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Some Characterizations on Gradient Almost 7-Ricci-Bourguignon Solitons

Moctar Traore* Hakan Mete Tagtan and Sibel Gerdan Aydin

ABSTRACT: We characterize a Riemannian manifold with gradient almost n-Ricci-Bourguignon solitons
structures. We show that a gradient almost n-Ricci-Bourguignon soliton is gradient (—w—lu)—almost traceless
Ricci soliton with the potential function k. Moreover, we investigate that a gradient (—ﬁ)—almost traceless
Ricci soliton is isometric to a standard unit sphere S™, hyperbolic space H" and Euclidean space R™ with
constant scalar curvature or its associated vector field is conformal. Finally, we deduce some properties of

integral formulas for the gradient compact case.
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1. Introduction

In differential geometry, the idea of Ricci-Bourguignon flow introduced by Jean Pierre Bourguignon
[9] is defined as an extension of Ricci flow [18]. Richard S. Hamilton [17] defined the Ricci solitons as
a self-similar solutions of Ricci flow. For generalizing and particularizing gradient Ricci-Bourguignon
solitons many examples were given. Then Catino-Mazzieri [11] investigated an important results for Ein-
stein manifold, the idea is to give the well-known results for rotationally symmetric and asymptotically
cylindrical in either compact or non compact condition. Therefore, Thomas Ivey [20] investigated a com-
plete classification for Ricci solitons on compact three-manifolds, while in a gradient shrinking solitons Ni
and Wallach [22] studied in complete manifold which is an alternate proof to a result of Perelman [23].
Further, it is proved by Perelman, a compact Ricci soliton is always gradient. In fact, in the non compact
case [21] there does not exist gradient Ricci solitons. Moreover for a compact gradient almost Ricci-
Bourguignon soliton, some integral formulas were derived in [14]. As a consequence of integral formula,
the author investigated that there exists an isometry between Euclidean sphere and compact gradient soli-
ton when the scalar curvature is constant or the related potential vector field of the manifold is conformal.

Besides, several authors studied the almost n-Ricci and n-Ricci-Bourguigon solitons ([3], [12], [25],
[26]). Moreover, generalization results of Ricci solitons were given in [14]. In this study, inspiring the
work of Ricci almost solitons, he initiated the concept of almost Ricci-Bourguignon solitons. He gave some
important results which were qualified as the generalizing results for Ricci almost solitons. The almost
n-Ricci-Bourguignon solitons provided some special potential vector fields on a doubly and sequential
warped product were studied in ([4], [29]). The almost n-Ricci-Bourguignon solitons on compact and
non compact case with some special vector field were investigated by Traore et al. ([28]). In addition,
Barros and Riberio ([6], [7]) presented an integral formula for the compact almost Ricci solitons and
generalized m-quasi Einstein metrics. Further, Gomes et al. [15] studied the h-almost Ricci soliton,
where they showed that there exists an isomety between a standard sphere and compact nontrivial case.
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Throughout this manuscript we study some properties for gradient almost n-Ricci-Bourguignon soli-
tons in Riemannian manifolds. Therefore, some characterizations and definitions of an almost and gradi-
ent n-Ricci-Bourguignon solitons are given in section 2. Moreover in section 3, we introduce the standard
unit sphere, hyperbolic space and Euclidean space which allow us to deduce that a gradient almost n-Ricci
Bourguignon soliton is gradient ( —ﬁ)—almost traceless Ricci soliton. Further, in the last section we also
investigate that the gradient (fi)—almost traceless Ricci soliton in case its related potential vector field
is nontrivial conformal will be isometric to S™(1).

