Bol. Soc. Paran. Mat. (3s.) v. 2025 (43) : 1-12.
©SPM - E-ISSN-2175-1188 ISSN-0037-8712
SPM: www.spm.uem.br/bspm d0i:10.5269/bspm.70860

Existence results for an implicit anti-periodic {-fractional coupled system involving
p-Laplacian operator via topological degree method
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ABSTRACT: In this paper, we investigate the existence and uniqueness of solutions for implicit anti-periodic
coupled systems of £-Caputo fractional differential equations involving the p-Laplacian operator in a Banach
space. Our results are based on the topological degree theory for condensing maps and the Banach contraction
principle. An example is provided to illustrate the results.

Key Words: ¢-fractional integral, £-Caputo fractional derivative, p-Laplacian operator, condensing

maps .

Contents
1 Introduction 1
2 Preliminaries 2
3 Main results 4
4 An illustrative example 10
5 Conclusion 11

1. Introduction

The development of fractional calculus and its practical applications are of great importance for the
effective modeling of nonlinear complex problems with arbitrary fractional orders. Fractional differential
equations have emerged as a crucial area in real-world applications due to their ability to accurately
represent a wide range of physical phenomena spanning diverse fields such as chemistry, physics, biology,
engineering, viscoelasticity, electrical engineering, signal processing, electrochemistry, and controllability.

In recent years, researchers have been especially driven to investigate fractional differential equations,
recognizing their significance in physics and related domains. This has led to the development of fractional
calculus, which encompasses various types of fractional derivatives, such as Riemann-Liouville, Caputo
[16], Hilfer [14], Erdelyi-Kober [17], Hadamard [1] and Caputo-Katugampola [18].

Recently, Almeida [2] introduced a new type of fractional derivative known as the {-Caputo fractional
operator. This generalized operator offers substantial flexibility for capturing diverse system dynam-
ics. Moreover, it allows for some flexibility in modeling different phenomena, depending on the choice
of the function . For instance, the standard Caputo derivative is recovered when £(t) = t, while the
Caputo-Hadamard derivative corresponds to £(t) = In(t), and the Caputo-Katugampola derivative arises
from &(t) = % This derivative has gained significant popularity in the literature. For more details on
these kinds of fractional derivatives, one can refer to recent papers [3,4,5,10]. This operator involves
differentiation with respect to another function and has received considerable attention for its practi-
cal applications, especially when combined with p—Laplacian operators. As a result, researchers have
conducted numerous studies to explore the existence of solutions to equations involving this £-Caputo
fractional derivative. For readers interested in delving deeper into this topic, relevant articles include
[3,4,6,7,11,12].
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In 2020, Derbazi et al. [9], investigate the existence of solutions for the following fractional coupled
systems in a Banach space by employing Monch’s fixed point theorem combined with the technique of
measures of noncompactness.

C’Dg-%l—x(t) = gl(tvx(t)vy(t))7 teJ,
C?g)iy(t) =ga2(t,2(t),y(?), te T,
y(a) = yar

where J = [a,b], %q,y. € &, °Dyi is Caputo fractional derivative of order o; € (0,1}, 7 = 1,2. and
gi: I xXxX — X, i=1,2. are a given functions satisfying some assumptions.

In 2023 El Mfadel et al. [12], used the Monch’s fixed point theorem to investigate the existence
of results for the following anti-periodic fractional coupled system involving p-Laplacian operator in a
Banach space X.
"Dyt 6, (Dt Sa(t) = ga(ta(t), (1), 1€ T,
D25y (D2 y(t)) = ga(t, x(t),y(t), t€ T,
z(0) = —z(T),
y(0) = —y(T),

where J = [0,7T] such that T > 0, CDgi’g and CDgi’g are {-Caputo fractional derivatives of orders
Bi, a; € (0,1) such that 1 < a; +8; < 2,1 =1,2 ¢ : I xX xX — X, i =1,2. are Carathéodory
functions and ¢,(.) is the p-Laplacian operator such that ¢,(s) = ||s[[P72s (p > 1).

Inspired by the above works, we investigate the existence and uniqueness of solutions for the following
implicit anti-periodic fractional coupled system via topological degree methods in a Banach space X.

