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New Congruences for 2-Color Partitions and ¢-Core Partitions

S. N. Fathima, Utpal Pore, M. A. Sriraj and P. Siva Kota Reddy

ABSTRACT: Let ¢y (n) denote the number of 2-color partition of n subject to the restriction that one of the
colors appears only in parts that are divisible by N. If t is a positive integer, then a partition of a nonnegative
integer n is a t-core if none of the hook numbers of the associated Ferrers-Young diagram is a multiple of ¢.
Let at(n) denote the number of ¢t-core partitions of n. In this paper, we obtain new congruences modulo 3 for
the 2-color partition function c;1(n), t-core partition functions as(n) and ai1(n).
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1. Introduction

A partition of a positive integer n is a finite non-increasing sequence of positive integers Ay > Ay >
- > A such that Ay + A2+ -+ + Ap = n. The partition function p(n) is the number of partitions of n.
The generating function for p(n) is given by
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where (a;¢)oo = H(l — aq”), in short we use,
k=0

(1—¢™), keN.
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Let ¢y (n) counts the number of 2-color partitions of n with colors r and b subject to the restriction that
the color b appears only in parts that are divisible by N. For example, c2(2) = 3, the three partitions of
2 it enumerates are 2,, 2p, 1, + 1. In [1], Chan studied the partition function ca(n),

- 1
ca(n)q"™ = ——, 1.1
,;) () fifz (L.1)
Further, Chan [1] showed that ca(n) satisfies
> eaBn+2)q" = ff’ fi’;, (1.2)
1
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which is analogues to Ramanujan’s identity [7],

> plen+4)g" = 5fi’6. (1.3)
o fi
The identity (1.2) immediately leads to
c2(3n+2)=0 (mod 3). (1.4)
In [8], Sinick defined the generating function of ¢y (n),
(o) . 1
> en(n)g" = , N>1 (1.5)
= fifn

and proved that cy(n) obey no Ramanujan-type congruences except (1.4). Recently, arithmetic proper-
ties of the partition function ¢y (n) have been studied by many authors (See [3,6]).

If A= X > Xy >+ > \g is a partition of n, then the corresponding Ferrers-Young diagram of A is the
following staircase arrangement of nodes with A\ nodes in the k-th row:

e o - o o A1 nodes
e o .- o A2 nodes
e .- o A nodes

Label the nodes (i, 5), as if they are matrix entries. The (i, 5) hook is the set of nodes directly below,
together with the set of nodes directly to the right of the (i, 7) nodes, as well as the (7, j) node itself. If
A denotes the number of nodes in column j, the hook number H(i,j) of the (i,j) node is defined by
H(i,j) =N+ N, —i—j+1

For t > 0, a partition of a nonnegative integer n is a t-core if none of the hook numbers of the associated
Ferrers-Young diagram is a multiple of ¢. The function a:(n) is the number of ¢-core partitions of n.
Garvan et al. [4] showed,

™ gy — 50V Tt
;at(n)q T (1.6)

These partitions have been studied extensively by many mathematicians and play important roles in
the study of irreducible representations of the symmetric group S,. In this paper, employing g—series
identities we obtain the following congruences:

Theorem 1.1 If ¢ € {3,6,8,9,10} then for all a,n >0,

3.11% 41

C11 (3-110‘(11n+€)—|— 2

) =0 (mod 3). (1.7)

-11
Theorem 1.2 Let p > 5 be prime, () = —1, then for all a,n >0,
p

3p2a+2 + 1

c11 <3P2a+1(29n +7)+ 9

)ZO (mod 3),j=1,2,...,p— 1. (1.8)