2. Preliminaries

In this part, we recall the fundamental definitions and concepts for the further study. Let (M™,g)
be an n-dimensional Riemannian manifold, then we defined on M™ the Ricci-Bourguignon solitons as a
self-similar solutions to Ricci-Bourguignon flow [10] defined by:

2 g11) = ~2(Ric—prg), (2.1)

where 7 is the scalar curvature of the Riemannian metric g, Ric is the Ricci curvature tensor of the metric,
and p is a real constant. When p = 0 in (2.1), then we get a Ricci flow. Remark that for some values of
p in equation (2.1), Ric —prg evolve into the following situation:

(1) Ifp=
(2)If p=

Definition 2.1. Let (M™,g) be a Riemannian manifold of dimension n > 3. Then it is called Ricci-
Bourguignon soliton [2] if

r
, then it is an Einstein tensor Ric —ig,

3= NoI=

o . . r
, then it is a traceless Ricci tensor Ric ——g.
n

1
Ric +§£§g = (A + pr)g, (2.2)

where £¢ denotes the Lie derivative operator along the vector field & which is called soliton or potential,
p and X are real constants and the soliton structure is denoted by (M, g,&,\).

If A< 0, A\ =0and A > 0, then the Ricci-Bourguignon soliton is called expanding, steady and
shrinking respectively.

Considering the 1-form 7, (M™, g) is called n-Ricci- Bourguignon soliton [25] if the following equation
holds

1
Ric+5Leg = (A +pr)g +wn @1, (2.3)

for a vector field £, where \,w are real constants. Particularly, taking p = 0 in equation (2.3), we get the
n-Ricci soliton [3].

In (2.3), if € is the gradient of a function k on M, then we have a gradient n-Ricci- Bourguignon soliton.
Then, equation (2.3) can be rewritten as

Ric+V?k = (A + pr)g + wdk ® dk, (2.4)

where V?k is the Hessian of k. If X is smooth function in equation (2.4), then we get the gradient almost
n-Ricci-Bourguignon soliton and it is denoted by (M™, g, Vk, \,w).
Moreover, contracting the equation (2.4), we get

(1 —np)r + Ak = n + w|Vk|?. (2.5)
Hence, we derive that
(1 —np)g(Vk,Vr) + g(Vk, VAE) = ng(Vk, V) + wg(V|VE|?, VE). (2.6)

If k£ is constant, then the gradient almost 7-Ricci-Bourguignon soliton is called trivial. On the other hand,
for a nontrivial gradient almost n-Ricci-Bourguignon soliton k& is not trivial. Hence a gradient almost
n-Ricci-Bourguignon soliton is an Einstein manifold when n > 3 and k is constant.
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Definition 2.2. [16] Let (M™, g) be a Riemannian manifold. Then it is called h-almost Ricci-Bourguignon
soliton if there exist a vector field &, the smooth functions A and h such that

h
Ric+§£5g: (A+ pr)g. (2.7)

Hence it is denoted by (M™, g,&, h, A).

Therefore, if £ = Vk, we get a gradient h-almost Ricci-Bourguignon soliton. Hence, equation (2.7) is
rewritten as
Ric +hV?k = (A + pr)g, (2.8)
here V2k is the Hessian of k. Thus for p = %, we have a gradient h-almost Einstein soliton and for p = %,
we get a gradient h-almost traceless Ricci soliton.

3. Main Results

Firstly we give a characterization for a gradient almost n-Ricci-Bourguignon soliton when w is positive
in equation (2.4) in order to obtain a gradient (— .- )-almost traceless Ricci soliton.

Considering the non constant function u = e~“*¥ on M", where w is a positive function, we obtain
that

Vu = —we “FVEk,

and
2
V9P wdk @ di, (3.1)
wu
Therefore the equation (2.4) is rewritten as
Viu
Ric ——— = (A . 3.2
ic———==(A+pr)g (3.2)

Then from the previous equation we can state the next proposition.
Proposition 3.1. If u = e~“* is a function defined on a gradient almost n-Ricci-Bourguignon soliton,
then the soliton becomes gradient almost (—M—Z)—Ricci-Bourguignon soliton.