Dy, ("Dt ta(t)) = ga(t, 2 (1), y(b), “Dot* by (Dt *x(1))), t e T,

Dyt p(“Dy 2 y(t) = ga(t, (1), y(t), “Dyt by (“Dy2oy(1))), te T, (11)
2(0) = —(T),
y(0) = —y(1),

where J = [0,7T] such that T > 0, CDgﬁr’g and CDS‘j’g are £-Caputo fractional derivatives of orders
Bi, a; € (0,1),i=1,2 and the given g; : 7 x X x X — X, i = 1, 2. are continuous functions that satisfy
certain assumptions.

The remainder of this study is organized as follows: In Section 2, we present the basic tools of the &-
fractional integral and the £-Caputo fractional derivative, which will be used throughout the following
sections. Section 3 is devoted to proving the existence and uniqueness of the solutions for the coupled
system (1.1) using the topological degree method. In Section 4, we provide an illustrative example to
validate our theoretical findings.

2. Preliminaries

In this section, we present some of the definitions and results that are essential throughout this work.
Let C(J,X) be a Banach space of all continuous functions z : J — X equipped with the supremum
norm

|z = sup [|z(t) || x-
teJ

LP(J,X)(1 < p < o) be a Banach space of all Bochner integrable functions z : J — X with the norm

zllr> = (/Ot ||x(t)\|§(dt)%.

We set € = {(z,y) : (z,y) € C(J,X) x C(J,X)} as a Banach space with the norm

(@, y)lle = [l] + llyll-
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Definition 2.1 /2] Let u € L} (J,R) and £ € CY(T,R) with £'(t) > 0 for everyt € J. The &-Riemann-
Liouwille fractional integral of the function uw at order a > 0 is given by

Ig‘fu(t) — / (f(t) B g(s))a— §/<S>U(S)d8
0

Definition 2.2 [2] Let u, § € C™"(J,R) with £'(t) > 0 for every t € J. The &-Caputo fractional
derivative of the function u at order o > 0 is given by

t —_ (s n—a—1 :
CDgfu(t):/O (f(t)r(f( ) g’(s)u[;](s)ds,

n— )

n 1 od\" ‘
where u[g ](s) = (f’(s) ds> u(s) and n = [a] + 1, such that [a] denotes the integer part of .

Remark 2.1 Integrals and derivatives appearing in previous definitions are taken in Bochner sense when
u s a function with values in X .

Proposition 2.1 [2] For a > 0, if u € C"1(J,R), then we have
1) “DYETS u(t) = u(t).
n—1 [k] (0)

& e, p) — : _ Ve
2) Iy “Dyru(t) = ult) — ck(€(t) — €(0)%,  where ¢, = i

Definition 2.3 [8] Let O C X be bounded. The map A: O — Ry given by
ANO) =inf{6 >0: O C | JO; and diam(0;) < 5}.
i=1
1s called Kuratowski measure of non-compactness.
Proposition 2.2 [8] Let O,01,05 C X be bounded. Then we have the following properties.
1. MO) =0 & O is relatively compact.
AMKO) = |k|A0), KeR.
0, C 0Oy => /\(01) < )\(02)
)\(01 U 02) = max{)\(Ol)7 )\(Og)}

S S e e

AO) = XMO) = AconvO) where O and conv O represent the closure and the convexr hull of O,
respectively.

Definition 2.4 [8] Let M : O C X — X be a continuous bounded map. M is called
e \-Lipschitz if there exists k > 0 such that
AM(0q)) < &A(O1), YO;1 C O bounded.
Furthermore, M is called a strict A-contraction if Kk <1 .

e \-condensing if
A(M(01)) < AM(O1), YO1 C O bounded with A\(O) > 0.
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Definition 2.5 [8] Let M : O C X — X, Then M is called Lipschitz if there exists k > 0 such that
Mz — My|| < kllz —yl||, forallz,yeO.
Furthermore, M is called a strict contraction if k < 1.

Lemma 2.1 [8] If My, M3 : O C X — X are \-Lipschitz maps having constants k1, ko respectively.
Then the map M1+ My : O — X is A-Lipschitz having constant k1 + Ka.

