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ABSTRACT: We establish new image formulas for the Saigo fractional g-integral operator acting on a product

of a general class of g-polynomials and a generalized g-analogue of the Mittag-Leffler function. The argument of

the function involves the expression z” (a:q_)‘ + £) ~9. The findings are comprehensive and unifying, naturally

specializing to yield corresponding results for the Weyl g-integral operator, Kober g-integral operator, and

Riemann-Liouville g-integral operator.
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1. Introduction and Preliminaries

The computations of fractional order g-derivatives and g-integrals of special functions of single or
several variables is significant since the results can be used to assess g-integrals and solve g-differential and
g-integral equations. Physical sciences, Engineering, and Applied mathematics-such as Computational
complexity, Lie theory, Quantum field theory, Partition theory, Number theory, and so forth-all utilize a
familiarity with fractional g-hypergeometric functions and g-calculus of one or several variables. Quantum
difference operators play a crucial role in mathematics since they are used in various fields, such in
basic hypergeometric functions, orthogonal polynomials, calculus of variations, combinatorics, mechanics
theory and fundamental relativity [6]. Numerous essential ideas in quantum calculus are explored in Kac
and Cheung’s book [9]. Recent decades have seen a great deal of research on g-calculus, and some new
findings are presented in [3,18,25] and other sources listed therein.

Fractional calculus has shown to be a useful tool for interpreting various phenomena in kinematics,
biology, chemistry, economics, and other fields over the past 200 years (see [11]). Further confirmation
that g-calculus is a useful tool for solving discrete variants of continuous scientific problems can be found
in [9].

For a real or complex number a and |¢q| < 1, the ¢-shifted factorial in g-series theory (see [7]) is defined
as follows:

(@q)y=1,  (10), =[]0 -0ad"), @eN). (1.1)
k=0
Equivalently .
(a;9), = qr(j(;n) (1-9". (1.2)

Defined by Gasper and Rahman [7], the g-gamma function is
(4:9) 15 _ ($9)5-y

F 6 = A Ae Sl 1 — q = I —
A A A (1-¢°"
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Moreover the power function (y£z)™ has a g-analogue which is defined (see [18]) by

(y£2)"™ = (y£2),, =y" (F2/y:9),,

m m _ 1.4
ST [ ] et e, (14
q
where the definition of the ¢-binomial function is
m (@™ @k vk —k(e-1)/2

=2 Tk (_gmyky : 1.5
[k’ L (4 9)y, (=d") (15)

As stated by Gasper and Rahman [7], the generalized basic hypergeometric series is given by

a1, ..., Gy =~ (a1,...,ar;q), n{ n (n(n_l)/z)}(”“”)

s sqor| =Y S @D e [y , 1.6
v [ by, .oibs 1 ] T;) @b b, L LD (16)

where for convergence condition, we have |g| < 1 and |z| <1 if r = s+ 1, and for any x if r < s.
21 (1) is the abnormal type of generalized basic hypergeometric series and it is defined as

ai,...,ar; 4, T = (alv"'var;q)n n | _(An(n+1)/2)
TYSs == - 45 4 N 1.7
¢ [ b, . bss ¢ ] Z(q,bl,...,bs;q)nm {a } (1.7

n=0

where A > 0 and |¢| < 1.

The g-analogue of the Mittag-Leffler function has been studied extensively in the literature for its
applications in many areas such as physics, engineering, and finance. For instance, in physics, the ¢-
Mittag-Leffler function can be utilized to model the anomalous diffusion of particles in a medium with a
fractal structure. In engineering, the g-Mittag-Lefler function can be utilized to model the viscoelastic
behavior of materials. In finance, the g-Mittag-Leffler function can be utilized to model the volatility of
stock prices.

In the area of ¢g-theory, some scholars are exploring the g-analogue of Mittag-Leffler function. Rajkovic
et al.[19], Purohit and Kalla [15], Sharma and Jain [20] are among the researchers who are pursuing
this line of research. Nadeem et al. [13] presented a distinct method of extending g-analogue of the
Mittag-Leffler function and examined its features. The g-analogue of the four-parameter generalized
g-Mittag-Leffler function was additionally introduced, numerous of its properties were identified, and it
was studied by Bairwa et al.[4]. An image formula for the g-analogue of the generalized Mittag-Leffler
function was recently established by Ali and Suthar [1] under the Riemann-Liouville fractional g-calculus
operators. This function maintains solutions to many physical problems in the form of integral and dif-
ferential equations as well as fractional order differences.

