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Upper triangular matrices property on unbounded Hilbert spaces: Different Weyl Type
findings
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ABSTRACT: The usage of unbounded Hilbert spaces, in particular the Hilbert spaces of analytically functions,
is emerging in applications. Many areas of mathematics and physics, including quantum physics and control
theory, have applications for them. In this attempt, we recommend these space types and a self-adjoint
extension choice. The analysis of the unbounded upper triangular operator matrix with diagonal domain is
one of the key characteristics of such spaces. The essential spectrum, the Weyl spectrum, and the Browder
spectrum of this operator matrix must coincide with the union of the essential spectrum, the Weyl spectrum,
and the Browder spectra of the diagonal entries in order for this to happen.

Key Words: Unbounded operator, Browder’s theorem, Weyl’ s theorem, unbounded Hilbert space,
self-adjoint operator, positive measurement, upper triangle matrix.

Contents
1 Introduction 1
2 Preliminaries 2
2.1 Concepts . . .. e e e e e e e 2
2.2 Unbounded Hilbert spaces (UHSS) . . . . . . . . o o ittt it 3
2.3 UHS of analytic functions . . . . . . . . . . . . e 3
3 Results 4
4 Conclusion 8

1. Introduction

When realized in quantifier physical systems, such as Hamiltonians, momentum operators, etc., they take
the form of self-adjoint operators. Positive measures impose an unconstrained and self-adjoint realization.
The selection of suitable Hilbert spaces and the selection of the self-adjoint extension are two prerequisites
that must be met for this to operate. We suggest the class of analytic functions of a complex variable.
This class has many applications in mathematics, such as geometric function theory [1,2,3], physics [4,5,06]
and computer sciences, specially the field of image processing [7,8,9] . Moreover, some applications of
signal processing are given in [10]. Based on the above applications, beneficial and advantageous of
Hilbert spaces of analytic functions (bounded and unbounded), we proceed to discover more properties of
these spaces acting on the class of analytic functions of a complex variables. These spaces are considered
as unbounded of infinity many power series of analytic functions.

A triangular operator matrix (TOM) is a particular variety of square matrix in the field of linear alge-
bra and mathematical analysis. If all the entries above the primary diagonal are zero, a square matrix
is referred to as upper triangular if every entry below the primary diagonal is zero. This property is
discussed by many researchers for bounded spaces. For unbounded Hilbert spaces, Bai et al. [11,12,13]
presented different studies on this direction including some spectra properties of unbounded upper trian-
gular operator matrices (UUTOM) and upper semi-Weyl and upper semi-Browder spectra and essential
Weyl and Browder spectra. Qi et al. [14] considered the closedness of ranges of UUTOM. Dong and
Wu [15] suggested the kachurovskij spectrum of lipschitz continuous nonlinear UUTOM. Abu-Janah [16]
studied the spectra of UUTOM as operators on some sequence spaces. Ellouz et al. [17] investigated
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the closedness and self-adjointness of 3 x3-UUTOM with application to a non-relativistic three-channel
potential scattering system. Rashid [18] documented the variations of Weyl class methods (see [19,20,21])
for UUTOM. For 2D-upper triangular operator matrices on the Banach space, some research has been
done on the survival of generalized Weyl’s, generalized Browder’s, generalized a-Weyl’s, and generalized
a-theorems Browder’s [22,23,24].

In this effort, we suggest various Hilbert spaces of analytic functions for a complex variable as well as
a self-adjoint extension option. One of the essential features of such spaces is the study of the diagonal
domain of the unbounded upper triangular operator matrix. The union of the essential spectrum, the
Weyl spectrum, and the Browder spectra of the diagonal entries is required for the essential spectrum,
the Weyl spectrum, and the Browder spectrum of this operator matrix to coincide.

2. Preliminaries

Examples of Banach spaces are Hilbert spaces with their norm determined by the inner product. A Hilbert
space is usually a Banach space, although the opposite is not required. Therefore, a norm provided by an
inner product need not exist in a Banach space. The following concepts can be located in [25,26,27,28,29]

2.1. Concepts

Definition 2.1

1. Assume that H is a Hilbert space and A, C H is a subset of H combining the operator 2. Then
the operator [{2, Ap] is known as bounded operator if

£
l2f= sp =020
veagwo Il yeaspl=1

| 424 ]| < o0.