Lemma 2.2 [8] Let M : O C X — X, then
o [f M is Lipschitz with constant k, then M is \-Lipschitz having the constant k.

o If M is compact, then M is \-Lipschitz having constant k = 0.
Theorem 2.1 [15] Let M : X — X be A-condensing, consider the set
Sc={x € X: there exist 0 < e <1 such that © =eMuz}.
If S, is a bounded in X, then exists R > 0 such that Sc C Br(0) and
deg(I — eM,Br(0),0) =1, for all e € [0,1].
Consequently, M has at least a fized point and the fized points set of M lies in Br(0).

Lemma 2.3 [7] Let ¢, be a p-Laplacian operator. Then we have

o If1<p<2, s182>0 and ||s1]], ||s2]] > m > 0, we have

l¢p(s1) = dp(s2)[| < (p = D)mP~2|[s1 — s2]|.
o Ifp>2, s1820 >0 and ||s1]], ||s2]| < M, we have

lpp(s1) = Pp(s2) | < (p = 1)MP?||s1 — s2.

1 1
o ¢y is invertible with ¢, (s) = ¢q(s), where » + p =1.

3. Main results

In this section, we study the existence and uniqueness of solutions of our system (1.1). For this
purpose, we need to assume the following assumptions.

(A1) There exist 1; > 0, 4 =1,2,3 with 13 < 1, such that
lg1(t, 2,2, X) — g1(t, 9,9, V)| < Lllz — yl| + L]z — gl + 1| X - Y,
for all (z,v), (z,7),(X,Y) €€ and t € J.
(Az) There exist 1} > 0, 4 =1,2,3 with 15 < 1, such that
g2t 2,2, X) = g2(t, 9,5, V)| < lille — yll + Ll|z — gl + 1| X - Y|,
for all (z,v), (z,7),(X,Y) €€ and t € J.
(As) There exist k; > 0, ¢ = 1,2, 3,4 with ks < 1, such that

llor(t, z, 2, X)|| < kq|lz|| + ka||Z| + ks|| X|| + ka4, forall 2,7, X € C(J,X) and t € J.
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(A4) There exist ki >0, i =1,2,3,4 with k) < 1, such that
lg2(t, 9, 3. V)|l < Ky llyll + kollgll + k5| Y]] + K}, for all y,5,Y € C(J,X) and t € J.

For brevity, we will use these notations below

80,y (1) = 1t 2(0), y (1), ‘Dot S (‘DG (1)), g2, (1) = ga(t, 2(2),y(1), “Dy *dp(“Dp Sy (1)),
_ (g = DMITET) — £(0)) >+

o ,i1=1,2.

o 2 (v + Bi + 1) '

L = max { 1 Way,B1 1/1 wa2;52 7 1 Way,B1 1/2 wQQ;ﬁQ }’
1—13 1-15 1—13 1-15
kl Way,B k/l Way,B kgwa B k’2wa B

K: { 1,P1 2 27 1,P1 2 2}7

T v T A T P .
ky k)
D= T — kK, b + 1_71{,37%42,62-

Lemma 3.1 Let 8,a € (0,1) and g, x € C(T,X). The function x is a solution of the following problem

DY (DY (1) = g(t), te T,
{ 2(0) = ~a(T), 3.1)

if and only if it satisfies the following integral equation

[EEED -G T
-/ o o | €0 -0 ayar)d
T E)ET) ~Es) T [ [ EIER) — €))7
_ /O e oo /0 G o(r)dr)ds. (3.2)

Proof: Suppose that z(t) € C(J, X) is a solution of the problem (3.1). Then, by applying ng on both
sides of (3.1), we get

T, _ 1 K / _
®p ( Dofx( ) =co+ m/o € (s)(&(t) — &(s))PLg(s)ds, where ¢y € R. (3.3)

Since CD0+ x(0) = 0 it follows that ¢y = 0.
Now, we apply ¢, on both sides of the equation (3.3), we obtain

“Dyialt) = o4 (T059(1)) - (3.4)