If p= 1 in (3.2), then we obtain a gradient (—-L)-almost traceless Ricci soliton defined by

Vu T

Ric o= A+ E)g (3.3)

If we take the trace of equation (3.2), we obtain

Au

—=(1- —nA|. 3.4

o= (a=npr—m) (3.4

1

Let (M™,g) be a Riemannian manifold. If Vu is written as = £v.g = g, where ¢ is a smooth function

on R, then it is called conformal vector field. If ¢ # 0, then the conformal vector field is nontrivial. If
A

we suppose that Vu is nontrivial, then we shall write §£v“g =V = —ug. Putting equation (3.4) in
n

equation (3.2), we obtain
Ric = —g, (3.5)
n

where r is a constant, then M is Einstein manifold. Thus, we deduce:
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Remark 3.1. The manifold M™ is Einstein if and only if its associated vector field Vu is conformal.
Before presenting our main results, we defined the standard unit sphere (S™(1), go), n > 2 as follows:

S™(1) = {v € Ry go(v,v) = 1},
and the standard hyperbolic space (H"(—1), go) as
H" (1) = {v € R"; go(v,v) = —1;0; > 0},

which are the hypersurfaces in R™+1.
The height function h, on R™ is defined by h,(x) = go(z,v), where v is fixed unit vector v € R**1.
We point out that the following theorems are motivated by Proposition 3.1 and the corresponding
Example 1, 2 and 3 [6] of Barros-Ribeiro.

Theorem 3.2. Let (S™(1),g90), n > 2 be a standard Euclidean sphere admitting a gradient almost n-

1 hy
Ricci-Bourguignon soliton of the form (S™(1), go, Vu, A,w) with a potential function k = ——In(¢p — —),
w n
hy

(w>0), where u = e ** = ¢ — = and ¢ is a real parameter lying in (%, +00). Then (S™(1), go, Vu, \,w)
n
is a shrinking gradient almost (——L-)-traceless Ricci soliton.

dh,

Proof. Taking the differential of k and using V2h, = —hygo, we obtain dk = W and
w(ng — hy
Vdh 1
2 v
k= Vdk = d dhy
v v w(ng — hy) + (w(nqﬁhv)Q) @
_ VPh, dh, @ dh,
_w(n¢ - hv) w(”d’ - hv)2
. Ry n dhy & dhy,
T 0o —h) " T (g — ko)
Thus we can write )
V=u 2 hv
——— =V%k—wdk®dk=————
Wi v wak @ w(ng — hv)go7
from equation (3.1). Since Ric = (n — 1)go, then equation (3.2) becomes
V2U hv
ic — — — ]_ _——_ = )\ .
Ric Wi ((n ) w(ng — hv))go A+ er)o. (3:6)
1 ¢— 1 ¢—
where A = (n — 1) — —(u) — pr. Therefore if p = 1 and r = n(n — 1), then A = ——((b u) > 0,
w w' o
which completes the proof. O

Theorem 3.3. Let (H"(—1),g0), n > 2 be a standard Hyperbolic space admitting a gradient almost n-
h
)

1 v
Ricci-Bourguignon soliton of the form (H™(—1), go, Vu, A,w) with a potential function k = —— In(¢+—
w n
hy
= ¢+— and ¢ is a real parameter lying in (%, +00). Then (H"(—1), go, Vu, \,w)
n

(w > 0), where u = e~*

is an expanding gradient almost (—ﬁ)-tmeeless Ricci soliton.

Proof. We prove this theorem like Theorem 3.2. It is sufficient to take VZh, = hygo and using the fact
that Ric = —(n — 1)go, then equation (3.2) becomes

\v& Ry
Rie -~ = (— (n—1) - w(w_hv))go — (0t pr)go, (3.7)
1 u—2¢ 1 u—2¢

where A= —(n—1) — —( ” ) <0,

) — pr. Therefore if p = L and r = —n(n — 1), then A = ——(
w
which completes the proof. O
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For the similar one of the previous theorems, we consider the Euclidean space (R™, go), where gg is a
canonical metric on R™.