Theorem 1.3 For alln >0, k> 1,

as(15%n 4+ 158 — 1) = as(n) (mod 3). (1.9



NEW CONGRUENCES FOR 2-COLOR PARTITIONS AND ¢t-CORE PARTITIONS 3

Theorem 1.4 For all k,n >0,

as (15"'n +7-15" —1) =0 (mod 3), (1.10)
a5 (15""'n +13-15 = 1) =0 (mod 3), (1.11)
as (15"'n +11-15 ~1) =0 (mod 3), (1.12)
as (15T +14- 15" —=1) =0 (mod 3). (1.13)
Theorem 1.5 If ¢ € {3,6,8,9,10} then for alln > 0,
a11(3(1In+¢)+2) =0 (mod 3). (1.14)
In Section 3, we prove Theorem 1.1 and Theorem 1.2. In Section 4, we prove Theorems 1.3 to 1.5.
2. Preliminaries
We require the following lemmas to prove the main results in the next two sections.
Lemma 2.1 (H.H. Chan and Toh [2, Theorem 1, Eqn. (1.19)])
We have,
o0
> (3 + 2)g" = f3f323 +3¢ f3f§3 +34¢ 2f3f33 (2.1)
= 7 i e fi
n=0
= 1
where 1 n)q" = ——.
nz:%pu 111]( )q i
Lemma 2.2 (Hirschhorn [5, p. 103, Eqn. 10.6.1] )
We have the following 11-dissection of fi,
fi = hi21 (Alg") —¢B(@") = *C(¢") + ¢ + 4" D(¢") — ¢ E(¢")) (2.2)
where
Alg) = (¢*¢"M) oo™ 0 oo Blg) = (¢*¢")oo(d” 4" oo
(%" )oo (9% 4" )0 (4:4")0 (450" )0
Clg) = (@°59")oo (g% 4" ) o Do) (@*0")oo(d% 0" )0
(0% ¢ ) (@5 4™ )0’ (%" )o(a50M )0’
11 10. 11
44 )o\q 754 )oo
E(q) :q( 5. 13 ( 6. 11) :
(4% 4o (a% 4" oo
Lemma 2.3 (Liu and Wang [6, Theorem 5])
We have,
Zp1151 (3n)q z? (mod 3), (2.3)
Zp[1151](3n +1)¢" = fifs (mod 3), (2.4)
n=0
i w_ Jis
p[1151}(3n + 2) = —— (mod 3), (25)
n=0 fl

= 1
where Zp[1151](n)q” = m

From the Binomial Theorem, for any positive integer, k,

fg’ = f3r  (mod 3). (2.6)
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3. Congruences modulo 3 for ¢q1(n)

In this section, we prove Theorem 1.1 and Theorem 1.2.

Theorem 3.1 For all o > 0,

(oo}
3119+ 1
Z C11 (3 -11%n + 2) qn = f1f11 (mod 3) (31)
n=0
Proof: From (1.5), we have
- 1
c11(n)q" = . 3.2
T; 11(n)g i (3:2)
Using (2.1), we have
> > 2 £2 33
Z c11(3n+2)¢" = Z P11 (3n +2)¢" =2 fgf?’zg + 3¢ f%f‘z’,)?’ + 3¢ fif‘j’f’ . (3.3)
o o fifi Jifi fifn
Using (2.6) in (3.3), we obtain
Z 011(3n + 2)qn = f1f11 (mod 3) (34)
n=0
which is the case a = 0 of (3.1). Now suppose (3.1) holds for some o > 0.
Substituting (2.2) in (3.1), we obtain
(oo}
3-11¢+1
ZCll (3 . 11°‘n + 2_|—> qn
n=0
= fufizr (Alg") = ¢B(@'") = C(¢") + ¢ + 4" D(¢") — ¢*E(¢""))  (mod 3).
(3.5)
Extracting the terms containing ¢'1"*5 from both sides of (3.5) and then replacing ¢'! by ¢, we obtain
- 3-119T 1
Z C11 (3 . 11a+1n + 2<F) qn = f1f11 (HlOd 3)7
n=0
(3.6)
which is (3.1) with a+ 1 for a. This completes the proof of (3.1) by induction. O

Proof of Theorem 1.1. Comparing the coefficients of ¢ for ¢ € {3,6,8,9,10}, from both sides of
(3.5), we obtain (1.7).