According to Nadeem et al. [13] g-analogue of the generalized Mittag-Leffler function was recently
presented for a, 7,7 € C, R(I) > R (7y) >0 and |¢| < 1, by:

n

(1.8)

—~B,(vy+n,l-7) (59, =
E('Y’l) . — q ) ?
ar (@34) ,;) By(v,1=7)  (@0)n Tylan+1)

where By(.) is the g-analogue of beta function. The specific cases of g-analogue of the generalized Mittag-
Leffler function are as follows:

1. If we set I =1 in (1.8), we obtain

n

oo .
BOD (w59) =) Wi = E] -(x39), (1.9)

T (¢ @)n Tylan +7)

n=0

which was presented by Sharma and Jain [20].
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2. Similarly, letting v = 1 in (1.8), we have
E(1 l) E = ;q). 1.1
1—\ n 7_ ea,T( ) q) ( 0)

Monsoor [12] presented the of the generalized Mittag-Leffler function that has g-analogue, which is
€ (T:q) -

3. Applying v = a = 7 =1 using (1.8), we arrive at

s !
& Dn
E(l Dy q) = > ((_ )) " = 1¢0(qs —;q,7), (1.11)

where g-binomial function can be express in function ;¢o(q'; —; ¢, 2) = (1 — z)~.

According to [24], the set of general class of g-polynomial f, y (z;¢) is defined as follows in terms of a
bounded complex series {Sy ¢} <,

[r/N]

fon (250) = {7‘;\,] ] Srqal,  (r=0,1,2,..), (1.12)

=0

where N is a positive integer. After suitably specialization the coefficient S, 4, (z;¢) yields a variety that
utilizes recognized g-polynomials as its specific examples.

The theory of particular functions of one or more variables has been investigated by numerous researchers
using fractional g-calculus operators, inspired by the potential applications of these functions. We de-
rive the image formula for the Saigo fractional g-integral formulation to the product of general class of
polynomial and generalized ¢-Mittag-Leffler function.

2. Saigo’s Fractional ¢-Integrals and g-Derivatives

Purohit and Yadav [17] recently defined Saigo fractional g-integral operators with the constraint that
the parameter 7 is positive integer or zero. With that constraint, it was difficult to give a fractional
derivative definitions. Further, Garg and Chanchalani [8] (see also [21,22,23]) provide the formulations
of the Saigo fractional g-integral operators defined in the following manner to avoid these issue.

For real or complex ¥ and 1 and R(J) > 0, the generalized fractional g-integral operators T 3”9”7( .) and
Kg”9’77(.) is given by:

5@ =t | <tq/m;q>“2(q(q Z)’"(q Do gy glo-omg \ 2

I'4(0) = (%0, (@9,
x i—l)mf(t)dqt, (2.1)
and
. /20 = (70) @D eym
st = Do [t et 52 et e o
(3 )=y
xq \ 2 (Zt—l> £ (tg"0) dgt, (2.2)

q

where f () is a real function on (0,00) and 0 < |¢| < 1.
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The g¢-integrals of a function f(¢) are defined in [7] as follows

/ gt =c(1- )3 ¢ f (ed), (2.3)
0 k=0
and .
/ FOdgt=c(l—q) Y q*F (cg™). (2.4)
c k=1

In view of (2.3) and (2.4), the definitions given by (2.1) and (2.2), can be expressed as

S+9. —n.
(@°*7:q), (g ”,Q)mq(n,ﬁﬂ)m

@) =e""(1-9)" 3

and

K5,19,17f ) = x—ﬁq—5(§+l)/2 1— q 4 q
() ( ) = (9 m
[es} S+m.
q 4 Y
k=0 (qvq)k

Let 6 € C,(n—1<R(§) <n), n € N and for a real function f (z) defined on (0, 00), the g-fractional
derivatives of Saigo [17] of order ¢ is given by;

DY () = DI ot f (g (2.7)

and
Py f(@) = g (=g CrOD, ) K (), (2:8)

where 7 belongs either real or complex and 0 < |¢| < 1; 9, Ig’ﬂ’” and Kg’ﬂ”’ are defined in (2.1) and (2.2)
respectively.