Theorem 3.4. Let (R™,go), n > 2 be an Euclidean space admitting a gradient almost n-Ricci-Bour-

guignon soliton of the form (R™, go, Vu, \,w) with a potential function k = —aln(qb + |z, (w > 0),

w

where u = e~“* = ¢ + |z|> and ¢ is a positive real parameter and |x| is the Buclidean norm of x. Then
1

(R™, go, Vu, \,w) is an expanding gradient almost (— . )-traceless Ricci soliton.

Proof. Tt is enough to recall that V?|z|?> = 2go and by a straightforward computation, we obtain

V2u 2
Ric ——— = ——go0 = (A + pr)g0,
u wu
where A = —— — pr. As the Ricci tensor of a Euclidean space is flat, its scalar curvature r = 0 and
wu
2
A= —— < 0. Thus, we get the desired result. O
wu

In the rest of this manuscript, the gradient almost n-Ricci-Bourguignon soliton with the potential
function k given in the previous theorems will be called gradient (—ﬁ)—almost traceless Ricci soliton.

We give the following lemma which was proved in [24].
Lemma 3.5. Let (M™,g) be a Riemannian manifold. Then the followings identities hold:
1
2div(V2k)(VE) = 5A|v1c|2 — |V2k|? 4 Ric(VE, VE) + g(VE, VAE), (3.8)
or in (1,1)-tensor notation

div V?k = Ric(Vk) + VAE. (3.9)

—wk

Considering u = e™“* we can give the following lemma:

Lemma 3.6. Let (M",g,Vu,\,w) be a nontrivial gradient almost n-Ricci-Bourquignon soliton with
n > 3. If (M™,g) is a trivial manifold, then the function u satisfies
Viu = (—ku +b)g, (3.10)

where k = ———— and b= cw are constant coefficients.
n(n—1)
Proof. We know that the manifold (M™, g) is trivial and n > 3. Then for a constant r, we find Ric = T g.
n

From equation (3.2), we have

Viu :w<;u—pru—)\u>g. (3.11)
Hence from equation (3.9), we deduce that
Ric(Vu) + VAu = w (:;Vu — prVu — V(Au)). (3.12)
Therefore we obtain
%Vu +VAu=w (;Vu — prVu — V(Au)). (3.13)

Thus with the help of (3.2), we find

Au =w <7"Vu —nprVu — nV(Au)). (3.14)
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Hence putting (3.14) into (3.13), we obtain

(14+wn—w)
Au) =r———= — . 3.15
V() =r wn(n—1) Vu— prVu (3.15)
(1+wn—w) . ] ) .
Thus Au = rﬁu — pru — ¢, where ¢ is constant. Putting the value of \u in equation (3.11),
wn(n —
we obtain the desired result. ]

It is known when the Ricci soliton is shrinking, compact and dimension n > 2, it is isometric to a
standard sphere [13]. Besides, the authors [19] proved that a complete Riemannian manifold is confor-

Ak
mally equivalent to the Euclidean sphere S™ with a nontrivial function k such that V2k = —g¢. From
n

these results and Theorem 1 in [6], we give the next theorem:

Theorem 3.7. Let (M", g, Vu, (—w—lu), \w) be a gradient (—ﬁ)-almost traceless Ricci soliton with n >
3. If Vu is nontrivial conformal, then we have the following cases:

1. The manifold M™ is isometric to S™ if it is shrinking with a positive constant scalar curvature.
Moreover, k is, up to constant, given in Theorem (3.2).

2. The manifold M™ is isometric to H", provided u has only one critical point if it is expanding with
a negative constant scalar curvature. Moreover, k is, up to constant given in Theorem (3.3).

8. The manifold M™ is isometric to R™ if it is expanding with a zero scalar curvature. Moreover, k
is, up to change of coordinates, given in Theorem (3.4).