—11
Theorem 3.2 Let p > 5 be prime, () = —1, then for all a,n >0,
p

0 3 20 _|_1
Z C11 <3p20‘n + 172) qn = f1f11 (mod 3) (37)
n=0

Proof: We proceed by induction on a. The a = 0 case of (3.7) is (3.4). Suppose that (3.7) is true for
some a > 0. Applying Euler’s pentagonal number theorem [5, p. 10] in (3.7), we have

> N 3 2 41 .

chl <3P2 n+ p2) " = fifuin

n=0

_ Z (_1)k+mqk(3k+1)/2+11m(3m+1)/2 (mod 3)
k,m=—oc0



NEW CONGRUENCES FOR 2-COLOR PARTITIONS AND ¢t-CORE PARTITIONS 5

For a prime p with f% <km< %, let us consider

3k% +k 3m?+m _ 12p? — 12
5 +11- 5 = 51 (mod p),

which is equivalent to
(6k + 1)+ 11(6m+1)>* =0 (mod p).
+p—1

—11
Since () = —1, the only solution of the above condition is k,m = N
p

If p=1 (mod 6), thenkzmz% (mod p). Let k:rp—l—p and

-1
m = sp+ pT, for some integers r and s, we have

k(3k +1)/2+11m(3m +1)/2 = (p* — 1)/2 + p*(3r® +7)/2 + 11p* (35> + 5) /2.

1
If p=—1 (mod 6), then k =m = _’%—1 (mod p). Let k = —rp — Pt and m = —sp — %, we also

have
E(3k +1)/2 +11m(3m +1)/2 = (p* — 1)/2 + p*(3r% +7)/2 + 11p* (35> + 5) /2.

2
Extracting the terms containing gPnt e * from both sides of (3.8) and employing the above analysis, we

obtain
0 2 2c
-1 3 1 2_
E 11 (3p2a (Pn+p 2 >+ £ 2+ )q”"“zl

n=0

oo

— Z (_1)r+sq(p2—1)/2+p2(3r2+r)/2+11p2(3s2+s)/2 (mod 3)7 (39)

r,8=—00

dividing both sides by p22_ L and then replacing ¢” by ¢, we obtain

S 3 2a+2 4 1
Z i1 (3p2a+1n + T ) q" =

2
n=0
oo
Z (_1)r+sqp(3r2+r)/2+11p(352+s)/2 (mod 3)
(3.10)
Again, applying Euler’s pentagonal number theorem again, we derive that
o0 3 2042 1
Z €11 <3p2“+1n + ]92—&-) q" = fpfip (mod 3), (3.11)
n=0
extracting the terms containing ¢P™ from both sides and then replacing ¢? by ¢, we obtain
o 3 20+2 1
> en (3p2a+2n + 1’2+> ¢" = fifir (mod 3), (3.12)
n=0
which is (3.7) with a + 1 for a. This completes the proof of (3.7) by induction. O

Proof of Theorem 1.2. Comparing the coefficients of ¢?"*7, for 1 < j < p — 1, from both sides of (3.11),
we arrive at (1.8).
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4. Congruences modulo 3 for as(n) and ai1(n)

In this section, we prove some infinite families of congruences modulo 3 for as(n) and ai1(n).