Next, we apply the operator Z; f on both sides of (3.4), then we obtain

2(t) = o1 + —— / t £ (s)(E(t) — €(5))° 1o (zﬁ’f (5)) ds, where ¢ € R (3.5)
F a q \ Lo+ 9 , 1 .
By using the antiperiodic condition x(0) = —z(T"), we get
/ €(5)(ET) — 609)™ 64 (Z:50(s) ) ds.
Substituting ¢; in (3.5), we get
o[, - _
o) = s || €O~ 6606, (5 [ €0E) - ) atrir)as

| ete - 1¢q(rl

5/7’ s) —&(r)P L g(r)dr)ds.
) Jy w57 | e — e atrar)a
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Conversely, by direct computation, it is clear that if x(t) satisfies the integral equation (3.2), then the
equation (3.1) holds which completes the proof. O

We define the operator

F:E—=E&
F=G+Q=(G1,%)+(Q1,922),
such that
Gi :E—C(T,X)
/ £l 2F;Z ) / e — & ))ﬂi_lg;’y(r)dr)d& i=1,2
and
Q; :£—C(J,X)
/ gs () ) 71¢)q / gl — & ))Biilgi,y(r)dads, 1=1,2.
By using Lemma 3.1, we can conclude that (z,y) € £ is a solution of (1.1) if and only if it satisfies
(2,y) = F(z,y). (3.6)

Therefore, it is easy to see that proving the problem (1.1) has at least one solution is equivalent to proving
that the problem (3.6) has at least one solution (z,y) € &.

Lemma 3.2 The operator G is A-Lipschitz with constant L. Additionally, G satisfies the following growth
condition.

1G(z. y)lle < Kl(z,y)lle +D. (3.7)
Proof: Let (z,y), (Z,7) € £. Then, we have

1G(z,y) = G(z, 9)lle = 191 (x, )— (’ Yl + 1922, y) —92(3?“ ol

§()(E(T) — ()™ ¢(r)E(s) —&r)»

/ 2r al) % / ) ok, () = gk 5 () dr ) ds
€'(s —¢(s)) £(r)(E(s) = E(r)» ,

/ QF OLQ) (bq / ]_"(52) ||ga:,y(7a) ig( )”d?”)

By Lemma 2.3 and using the assumptions (A;) and (As3), we obtain

_ 1 1
19(2,9) — 9@, 9)le < (- M} 2(1 _113 o -l + —QHy - yn)

(/ §'(s 2F al S / §(r ())ﬁl_ldr)d8>

2 2 i
1) ME™ (1 7 |z — z|| + = IIy—yH)
a2 1 B2—1
§ / ¢(s f(gr / ¢(r (>> dr)ds )
CY2
14 @, 1] Wa = b @a 1 Wa
<( 11_11’:1 + QBQ)II:U— I+ (2 _113’31 + 2 2ﬂ2)lly yll-

Therefore
1G(z,y) = G(@,9)lle <L|[(z,y) — (Z,9)lle.
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Then G is lipshitz having constant L.
Now, let us show the growth condition 3.7, by Lemma 2.3 and (Aj3), we have

||g1(:r7y)|\ < (q - ]‘)M{]72(1 g k3)

(/ (s QFal ) /5 )( ) ldr)d8>

kl k2 k4
< | — S E— PE— . .
= (1 — kgwalvﬂl) ||£C|| + (1 — kgwalﬁl) Hy” + (1 — kgwal,ﬂl) (3 8)

Similarly, By using Lemma 2.3 and (.A4), we obtain

el g vl + 5

/

k] k) k)
< _ q—2 1
192, < ta = DM (2 bl + 5 ol + 5 k,)

y ( /T §'<s><s<:2r — &(s)2 / ¢(r )( r))P-t o) d5>

/

k)
< (3 k,wa2ﬁ2)||xu+( k,wa2ﬁ2)||yu+ i e (3.9)

Combining (3.8) and (3.9), we have

16z, y)lle = 1G1 (2, )| + |G2(2, y)I| < K|(z,y)lle + D

Lemma 3.3 The operator Q is continuous. Furthermore, Q satisfies the following growth condition

1@z, y)lle < 2(K]l(z,y)]e + D). (3.10)

Proof: Consider a sequence (z,,,yn) € Br := {(z,y) € £ : ||(z,y)|le < R} that converges to (z,y) € Br.
Then, we get |[lg; . (t) — a1 ,(t)]le = 0asn — oco.
By using Lemma 2.3, we have

191 (@, ya) () = Q. ) (DI = || T2 8 (T4 gy, 4, (8) — T2 g (Tt e, () |
< (g = )M T4 (T4 gk, () — gk, ().