2. Elsewhere, it is known as an unbounded operator.

3. Assume that [£2, Ap] is an unbounded operator on H. The adjoint of [{2, Ag] is the operator [2*, AF,]
achieving the map

Q*ZWGAE%% (@7Q¢>:(¢7¢)7V¢6A97
4. where the operator [2*, A%)] is linear in H.
5. A self-adjoint operator {2 is positive if < 24,19 >> 0 for every ¢ € A(2) C H.

6. A densely defined operator [2, Ag] € H with A(£2) C A(£2*) is called posinormal ( positive-normal)
if there occurs a positive operator, called interrupter I1, achieving £202* = 2*I1f).

7. A densely close linear operator [£2, Af2] with A2 C Af2* is called totally posinormal if 2 — I is
posinormal for every A € C.

8. A closed linear operator [§2, Af2] is called a semi-Fredholm if the range of the operator {2 symbolizing
by JR(2) is closed and null of 2 and the dimension of the null space of {2 symbolizing by ¢(£2) < occ.

9. Suppose that two operators [21, A, ], [22, An,] € H. Then the upper triangular operator is struc-

tured by
A R 0
U.Q - ( 0 !22 ) 9

10. where Uy = [21, A, ] ® [22, Ag,]. For more details, one can see [30,31] .

Definition 2.2. Assume that o({2) is the spectrum of the operator §2. Then o 4({2) presents the approxi-
mate spectrum in o(£2); ow (£2) presents the Weyl-spectrum (i.e o(£2 — AI) is not Weyl). The operator
[£2, Af2] is identified to satisfy the property
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1. if oa(2)\ow (£2)
2. if o(2)\ow (£2).

Definition 2.3. [32] Operators of the polaroid category are those for which the isolated points of

the spectrum, or also the isolated points of the approximation point spectrum, are, correspondingly, the
right poles or poles of the resolvent. These modules of operators, which are quite extensive and include
a number of significant classes of operators acting on Hilbert spaces that generalize the characteristics of
normal operators in various ways, such as hyponormal and paranormal operators Other polaroid operator
examples include isometries, group algebra convolution operators, analytic Toeplitz operators constructed
on Hardy spaces, semi transference operators, and weighted one-sided transferals.
Definition 3.4. The single valued extension possession (SVEP) of closed linear operators is significant
in Fredholm theory. In this effort, we are primarily interested in the SVEP at a point, a localized variant
of SVEP first proposed by J. Finch , and we refer it to the finiteness of the descent of a closed linear
operator. The link between the Browder and Weyl spectra and the Browder and Weyl theorems is
crucially determined by SVEP . We denoted the set of A € C where [£2, Af2] does not have SVEP by
X (92). Or, [2, AQ] is SVEP if it satisfies X'(£2) = 0.

2.2. Unbounded Hilbert spaces (UHSS)

In this section, we shall introduce two different types of UHSs, the first one is regarding the class of analytic
functions and the second one is the class of ¥ analytic functions. This class is the most important one to
determine analytic solutions of many classes of differential equations in a complex domain [35,36] .

2.3. UHS of analytic functions

In this part, the unbounded Hilbert spaces H,,(®), m = 1, ..., of analytic functions
Q(Z) = 45(217 ) Zm)a

where z = (21, ..., z;,) is an element of the m-dimensional complex Euclidean space =Z;,,. The inner product
of two analytic functions of @, ¢’ € H,,,, m — oo is presented by the structure [29]

< 9,9 >:/ DD dp,(2),

m

where z,, = z,, + 1y,
m m
€Xp (_ Z n:l) |Zn‘2 Hn:1 dx,dyy

ﬂ-m

dpm(z) =

<Q5,@>:/

With the help of the measurable field k., of nonzero positive self-adjoint operators, the following definition
is intended to be generalized in this investigation:The inner product of two analytic functions of @, &' €
HY, is given by the equality

Then ¢ € H,, if and only if
@ bdju,,(2) < oo.

83

™m

<P, 9 >:/ D dvy,(2),

m

where z,, = z,, + 1y, and

ﬂ-m
Then @ € HY, if and only if
<P, 9> :/ D Pdvy,(2) < oco.

=m
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Obviously, when k,, = 1 for all m, we get the measure du,,(z). In this investigation, we shall present

some useful properties of the space HF, . Consequently, every function @ € Hf can be written by the
formula

where

T )
n
vl =
=17 %2,
n=1 n:
and ¢ = (t1, ..., L) gives an m-tuple of non-negative integers. Moreover, we have the norm

2
121" =) lafdP, el < L.