1 A
Proof. Since Vu is conformal, then there exists a potential function ¢ , such that 5;5’ vug = Viu = it g.
n

Thus M™ is Einstein manifold. Therefore we infer

A
Ric = (()\ +pr) + u)g,
nuw

A
from equation (3.2). For n > 3, using Schur’s Lemma, we have r = n(\ + pr) + 2% Which is constant.
uw

Therefore we can use Lemma 3.6, Theorem 2 of Tashiro [27] and jointly with the result due to Theorem

1 of [6] to prove that M™ is isometric to S™, to H” and R", when the scalar curvature r > 0, r < 0 and

r = 0 respectively. ]
We give the following lemma which is a generalization for Ricci soliton obtained in [24] .

Lemma 3.8. If (M™,g,Vk,\,w) is a gradient almost n-Ricci-Bourguignon soliton. Then the following

equations holds:

1
5A|vzc|2 = |V?E|? — Ric(VEk, Vk) + 2w|VE|?Ak — (n — 2) (g(V)\, VEk) + pg(Vr, Vk)). (3.16)

Proof. From (2.5), we have Ric+V?k = (A + pr)g + wn ® 1, where 7 is the g-dual 1-form of ¢ = Vk.
Therefore using the fact that
divin®n) = AkVk + Vv VEk

and the second contracted Bianchi identity
dr = 2div Ric
and applying the divergence to the equation (2.4), we obtain

dr + 2div(V?k) = 2d)\ + 2pdr 4 2wAEVE 4 20wV, VE. (3.17)
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Then, we get that
2div(V2E)(VE) = —g(Vr, VE) + 20Ak|VE[? + 2wg(Vvi Vk, V) + 2g(V A, VE) + 2p9(Vr, VE).

(3.18)
Next using the equations (2.6), (3.8) and (3.18), we obtain that

1
5A|Vk|2 = |V2Ek|? — Ric(VEk, Vk) 4 2w|VE[2Ak — (n — 2)g(VA, VE) — p(n — 2)g(Vr, VE),  (3.19)

which allow us to get the desired result. O

Lemma 3.9. Let Vk be a gradient conformal vector field on a Riemannian manifold (M"™,g). If M™ is
compact then

/ V[ Ak dy = 0, (3.20)
M
where dp is the canonical measure.

Proof. Since Vk is gradient on M, then there exists a smooth function ¢ on M, such that

£vig = 2¢g, (3.21)

where ¢ = 1 div Vk. From which we obtain
|VE|? div VE = ng(VviVk, Vk). (3.22)
Hence

div(VE|VE]?) = |VEk|* div Vk + 29(Vvi VE, V)
n+2

= |VE|*Ak.
n

Therefore using Stokes’ formula, we obtain
\VE|?Ak dp = 0. (3.23)
M

Then the proof of the lemma is completed. O

The next theorem is an analogous of Theorem 2 in [6] and Theorem 1 in [8].

Theorem 3.10. Let (M™, g, Vk, \,w) be a compact, connected, oriented without boundary gradient almost
n-Ricci-Bourguignon soliton with n > 3. If one of the following conditions hold then M™ is trivial:

1. Vk is conformal and

/M Ric(Vk, V) dj < —(n — 2) /

(g(VA, VE) + pg(Vr, Vk)) dp.
M

2. |VE| is constant and

/M Ric(Vk, Vk) dp < —(n — 2)/

. (g(V)\, VEk) + pg(Vr, Vk)) dp.

