substituting A; = ¢ and using (2.8), we get

r

S(R(s, A2) Az, W) + S(As, R(s, A)W) — (ﬁ) [a(R(c, A2) Az, W) + g(As, R(s, A)W)] = 0. (6.2)

If the Einstein-semisymmetric NSM admits an n-RYS, then by (3.3) we get

[qr;p%] BR(s,Ax) As, W) = Z2n(Rls, A2 Aan(W) — [ =] a(Rls, An)As W)
- [qum] 8(As, B(s, A)W) — %H(R(%Az)w)n(fl:s)

—%g(A;s, R(s, A))W) = 0. (6.3)
Now by (2.4) and taking W = ¢, we obtain
——[g(A2, AsM(W) — 2n(A2)n(Az)n(W) + n(A3)g(A2, W)] = 0, (6.4)

which implies Ay = 0. Then, by theorem (3.1), we have A\; = p(1 —n) + 4. Thus, we have

Theorem 6.1 A nearly-Sasakian n-RYS cannot be Einstein-semisymmetric and Ay = p(1 —n) + &

7. 1-RYS ON 3-DIMENSIONAL NSM SATISFYING Q-R=0
Let Q be a 3-dimensional NSM admitting n-RYS that satisfies @ - R = 0. Then

Q(R(A1, A2)As — R(QA1, A2) Az — R( A1, QA2) A3 — R(A1, A3) QA3 = 0, (7.1)
for all A, Az, A3 on Q. In view of (3.4), Eq. (7.1) takes the form

%[n(AnR(a Ag) As —1(R(Ar As) As)s +1(A)R(Ar <) As +1(As) RAL, Ag)e]

~(gr—2\)

3, 2R A2) As] = 0.

Taking inner product with ¢ and using the equations (2.3) and (2.4), above equation reduces to

221 — Ay — A
1 qu]+2

N(R(A1, A2)As3) { p M(A1)g(Az2, A3) —n(A2)g( A1, Az)] = 0. (7.2)

Taking A; = ¢ in (7.2), we get

(2A1 —qr)
p

[9(Az2, Az) —n(A2)n(A3)] = 0.

Upon simplification above equation yields

Thus, we have:
Theorem 7.1 If a 3-dimensional NSM admitting n-RYS satisfies @Q - R = 0, then the Ricci soliton is
1. expanding, for & >0,

2. shrinking, for & <0.
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8. 1-RYS ON 3-DIMENSIONAL NSM SATISFYING R(A,q)-P—P(A,c)-R=0
Let M be a 3-dimensional NSM admitting n-RYS that satisfies

R(A,¢)-P—P(A,q)-R=0 (8.1)
We require the following definition:

Definition 8.1 The projective curvature tensor P in a 3-dimensional NSM is defined by

P(Ay, A) As = R(Av, Ao) As — ~[S(As, As)Ar — S(Ar, As) Aa]. (8.2)
The following results are due to (7.1):
P(A1,¢) = (2”p —r jh + %) M)A~ g, Ap)s + - 5( Ay, Ao, (8.3)
Py, dg)s = (2 EBE ) gty < i) Ao 5.4
P(Ai,¢)s = <2np - qr;;)\l + 2)\2> A —n(Ar)s. (8.5)

From (8.1), we have

R(A,Q)PU, Y)W — P(R(A, U, T)W — P(U, R(A, ) T)W
—PU,T)R(A, W — P(A,Q)RU, T)W + R(P(A,)U, )WV
FRU, P(A,)T)W + RU, T)P(A, )W = 0.

Substituting U = W = ¢, yields

R(A,s)P(s,T)s—P(R(A,5)s,T)s — P(s,R(A,5)T)s — P(s, T)R(A,s)s
- P(Aa §)R(C, T)§ + R(P(Aa C)C, T)§
+ R(s,P(A,6)T)s + R(s,T)P(A,¢)s = 0. (8.6)

Now, using (2.3),(2.4),(8.3)-(8.5) in (8.6), we obtain

2 — 2A 2\
nS(T,A)<—g(T,A)<+n(A)n(T)<[np qr+ 201+ 2]:0_

np
Applying inner product with ¢ in the aforementioned equation, we achieve

n

2

S(T,4) = (

)T, Ay (ML )

2p

Putting A = ¢ in (8.7) and using (2.5), we get Ay = (1 —n)p+ 4 — Ao,
Hence (8.7) reduces to

n n
S0, A) = (5) 8(T, A + (5 = 1) n(A)n(D).
Hence, we have
Theorem 8.1 If a NSM of dimension 3 admitting n-RYS satisfies the relation
R(A,s)-P—P(A,5)-R=0,

then the Ricci soliton is steady and the manifold is Finstein.
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