The definition of the class of analytic functions is formulated by the series

V(z) = Z ci(z),

i=0
where ¢; are the coefficients of the series (constants) such that

W) <rim— 20,

lim; o0 v/]ci]’

Under the same steps in the above section, we formulate the unbounded Hilbert spaces H,,,(¥), m =1, ..
of analytic functions

el

U(z) = U(21, .y Zm),

where z = (21, ..., 2z, ) is an element of the m-dimensional complex Euclidean space 5,,,. In addition, we
have the norm

12 ="l leml <1, Vi
7

3. Results

This area is where we prepare our findings. Our findings are based on a number of requirements that
the operators in the UHSs must meet in order for the upper triangular operator to be implied by the
generalized Weyl’s theorem. Our method for this request is by using the concept of polaroid [18]. We
shall follow the strategies in [25] to show that the suggested operators are totally posinormal.
Proposition 3.1 Let HY, [ 7] be the collections of Hilbert spaces of analytic functions of complex variables.
And let the operator [, AT] be formulated as follows:

T(2) = T(z1, s 2m) = Zﬂ[ci](z), (2m = Tm + 1Y, nmlci] € C)

where
AY ={(21y.0,Zm) € G : Z Infe:]]? < oo}

Then the operator [1, A Y] is an unbounded posinormal operator.
Proof. Define a set

so:={2=(21,..,2m) 1 {2}, Z0,n e N, |z;| < 1,5 =1,...,m},

where {z}, grants the sequence produced by the element (z1, .., 2y, ). That is there is at least one compo-
nent of the subsequent sequence which is dissimilar from zero component

{2}, = (21, 2m)1, s {2}, = (21500 Zm)n-
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Therefore, the set sg is dense in HE [¥]. Accordingly, we get so C AT and then AT is dense in HF, [¥].
The adjoint operator of 7 is given by [1*(z), A T™]:

W@%ﬁmz;ﬂmzm:§:%ﬂ@%

where
AT* = {(Zly~-~72m) € 5 Z |77[Ci]|2 < OO}

Consequently, we obtain

Em 2 2 Inleil? < oo}
Yo Inleil]? < oo} = AT

T(z)- T"(2)
Jlei)(2) - X, e (2)
(1 s 2m) - MG o
G N [ 7 oy O T )
Z e S, ) (1))
4 (Sonled Snfed ) () Gon)
- z nel Snled) (=)

o (Soned Sinlei]) ) (zm)

N——

nleil(z1), - 225 mleil (zm) - (32 nledl (1), -, 22 mleil (2m)
e (21), 0 22 mle] (zm) - 1m - (32, mleil (z1), 0 225 mle] (2m)

where 1,, = (1,...,1). Thus, the operator [1, AT] is an unbounded posinormal operator over the set
m—times

——
sp. This ends the proof.
We proceed to prove that the operator [, A Y] is totally posinormal. That is to prove the next inclusion

property
Proposition 3.2 Let HY, [ 7] be the collections of Hilbert spaces of analytic functions of complex variables.
And let the operator [, AT] be formulated as follows:

T(z)=1(z1,...,2 Zr] eil(

(Zm = Tm + WYm, Nm|ci] € C)
where

AT = {(21, .., 2m)

Then the operator [T, AT is totally posinormal operator.

Proof. To show that [T, A 7] is totally posinormal operator, we must follow the following steps:

Step 1. Posinormality of [7", A 7].By Proposition [pro-1], clearly that the operator [T, A 7] is unbounded
posinormal operator on the dense set in HY, [¥]

so={z=(21,.,2m) : {2}, #0,n e N, |z;| < 1,5 =1,...,m}.

Step 2. Inclusion property.The adjoint operator of 7" is given by [1*(z), AT™*]:

W@%ﬂmzxﬁﬁza=§:%ﬂﬁx
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where

AT ={(z1,..1,2m) € S : Z Inlei]|® < oo}

Now, we aim to show that AT C AT™*, as follows:

AT = {(21 ey ) € B+ 30, |2
= {(21 oy ) € F 3, 1A < o)
S{( 1y Zm) € St 30, nle ]I2<00}

Step 3. Posinormality of [T — A, A(T — AI)].It remains to prove that the operator [T — A, A(T — AI)]
is unbounded posinormal operator.

(T =AD() (T =AD)(z) =2 (nle] =N

T (3 (1ler] = ) (1) o s (1] = M) ()
(T A DE) T (T AD(2),

where 1,, = ( 1,...,1 ). Thus, the operator [T — A\, A(T — AI)] is an unbounded posinormal operator
m—times

over the set sg.
Step 4. Linearity of [T, AY].Let z,w € s¢ and a,b be fixed constants. Then

T(az+bw) =3 nlcl(az + bw)

=aT(2)+ 0T (w).