If ¥ and n are in C or R, R (d) > 0 and0 < |¢g| < 1, then the fractional g-integrals I{‘;’ﬁ*" and K;w’” of the
power function (z7) is defined as follows [17]

som (8 _ _ La(B+DTa(B=0+n+1) 5
W) = 5 G O, ot (2:9)
with 14+ R(8) >0and R(1+8—9+n) >0.
and
K;S,ﬂm (335) _ Ty, (¥ —P) I, (n—25) xﬁ_ﬂq_aﬁ_(s((;_._l)/z (2.10)

ST (=BT (I +0-B+m) ’
provided R (¥ — 8) > 0 and R (n— 3) > 0.

Ifv,Bandparein Cor R, m —1 < R(d) < m and 0 < |g| < 1, then the fractional ¢g-derivatives Dg’ﬁ’”
and P(;w’” of the power function (z?) is defined as follows [17]

Dg,ﬁ,n (xﬂ) _ L,B+D)T (B+0+9+n+ 1)x5+19

T,(B+9+1)T,(B+n+1) ; (2.11)
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provided R(8+1) > O0and R(F+I+9+n+1) > 0.

5,9, gy _ T (=9-=B)Lq(6+n—5) B—1 5(I+B)+6(5—1)/2
G Rl e oo e ey e B (212)

provided R (=9 — 8) > 0 and R (6 + 7 — 8) > 0.

Furthermore, the defined operator (2.1) and (2.2) can be taken as the generalizations of the fractional
g-integral operators of Kober, Weyl and Riemann-Liouville according to the following relations:

Ig’o’”f(:c) — I S f(z), (2.13)
137001 (w) = [ (@), (2.14)
K;S,o,nf(x) qfa (6+1) /2Kn 9 f (), (2.15)

K370 f(z) = K} f (). (2.16)

3. Main Results

In this section, we will assess the following fractional g-integrals involving the generalized g-analogue of
Mittag-Leffler function and general class of g-polynomials f, n (z;¢). The main theorems are as under:

Theorem 3.1 IfR(k+pn+1) >0, R(k+pn+1—-9+n) “Amon/¢| <1, min(k,A,0,p) >0, , a
xF-weighted basic binomial function, the generalized q-analog of Mittag-Leffler function (1.8) and general

class of q- fr,n (x;q) , then generalized fractional q-integral of Saigo type Ig'fﬁ’"(.) is given by

10t @+ frx (w:0) BQY (mﬂ (e +6) " 50)}

[r/N] )
k=0 A dyFnl =) a
‘ ‘ JZ::O [ :| " Z By(v,l = (g @)nlglan+7) &7

Ly(k+pn+j+1) I‘q(k+pn+j+1—19+?7)
Fy(k+pm+5i+1-9) Ty(k+pn+j+1+n+9)
A+o’n’q1+k+pn+j 7q1+k719+77+pn+j : on
q1+k—19+pn+j ,q1+k+n+5+pn+j : q, — (mq /5)] . (3-1)

X 302 [
where N is a positive integer and r = 0,1,2,....

Proof: To proof the generalized fractional g-integral formula (3.1), we expressing the generalized g¢-

Mittag-Leffler functions EQ;”(.) and general class of g-polynomial f, n (x;¢) occurring its left hand side
(say L) in the series form given by equation (1.8) and (1.12), then it yields to

+” L= )5 )n . —zq=
L:I‘s’ﬁﬂ’l + (A) 7 ) P on :
ol S e ()

[r/N]

xz[ ] Spg )

By using the g-binomial theorem given by (1.4), we get

[r/N] oo Aton
+n I —)(¢" @)n _ [ r } Z (g q)
L A E ’7 on Z ST m
5 B 771 - )nFq(an + T) € =0 NJ q " m=0 (Q; Q)

_q—A—UJ m )
% (g) Ig,ﬂ,n {xk+m+pn+3}. (3.2)
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Using (2.9), we have

[r/N] [e’e} Aton.
v+ 1,0 — (g5 0)n [ r } (47" q)
L 5 A £ on ) Sr, m
Z %l* N & @)n Fq(an+ 7) ;J Ni ], qu:O (6:9),,
y <—q‘*“’”) Lyk+pn+m+jij+ )T, (k+pn—9+n+m+35+1)
£ Fy(k+pn—9+m+j+1)T(k+pm+d+n+m+j+1)
xk+m+j+pn—19. (33)