An An
1—np “1-mnp

3. r>
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Proof. Firstly integrating (3.16) of Lemma 3.8, we obtain

/A|Vk|2du :/ |V2k\2du—/ Ric(Vk:,Vk:)d;H—/ 2w|VE[2Ak dp
M M M M

(3.24)
—(n—2) / (g(V)\, VE) + pg(Vr, Vk)) .
M
Since M is compact and Vk is a conformal, thus from Lemma 3.9, we obtain
/ V2k|2 d = / Ric(Vk, Vi) dp + (n — 2) / <g(V)\,Vk:) + pg(VR,Vk)) dp. (3.25)
M M M

As we are assuming that the right-hand side of equation (3.25) is < 0, then we have V2k = 0. Conse-
quently, Ak = 0 and by using the Hopf’s theorem we conclude that k is constant which completes the
item 1.

For the second one, if |Vk| is constant, using Stokes’ formula in (3.24) then we obtain that

/M Y2k dp = /M Ric(Vk, VE) dp + (n — 2) / (g(V)\, VE) + pg(Vr, vm) dp. (3.26)

M

Thus the second item is completed.
Further, taking the trace of equation (3.2), we obtain

div(Vu) = wu((1 — np)r — nA).

Thus wu is positive and (1 — np)r —nA < 0(> 0). Since M™ is compact, connected, oriented without
boundary we obtain that w is constant from Hopf’s theorem, which gives that %k is constant. Then the
proof is completed. O

4. Integral formulas for compact gradient(—w—z)-almost traceless Ricci soliton

Now we give integral formulas for a compact gradient (fﬁ)—almost traceless Ricci soliton.
Using the theory of the classical tensorial calculus, we can write the equation (3.2) as follows:

ViVju

Ri' —
J wu

= (A+pr)gij. (4.1)

First we deduce for gradient (—w—lu)-ahnost traceless Ricci soliton, an important formula deduce for
Ricci soliton. The next lemma can be found in [7] and [16] for almost Ricci soliton and for h-almost
Ricci soliton respectively.

Lemma 4.1. Let (M",g,Vu,(—-L), A\, w) be a gradient (—-L-)-almost traceless Ricci soliton. Then we

have:
Au_ o, (4.2)
wu
2 — 2 , 1 . 1
< n)VZT = ——Rijvju + 2(n — I)VZ/\ + QVZ(—)Au — 2g]lVl(—)ViVju, (43)
n wu wu wu
2—n 1 9 2 T 1 0 1
= —— — 2(n—1 2V (— ) Au — 2¢° — )V, V., u.
( - )Vr+ (wu)2V|Vu| wu()\—l— n)Vu+ (n—1)VA+ v(wu) u— 2g VI(WU)VZVJU

(4.4)
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Proof. For proving equation (4.2), it is sufficient to take the trace of the equation (4.1) with p = %
For the equation (4.3), we recall that 2div Ric = dr and the equation (4.1), we obtain

%Vir = div Ricy;
= gjlleij
= gﬂvl( V Viu+ Agij + proij)
= gﬂVz( )V Vju+ ig] ViViViu+ ¢ (ViNgij + pg? (Vir) gi;
—gﬂvl( )vv u+igﬂvlvv U+ ig T RiijsViu+ Vi + pVr
—ngVl( —ViVju+ — VAu—l——RZSVk—i—V)\—i—er
_gﬂvl( )vv u+(1+p(1 —n))Vir+ (1 —n)Vi\—V; (wlu)Au
+ fRiSVSu.

wu

Thus taking p = 1, the equation (4.3) follows

2,
(nn)Vr:—Rmvu—F?(n—l)V/\—!—QV( )Au—2g”Vz( IViVju.

1
Using the equation (4.3), recalling that V|Vu|? = 2V, Vu and —V¢pVE = —(A + pr)Vu + Ric(Vu),
wu

we obtain

2 — 2 1.
( o )Vr+ TENE s VIVu|® = —Rlc(Vu)—i— VvuVu+ (n—1)VA

.
(wu )2
+V( —)Au— ﬂvl( —)ViVju
=— w—(/\ +pr)Vu+ (n —1)VA
+ ( )Au— ﬂvl( )vv u,

which completes the proof of the lemma. O

Before deriving our integral theorem, we present the next lemma.