By the assumption (Aj3), we get

'(s —&(s)) 7 1(E(s) — B
SN ZEE OO s, 0t 01 < (2(S52 )R+ 2 )
£ (0) - €)™ el) - €0)
: T3+ () |

B1
&()(60) — &)™ (E(s) — €0)
I'(e1)l(B1 +1)

Since ¢ is continuous, using the Lebesgue Dominated Convergence Theorem, we deduce that.

Then the function s +— is Lebesgue integrable over [0, ¢].

Tot$0q(Ty ah, , (0) = To S0y (T5 0k, (1) | 0 as n = oo,
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Hence,
||Ql(mnayn) - Q1($7y)”5 —0 asn— o0, (311)

Similarly, by using Lemma 2.3 and (Ay), we get

||Q2(mnayn) - Q2($7y)”5 —0 asn— 00, (312)

by combing (3.11) and (3.12), we have

1Q(xn,yn) — Qx,y)|le = |Q1(Tn, yn) — Qu(z, )|l + || Q2(@n, yn) — Q2(x,y)|| = 0 as n — oc.

Therefore, the operator Q is a continuous.
Now let us show the growth condition 3.10, by using the lemma 2.3 and (As), we obtain

||Q1($,y)|| < (qi 1)M{172<1 kk )

a11 B1—1
(e /5 ff” o))
s<f_k;3w>nxu+<f“;3w>nyu ()

In the same way, using lemma 2.3 and (A4), we conclude that

el = vl +

K} k! K/
< _ q—2 1 2 4
192 (@, y)ll < (a — 1) M (_k,|\x||+1_k{ ||y||+1_ké)

( / R 1 ([ et i ds)

2K/ 2k’ 2k
< (1_71{&@&2,132) =] + (1 kgwo‘2 B2) lyll + (1 - kgwaz’m).

Hence, we have

19z, y)lle = 1Q1 (=, y)[| + [|Q2(z, y) || < 2(K]|(2,y)lle + D).

Lemma 3.4 The operator Q is compact. Consequently Q is A-Lipschitz with zero constant.
Let (x,y) € Br and 0 < t; < to < T, then we have

P E(s)(Eta) €)™ s,
?(al) (quB ng y( )d

[ L) D sy
)] (6lt) — €)™ = (€t) — £(5) ™
-, L(81)

" €/(s)(§(t2) = £(s) !

4 P18 glc s)ds.
. F(Oél) ¢q 0+ g ,y( )

1Q1 (2, y)(t2) — Qu(z,y) (Bl =

b Iy gy, (s)ds
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With Lemma 2.3 and (Aj3), we obtain

— B1

191(0)(t2) = Qurn)] < 26 - 1ty ()R 4 ) KO =
0 € (€)= €)™ = (€0) €)™ ) rtr ) e(t) — g(s)
“( () ) T

<afg -y ((BE2 )R 4 %}ﬂﬂ—imw

1—ks 1 —k3/ (o + YI'(BL + 1)
% ((6(0) = €0)™ +2((t2) — €)™ — (&(t2) — £O)™).

Since, £ is a continuous function, we get

i [[Q4(,y)(t2) — Qu(ar9)(12) | = 0. (3.13)
Similarly, by using lemma 2.3 and (A4), we obtain

Jim (s, )(12) — Qo) (1) = . (3.14)
From (3.13) and (3.14), we can infer

||Q(x,y)(t2) — Q(l‘,y)(fl)ng — 0 as t; — to.

Hence, Q(Bg) is equicontinuous.
As a result of the Arzela-Ascoli Theorem [13], we conclude that Q(Bg) is relatively compact. There-
fore, Q is compact. By lemma 2.2 we deduce that Q is A-Lipschitz with constant zero.

Theorem 3.1 Suppose that the assumptions (A1) — (A4) are satisfied, then the problem (1.1) has at least
a solution, provided that max(3K,L). Furthermore, the solution set of (1.1) is bounded in E.