Rearrangement of parameters and simple calculation, we obtain
n [r/N]
| — l. n P )
gk 192 7+n N(d'q) ($> Z[T } Spga?
’%l - aQ)nrq(an+T) 56 =0 Nj q
o0 )\+Un “A—on\ ™M
()
x Z
= 3

r

5

g (k +pm +j +1) Dg (k+pn =9 +n+j+1) (¢"HH q) (gFFen—otmtitt q)
CT (it pn— 047+ DT (k+pnto+n+j+ 1) (qhtem—0Hit1,q), (gFremtattit g)

(3.4)

Further using the series expansion of 3¢2(.) during the course of analysis, we arrive at the required result
(3.1). O

If we set ¥ = 0 and ¥ = —§, in Theorem 3.1, then we have the following special cases stated as corollaries:
Corollary 3.1 Consider x*-weighted basic binomial function. the q-Mittag-Leffler function and general

class of g-polynomial fr n(z;q) defined in (1.8) and (1.12) respectively, then the Kober fractional g-integral
1;77‘5(.) is given by

In5{ (@ 4+ &) fon(wq) EQY) (xp (J:q_’\—i—g)( ) q)}

[r/N]

koA 7+nl— V(g q)n @t
=T f
> [ ] oS o a7
Ty(k+pn+i+1+m) Mon, gitktntents 2
— an 3.5
T, (k+tpntj+ltn+o) 21 q1+k+n+5+pn+j q, (xq /f) ) (3.5)

where %(k + pn +] + 1+ 77) > 07 |$q7>‘7fm/€| < ]-v min(k, )‘703 p) > 0.

Corollary 3.2 Consider a x*-weighted basic binomial function, the q-Mittag-Leffler function and and

general class of q-polynomial f, n (x; q) defined (1.8) and (1.12), then the fractional g-integral of Riemann-
Liouwille type Ig(.) is given by

[r/N] -
N By(y +n,l—7) In <w” J>
T JZ::O { } qu %l— )@ @)nTg(an+1) \ &0
Iy(k+pn+j+1) gHon, gttty .
Lok+pn+j+14+0) 291 gith=o+pnti . D (vq /6] (3.6)

1§ {a" @+ 9V fow (@) G (o (007 +6) 7 50)
(d'sq

where R(k+ pn+j+ 1) > 0, |acq*>""”/§| < 1, min(k, A, 0, p) > 0.
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Theorem 3.2 Let R(J —k—pn) > 0, R(n—k—pn) > 0, |[zg °*77"/¢| < 1, min(k,\,0,p) > 0,
a xF-weighted basic binomial function, q-Mittag-Leffler function (1.8) and f.n (z;q) (1.12), and then

general fractional g-integrals of Saigo Kg’ﬂ’"(.) s given by

Kg,ﬁﬂ? {Ik (13 + f)(_)\) fr,N (l‘, q) Eg?;—l) (Ip (qu)\ + E)(*O') ’q)}
[r/N]

9 sk _ B(7+nl* (¢ a)n o

k—9 —6k—5(6+1)/2 A q ) pn+je—on

s 1 -
JZ:;) qZB (11 = M@ Onlglan +7)

Iy (?9 k—pn—3j)Tq(n—k—pn—j) <x”"“02>
Lo(=k—pn—j)Lq(0+6—k+n—pn—j) q°
Aon 1+k+pn+j 1—9—0+k—n+pn+j.

y 4 y 4 ’ —d—A—on
ql I+k+pn+j ql—n+k+pn+j g q,— (xq A /5):| 9 (37)

X

3¥2 |:

Proof: To proof the generalized fractional g-integral formula (3.7), we expressing the general class of

g-Mittag-Leffler function E&?}l) and the general class of g-polynomial f, y (z;¢) occurring its left hand
side (say ¢) in the series form given by equations (1.8) and (1.12), then it yields to

[r/N]

_ 00, )N v+nl* N5 @)n P \"
IR R Z[ } Sra ZB ¢ Ly (an + 7) (&)

x —va ; q) } :
( 5 (—omn)