Therefore, the operator [1", A 7] is closed linear operator in the space H,. Hence, the operator [T, A T]
is totally posinormal.

Next result shows the sufficient and necessary conditions on the operator [T, A 7] to be polaroid.
Proposition 3.3 Let H?, [ #] be the collections of Hilbert spaces of analytic functions of complex variables.
Assume that all the conditions of Proposition [pro-2] are validated. Moreover, the following assumptions
are satisfied

1. p(T) # O (the resolvent set of an operator of 7°)

2. o(T — M) = {0} (the spectrum of the operator 7" — AI) on some invariant subspace.
If one of the following hypotheses is achieved

1. X\ is an isolated point in o(7)

2. X is a simple pole in p(7)
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then the operator [T, A Y] is polaroid.

Proof. By Proposition 3.2, the operator [T, AT] is totally posinormal. Suppose that A is an isolated
point in o( 7). In view of [25]-Lemma 2.1, A is an isolated point in o(7") < X is a simple pole in p(7),
then by the definition of polaroid, we have that the operator [T, A 7] is polaroid.

Proposition 3.4 Let the assumptions of Proposition 3.2 be valid. If the following assumptions are
satisfied

1. p(T) # O (the resolvent set of an operator of 1)
2. o(Y — AI) = {0} (the spectrum of the operator 7" — AI') on some invariant subspace,
then
1. the operators [T, AY] and [T*, AT*] achieve Weyl’s Theorem;
the operator [1*, AT*] achieves a—Weyl’s Theorem;
[T, AT] achieves a-Weyl’s Theorem, whenever [1*, A T*] has SVEP.
the operators [V, AY] and [T*, A T*] achieve Browder’ s Theorem.

the operator [1*, A T*] achieves a—Browder’s Theorem.

S ok W

[T, AT] achieves a-Browder’s Theorem and the properties (A) and (W), whenever [1T*, AT*] has
SVEP.

Proof. A straight application of [25]-Theorem 3.1 indicates the first three substances. The fourth one
arises by consuming [25]-Theorem 3.2. Whereas, the last two substances occur by employing [25]-Theorem
3.3 and [25]-Theorem 4.1 respectively.

Proposition 3.5. Let the assumptions of Proposition 3.4 be satisfied for the operator [1', AT]. Then
for all polaroid operators [G, AG] such that X(7)|J X (G) = 0 then the upper triangular operator

r 0
UQ - < 0 G > )
achieves the a-Weyl’s theorem, where 2 : AG — AY (2 € HE, [¥]). Moreover, if [T, AY] and [G, AG]
have SVEP, then Uy, have SVEP, while Uy, achieves the a-Weyl’s theorem and Browder’s theorem.
Proof. The first part comes from [18]-Theorem 9, while the last two assertions come from [18]-Remark
3(P15) and [18] -Theorem 10 respectively.

Example 3.6 Let H [?] be the collections of Hilbert spaces of analytic functions of complex variables.
And let the operator [G, AG], be defined with state with eigenvalue A € C, as follows:

G(2) = G(Mz1y ooy Amzm) = ZA[@](z),
where A = (A1,..., \p) i
AG ={(21, -, 2m) € S Z % < 00}

Then the operator |G, AG], is polarid operator satisfying o(G — M) = {0} and p(G) # 0 (following the
same steps in Proposition 3.3) on the set

1
EO = {Z - (Zlv"azm) : {Z}n 7& O,Tl € N7 |Z]| < qu > 17] = 17"'7m}'
The adjoint operator of [G, AG], is defined as follows [G*(z), AG*]x:

G*(2) = (WAL, Anm) = S NI(2)
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where

AG* = {(21, .0 Zm) € Sy : Z IA[i]|? < oo}

Then in view of Proposition 3.5, we obtain that the UTO

r I
UI(O G>a

achieves the a-Weyl’s theorem.

4. Conclusion

In this paper, we suggested the Hilbert space of analytic functions in the complex plane, with an extension
norm. We have received different possess of the suggested operator acting on the Hilbert space of analytic
functions, such as the posinormal (see Proposition 3.1, inclusion (Proposition 3.2 ) and polarid property
(Proposition 3.5). We presented the main conditions on the operator [T, AT] to satisfy the Weyl’s,
a-Weyl’s and Browder’s theorems (see [34]). We have proved that the suggested operator formulating
the UTO have the same facilities of the Weyl’s, a-Weyl’s and Browder’s theorems.
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