Lemma 4.2. [5] Let (M, g) be a Riemannian manifold and S is a (0,2)-tensor on M. Then

div(S(¢€)) = ¢(div.S)(§) + ¢(VE, S) + 5(Ve, ), (4.5)
for all vector field & on M.

Lastly, for compact gradient (—w—lu)-almost traceless Ricci solitons, we derive an integral formula as a
generalization of the result obtained in [1] and [16].

Theorem 4.3. Let (M",g,Vu,(—-1),\,w) be a compact gradient (——=)-almost traceless Ricci soliton.
Then the followings identities hold:

2

1 A 2 —
/ — |V — —ug dp = n/ g(Vr,Vu) du, (4.6)
M WU n 2n  Jur
or )
9 _
/ ’ Ric —zg dp = " / g(Vr,Vu) du. (4.7)
M n 2n M
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Proof. Tt is enough to use Lemma 4.2 to infer

div(Ric(Vk)) = (div Ric)(Vk) + (V?k, Ric). (4.8)
2
From (4.1), the second contracted Bianchi identity and the equation |V2k - MQ‘Q = |V2k|2 — &g,
n n
we get
1
div(Ric(Vk)) = §g(w, Vk) + (A + pr)Ak +— |V k|2
1 Ak Ak)?
= —g(Vr,VEk) + (A + pr)Ak + —|V2k - =g+ (Bk)
2 wu n nwy
1 1 A
= Lo vy Tak s Lk - BF e, (4.9)
2 n wu n

Therefore, using the equation (4.3) of Lemma 4.1, we obtain

n—
2n

1
@Ric(Vk) = ( )VT+(n—1)V)\+V( YAk — gjlvl( )VV ik
Thus, we find

n—

idiv Ric(Vk) = ( o

)Ar+ (n—1)AN+ A= )Ak div(g?" vl( ViV k). (4.10)

Combining the last equation with the equation (4.9), we obtain

1 Ak > (n-2 1
- —yg| = A —DAN+A(—)A
e VZk - ( 5 ) 4+ (n—1)AX+ (wu) k
1
- mg(w, Vk) — —div(g ﬂvl( )v Vk). (4.11)
Integrating both sides of equation (4.11), we have
2
/ T e _L/ g(Vr, Vi) i — —— [ RAkdp. (4.12)

M (wu)? 2wu Sy nwu J s

We know that M™ is compact with [, rAk du = — [,, 9(Vr,Vk)dp and replacing k with v in the
equation (4.12), we find
/ L
M wWu

From the equation (3.2), we get

Au |?

Viu——g
n

2 —
W= J/ 9(Vu, VEk) dp. (4.13)
2n M

1
Ric—ﬁg = —Vu+\+pr— Zg)
n wu n
(4.14)

Thus the proof is completed. U

Consequently from the previous theorem and a classical theorem due to Tashiro [27], also the results
owing to [6], we obtain certain hypothesis for a compact gradient (——-)-almost traceless Ricci soliton
to be isometric to S™, when r is positive to obtain the next corollary which is an analogous of h-almost
Ricci soliton in [16].
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Corollary 4.4. Let (M",g,Vu, (fﬁ),)\,w) be a nontrivial compact gradient (fﬁ)—almost traceless

Ricci soliton with n > 3. Then M™ is isometric to S™, if one of the following conditions holds:
(1)  M™ has constant scalar curvature with r > 0.

(2) /Mg(Vr, Vu)dp > 0.

(8)  M™ is a homogenous manifold.

Proof. Notice that any one of the assertions of corollary 4.4 allow us to write that
A
/ |V2u — —ug|2 dp = 0.
M n

Hence, we deduce that Ric = Zg. Now from the equation (3.2), we obtain
n

1
Viu = wu (r( —p)— )\)g, (4.15)
n
which implies that Vu is a nontrivial conformal. Then from Theorem 3.7, we deduce that M™ is isometric
to the sphere S™. O
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