By applying the g-binomial theorem given by (1.4), we get

[T/N] o] Aton.
- l NG5 D (X" q)
/= A " fy + n, on m
¢ ]; { ] qz By L= (@ Onlglan+7) ° ,;0 (49),m
o —A—on\™ )
() ey (33)

Using (2.10), we obtain

[r/N] l
= ’7+nl_ )(Q,Q) —on
e Z{ i, ”Z T an 7
f: ¢+, (q*ﬂ)m Dy (9 —k—pn—j —m)Cyly—k —pn—j —m)
G 9, § Lg(=k—pn—j-—m)Tqg(0+0—k—pn—j+n—m)
)

k+pn j— 19+mq75(k+pn+]+m) 6(6+1 /2 (39)

m=0

Applying the formula (¢"~*=r" q) = % (1—q)™™, we get
[r/N] e on. “A—on\™
¢ :57)‘ Z |: :| Z ry+’n’ l— )(qlvq)n gfan Z (q)\+ 7q)m <q A >
= 1= By(, 1= NG @)nlglan+71)7 = (g50),, 3

Ly —k—pn—j)To(n—k—pn—j) (¢"FI,q)  (¢"F.q)
Ly(=k—pn—35)Tq(@+d—k+n—pn—j)(ghk-rni,q)_,, (¢Fo-ktn=rn=iq)__

% xk+m+pn+j719q5(7k7m7pn7j)75(6+1)/2. (310)

X
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Further using the series expansion of 3¢2(.) during the course of analysis, we arrive at the required result
(3.7). O

If we set ¥ = 0 and ¥ = —4, in Theorem 3.2, then we obtain the following special case stated as corollaries:

Corollary 3.3 Consider a x*-weighted basic binomial function, q-Mittag-Leffler function and the general
class of g-polynomial defined by (1.8) and (1.12) respectively, and then fractional q-integral of generalized
Weyl type KZI775(.) s given by

Ko {ak @+ fon (2:0) EGD (o (wa+ )7 1a) }

- (@) Bl ] St s < ()

j=0

(7] — k- pn _]) Aon ql n— 5+k+pn+J Csom
X r, (5+77 k—pn— ) 2 1 ql 77+k+pn+g q,—(ﬂﬁq /f) , (3.11)

where R (n —k — pn —j) >0, }xq*‘s*)‘*"”/ﬂ < 1, and min(k, A, o, p) > 0.

Corollary 3.4 Consider a x*-weighted basic binomial function, q-Mittag-Leffler function and the general
class of q-polynomial given by (1.8) and (1.12), and then the Weyl fractional g-integral Kg(.) is given by

K {xk @+ frn (@19) B (xp (2> +6)" ;9)}

[r/N] _—
_ F O B-)=8(+1)/2 g Z [ } Z ’y+ n, l (G5 On gon <$>p !
j=0 ! By (7,1 ¢ @)nlq(an +17) q°
r (75 —k— pn — ]) /\+Unu 1+k:+pn+j; —d—A—on
qpq (=k — pn — j) 1 I q1+6+clle+pn+j : q,— (mq oA /5) ) (3.12)

where R (=0 — k — pn — j)

a?q_‘s_)‘_“"/ﬂ < 1, min(k, \,0,p) >0 .
4. Special Cases and Concluding Observations

Here, we take further interesting special cases of Theorems.
If we set I =1 in Theorem 3.1 and Theorem 3.2, we obtain the following results respectively:

[r/N]

1500 {xk (@48 fov (z:0) B, (96” (zg+¢) "7 ;q)} =2t e Yy { TNj } Sra

=0

XZ (@7 9)n <xpn+j> Tyk+pn+j+1) Tylk+pn+ji+1—-9+n)
Ly ¢n )T (k+pn+j+1—0) Oy(k+pn+j+1+n+0)
/\+on’ q1+k+pn+j 7q1+k—19+7]+pn+j : N
X 3¥2 [ gt enti gltktntotonts q,— (zq /5)] , (4.1)

and

Kg’ﬁ’" {xk (z+ 5)_)\ fron (w39) E3 ; (xp (xqi)\ + 5)70 ;q)}
[r/N]

k=, —0k—6(6+1)/2 s\ pPntig—on
- q § JZ:(:) { ] ™4 Z I‘ (an + T) ¢

Ly —k—pn—j)Tq(n—k—pn—j) z "