Proof: We know that the operators G, @ and F are continuous as well as bounded, Furthermore G is
A-Lipschitz having constant L and Q is A-Lipschitz having zero constant. By using Lemmas 2.1 and 2.2
we can deduce that the operator F is A-condensing.

Now, consider the set

Se = {(m,y) € £ : there exist 0 < e <1 such that (x,y) = e}'(aj,y)}.

Consider (z,y) € S, then we have

1@, y)lle = leF(z,y)lle <19z, y)lle + 12, y)le-

By Lemmas 3.2 and 3.3, we get
1z, y)lle < 3(Kl[(z,y)lle + D).

Therefore, S, is bounded in €. As a result of Theorem 2.1 we conclude that the operator F has at least
one fixed point, which is a solution of the problem (1.1). Furthermore, the set of solutions is bounded in
E. O

Theorem 3.2 Suppose that (Ay) — (A4) are satisfied, then the problem (1.1) has a unique solution

provided that
1

L 3.15
<3 (3.15)
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Proof: Let (z,y), (Z,7) € £, then we have

19z, y) — T, P)lle = [Qu(2,y) — Q(Z, P)l| + | Qa(2, y) Qz(x y)||

/ €' (s)(& gal yon— 1¢ /éf )( r))Pi= 1”9;’@/(7") gk, (r )||dr>
/ €EY (o) ol ([ dore e D) — () ) ds

Then by using Lemma 2.3 with (A;) and (As), we get

1Q(.v) ~ QB e < (4 - 1>Mf‘2(1 f o~ 2] + ‘_—2||y - gn)
041 1 B1—1
( / &(s e / &(r )( ) ds)
+<q—1>M§—2( _11, 1_21, Hy—yn)

([ ety e,

1 o l o 1 « 1 «
(A Mo, B
1—1, =1

[l — [ +

It follows that

1Q(z,y) — Q@,9)lle < 2L|l(z,y) — (2,9)le-
Hence, we get
[F(z,y) = F@,9)lle = 19(z,y) = G(@,9)] + 1 Q=,y) — QZ, ¥
)

< L[(z,y) — (,79)|e + 2L||(z,y) — (2,7
< 3L||(x,y) - (Z‘,y)”g

)lle
|

£

As a result of the Banach fixed point theorem, F has a unique fixed point, which is the unique solution
to the problem (1.1). O

4. An illustrative example

In this section, we present an illustrative example, we consider the following coupled system of &-
Caputo fractional differential equations

1 1 1
DIV 6o (DY (1)) = gn (8, 2(1), y(1), DT ¢<CD3’V” z(1), te[o,1],

1 3 ¥ 9t
DI o (DY (1) = g2 (t(8), y(1), DI oo (DG Y1), tel0,1), (a)
z(0) = —z(1),
y(0) = —y(1),
such that

e ENVIFT e 3 VT e ta(t _ eI VIFT | emd VT
1 (1,2, DE T 0o DE T (0) = S 4 10 +2)7 (o) + 15T 0a( D T a()),

and

P Y/ = WP Y == e |t -
ga (2, DL T (DI Ty 1)) = SOl ey )4

e VL | e FVIFT
Bet+1 | ’D61+ o2 D8+ y(t))]-

3
22 — 2
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1
It is easy to see that the system (4.1) is a special case of the problem (1.1) when T'=1, oy = 5 02 =

1 1 2
1 pr = 3 B2 = 3 &(t)=+t+1and p=gq=2. In what follows, we can easily verify that
1 1 1 1
It follows that . .
(V2-1)s (V2-1)»
Way,pr = 11 and wa, B2 23
2IN(— I'(—
Therefore )
L =0.0295 < 3

By virtue of Theorem 3.2, the system (4.1) has a unique solution.

5. Conclusion

In this study, we investigated the existence and uniqueness of solutions for an implicit coupled sys-
tem of £-Caputo fractional differential equations involving the p-Laplacian operator under anti-periodic
boundary conditions in a general Banach space. The existence results were derived using a fixed point
theorem introduced by Isaia [15], which combines the coincidence degree theory for condensing maps
with the Banach contraction principle. A detailed example is provided to demonstrate the practical
relevance and validity of our theoretical results. These results contribute to the growing body of research
on fractional differential equations and their applications to complex nonlinear systems.
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