Theorem 4.1 We have,

(o)
> as(3n)q" = fsfs (mod 3), (4.1)
n=0
Z (3n+1)¢" = fifis (mod 3), (4.2)
N n_of3
Z as(3n+2)¢" =2==> (mod 3). (4.3)
n=0 fl
Proof: From (1.6), we have
oo 5
Z as(n)q" = =2 (4.4)
n=0 fl
Using (2.6), we obtain
i as(n)q" = f—g = f—%‘r’ = f& ip[pg)l](n)q" (mod 3). (4.5)
= fifs ifs =
Comparing the coefficients of ¢, from both sides of (4.5) and replacing ¢ by ¢, we obtain
Z as(3n)q" = f2 Zp[1151] 3n)¢" (mod 3), (4.6)
n=0 n=0
substituting (2.3) in (4.6), we arrive at (4.1). Similar proof follows for (4.2) and (4.3) using (2.4) and
(2.5). O

Proof of Theorem 1.3. From (4.3), we have
Zag, 3n+2)q" = 2f5 Zp q¢" (mod 3). (4.7

Equating the coefficients of ¢°"+*, from both sides of (4.7), dividing both sides by ¢* and then replacing
¢° by ¢, we have

Z as(15n + 14)¢" = 27 Zp (5n+4)¢" (mod 3). (4.8)
n=0 n=0
Using (1.3), we obtain
Z as(15n + 14)¢" = == = Z as(n)¢"  (mod 3), (4.9)
n=0 fl n=0
which yields,
as(15n 4+ 14) = a5(n) (mod 3), (4.10)

applying mathematical induction, we deduce that

as(158n 4+ 15 — 1) = as(n) (mod 3), for all k > 1,
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which is our (1.9).
Proof of Theorem 1.4. Applying Jacobi’s identity [5, p. 11] in (4.1), we have

> as(3n)g" = £ > (—1)F(2k +1)q **+k)/2 (mod 3). (4.11)
n=0 k=0
It is easily checked that for any integer k, k? H“ =0,1,3 (mod 5), comparing the coefficients of ¢°"**2 and
@®"** from both sides of (4.11), we have
a5 (15n4+6) =0 (mod 3), (4.12)
as (15n +12) =0 (mod 3), (4.13)

which are the k = 0 case of (1.10) and (1.11). Further on substituting (4.12) and (4.13) in (1.9), we
obtain (1.10) and (1.11). Applying Euler’s pentagonal number theorem in (4.2), we have

o0 o0 2
Y as@nt+1)g" = fis > (—1)Fg"7 (mod 3), (4.14)
n=0 k=—o00
from the fact that there is no integer k£ such that 3’“27““ is congruent to 3 and 4 modulo 5, we have
as (15n +10) =0 (mod 3), (4.15)
as (15n +13) =0 (mod 3), (4.16)

which are k = 0 case of (1.12) and (1.13). Again on Substituting (4.15) and (4.16) in (1.9), we obtain
(1.12) and (1.13).

Theorem 4.2 We have,

> an (33n+17)¢" = fi fn (mod 3). (4.17)
n=0
Proof:
From (1.6), we have
s 11
Z ai(n)g" = 2L, (4.18)
n=0 fl
Using (2.6), we obtain
N i S aN
a11(n)q" = = = 11(n)¢"  (mod 3), 4.19
7;) 11( )q i fu i fi f33 ;p[pu ]( )q ( ) ( )
which yields
> an@n+2)¢" = f1 > ppra(Bn+2)¢"  (mod 3). (4.20)
n=0

Substituting (2.1) in (4.20), we have

e 2
> an(Bn+2)q" = f) <2 ;j;;‘”%j + 3%%??? +3 Z';j jﬁi’) (mod 3), (4.21)

using (2.6), we obtain

> an@n+2)¢" = fiifi (mod 3). (4.22)
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Substituting (2.2) in (4.22), we obtain

> " an(Bn+2)¢" = fifiz1 (Alg") — ¢B(¢") — C(¢") + ¢° + ' D(¢") — ¢*E(¢"))  (mod 3),
n=0
(4.23)

Extracting the terms containing ¢''"*5 from both sides of (4.23), diving both sides by ¢° and then
replacing ¢'! by ¢, we obtain (4.17).
O

Proof of Theorem 1.5. Comparing the coefficients of ¢''"** for ¢ € {3,6,8,9,10}, from both sides of
(4.23), we obtain (1.14).
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