(—

k—pn—j)T (19+5 k+n—pn—j) \¢

X
Fq
;)\ ;1 k 11 Y—0+k—

+an, + +pn+g’ + ’I’]+p’ﬂ+j’

CS—A—
X 3¥2 q17ﬁ+k+pn+j , q1777+k+pn+j q; q,— (:cq A Un/f)] . (4.2)
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If we put v = 1 in Theorem 3.1 and Theorem 3.2, we get the subsequent results:

[r/N]

_ B Y o ,
1371 (@ + )7 frn (wa) ear (27 (207> +€) Tia) =g Y [ Nj } ora
7=0 q
Xf: Fy(k+pm+5i+1) Ty(k+pm+ji+1—-9+n) (wpn-&-j)
ZTg(k+pm+j+1-0) Tg(k+pn+j+1+n+0)Lelan+7) \ &7
Aton q1+k+pn+J q1+k 19+77+pn+g om
X 3%2 [ q1+k +pntj q1+k+7]+5+pn+] "¢, (zg /6)} ; (4.3)
and
K0 {at @+ 97 oy (@10) ear (27 (207 +€) T50) }
_ xkfﬁq76k75(5+1)/2 57,\
[r/N] .
S [ ] S e k) g
S LN T (k- pn—y) T,(0+0—k+n—pn—j)Ty(an+r)
T pn+j )\+on 1+k+pn+j 171975+k7n+pn+j; B .
X qé> 32 { P g+k+pn+] qql—n+k+pn+j ¢: q,— (CUCI o=A "/6) , (4.4)

Furthermore, if we take ¢ = 0 in the results (3.1),and (3.7) , we deduce the following results:

[r/N]
59m f .k -2 . 0 (P, k=0 =X r
e e 07 e ) B @i f = e S - }s
j:

Z 7+nl— N5 @)n Loktpntj+t Yy (k=—d+ntpntj+l)
By, l =)@ )nlglan+7) Ty (k=9 +pn+j+ DT (k+n+d+pn+j+1)

A q1+k:+pn+j 7ql-i-k 19+17+pn+] . Y
><3<P2{ q1+k Dtpnti glthintotpnts . R /5)}’ (45)
and
. [r/N] ,
Kg,ﬂ,n {xk (z+ &) frn (219) EéZ’Tl) (x”;q)} = xk—ﬂq—ék—5(6+1)/2£—/\ Z [ Nj ] Syq
j=0 a

oo

By (v + 1,1 =) (¢ 9)n 2\ 1“q(19 k—pn—j)Tq(n—Fk—pn—j)
* HZ:OB(J(%Z* (¢ @)nl'q(an + 7) < ) Po(=k—=pn—3) Tg(I+0—k+n—pn—j)

q(S
)\ 1+k+pn+j ql 9—0+k— 77+pn+j

X3@2|: ql 19+k+pn+] ql n+k+pn+] Q7_(xq_6_>\/f):| . (46)

Again, if we take A = 0 in the above results (4.5) and, (4.6), these formulae reduces to

[r/N]

- B + ’I'L,l - l; n
13,19,71 {mk fon (39) EQ’TZ) (z*:q } LR Z [ } » Z (Y (g5 q)
=0

By(v, 1 = )(q; @)nTq(an + 1)

Ly(k+pn+j+1) q(k+pn+]+1*19+77) Pt
Fyk+pmm+ij+1-NT,(k+pn+j+14+n+0)

)
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and

[r/N]

_ —Sk— T
Koo {-'Jfkfr,N (z;q) B (x”;q)} = b0k moEn2 N [Nj } Sra
q

Jj=0

Z By(y +n,0 =) (@5 9)n Fq(ﬂ k—pn—3)Tq(n—Fk—pn—j) <I>’m+j
By( %l— NG D)nlg(an+7) T (—k —pn—j) T (0 +0—k+n—pn—j) \¢

(4.8)

Moreover, for [ =1, 0 = A =0, k=7 — 1, @ = p and using the identity

limCy(z) =T(z) and lim 9% @ = (z),

q—1 a—1(1— q)

Corollary 3.1 leads to the result found in the publications of Chaurasia and Pandey [[5], Theorem 1,
p.116].

11.

12.

13.

14.

15.
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