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Mountain Pass Theorem and Applications to Fourth-order PDES with Variable Exponents
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ABSTRACT: The authors establish the existence of multiple weak solutions to a fourth order equation.
Their analysis employs the Mountain Pass Theorem combined with variable exponent theory of generalized
Lebesgue-Sobolev spaces.
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1. Introduction

Let © be a smooth bounded domain in RY. In this paper, we deal with existence of multiple weak
solutions to the problem

A(‘ T |P($)| Au |P($)—2 Au) -\ | U |Q(JJ)—2 u = ,uf((L'7u)7 in Q, (1 1)

u=Au=0, on 0f), ’

where p, ¢ : © — (1,00) are continuous maps, A < 0 and p > 0 are parameters, and f: Q x R — R is a
Carathéodory function.

Fourth order equations have attracted many authors in different areas of applied mathematics and
physics. These kinds of problems have various applications and are widely justified via many physical
examples. The Karamoto-Sivashinsky equation (see [32]) as a model of instabilities in a flame front
is a good example of this type that has been investigated. There are also examples in non-Newtonian
fluids and elastic mechanics, in particular, electro-rheological fluids (smart fluids); see [16,31]. Important
references on this can be found in [1,2,3,8,9,10,12,13,14,15,17,18,19,20,24,28,29,30,31].

In [4], Ayoujil considered the problem

A(] Au [P =2 Au) = AV (z) | w [9®) =2 4, in Q, (12)
u=Au=0, on 0f. ’

on the smooth bounded domain  C RY and obtained some sufficient conditions for the existence and
nonexistence of eigenvalues for this problem. Here, V € L"(*)(Q) is a indefinite weight that may change
signs in €2, and p, g, 7 :  — (1,00) are continuous functions.

The case V =1 and p(z) = q(z) was discussed in [5] where Ayoujil and Amrouss used an argument
based on Ljusternik-Schnirelmann critical point theory and obtained the existence of infinitely many
eigenvalues for the problem (1.2). The situation where V' =1 and p(x) # ¢(x) was studied in [6].
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By means of variable exponent theory for generalized Lebesgue-Sobolev spaces and using a variant of
the Mountain Pass theorem, Mousaviankhatir et al. showed the existence of at least one weak solution
to

(1.3)

A z [P@] Au [P@ =2 Au) = X | u [9®) =2y, in Q,
u=Au=0, on 01,

where once again  is a smooth bounded domain in RY, p, ¢ € C(Q, (1,00)), and X is negative.

Here we use the approach taken in [27] to obtain existence and multiplicity of weak solutions to
problem (1.1)

Under appropriate conditions on the nonlinear function f, we show that there exists a pu* > 0 such
that (1.1) has at least two nontrivial weak solutions for each pu > p*.

2. Preliminary results

We begin by recalling some ideas on generalized Lebesgue-Sobolev spaces that will be used in our
analysis. The variable exponent Lebesgue space with p € C(2) is defined by

LP@(Q) := {u: Q@ = R | u is measurable and / | u(x) [P dz < oo}
Q

This is a separable and reflexive Banach space equipped with what is called the Luxemburg norm

p(x)
ull ooy = inf { B> 0 / dr<1b)
Q

p~:= inf p(z) and p* :=supp(x),
€N z€EQ

u(z)

We set

and for any 2 € Q and positive integer k, we let

Nop(®) i kp(z) < N,

* () = J N=hp(@)’
Pi() {+oo, if kp(z) > N.

It is known that if 0 <| 2 |< oo and p1, p2 are variable exponents with p1(z) < pa(z) almost everywhere
in Q, then there exists a continuous embedding LP?(*)(Q) «— LP*®)(Q) whose norm does not exceed
| Q] +1.
From [11,22], for any positive integer k, the Sobolev space with variable exponent W) (Q) is
defined as
WkP@(Q) = {u € LP@(Q) : D% € LP@(Q), | a |< k},
mu and @ = (aq,...,ay) is a multi-index such that | « |= ZkN:1 Q-

Equipped with the norm

where D%*u =

l[ullwr.pe @) = Z | D% || Lo (02)»
lo| <k

Wk (Q) is a separable, reflexive, and uniformly convex Banach space. If we let ¢(z) be the conjugate

exponent to p(z), i.e., ﬁ + ﬁ =1, then the Holder type inequality

1 1
/ | uv | dz < ( + ) | u [P |90 4 e LP@)(Q) and v € LI (Q)
Q p q
is known to hold.

Proposition 2.1 ([7, Proposition 2.3], [11, Theorems 1.3 and 1.4]) For u, u, € LP(*)(Q), set Pp(z)(u) =
Jo | [P@® da. Then:
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(i) ull > 1 implies [ull” < pyea)(u) < [[ul|”” ;
(i) Null < 1 implies [[ul”" < pyga(u) < [[ul|”.
Also, the following statements are equivalent:
(a) lim, e ||un —ul| = 0.
(b) limy o0 Pp(a) (Un —u) = 0.
Similar to Proposition 2.1, if p,,)(u) = [, | Au |P(®) dx, we will have the same results (see [7,23]).

Proposition 2.2 ([11, Theorem 2.2 and 2.3]) Suppose ¢ € C(Q,R) is such that 1 < ¢~ < ¢+ < 0o and
q(z) < pi(x). Then the embedding WP (Q) — L) (Q) is continuous. If q(x) < pi(z) is replaced by
q(z) < pi(x), then the embedding is also compact.

For our next result we need to recall the Palais-Smale (PS) condition.

Definition 2.1 A functional I € C*(X,R) satisfies the Palais-Smale condition if any sequence {u,} in
X for which {I(uy)} is bounded and {I'(u,)} — 0 as n — oo, has a convergent subsequence.

Theorem 2.1 ([9, Theorem 2.1]) Let X be a real Banach space, I € C1(X,R) satisfy the (PS) condition,
and I be bounded from below on every bounded subset of X. Then, the following assertions are equivalent:

(i) There exist ug, uy € X and r € R, with 0 < r < |lug — uo||, such that

inf  I(u) > max{I(ug),I(us)}.

lur—uoll=r

(i) I admits at least one local minimum which is not strictly global.

Lemma 2.1 ([23, Lemma 3.3]) Let (X, || || be a real Banach space and I € C*(X,R). Suppose that I
satisfies the (PS) condition and there exist ug, uy € X and p > 0 such that

(i) ur ¢ Bp(uo),
(i3) max{I(ug), I(u1)} < infucop,(u) I(u)-

Then, I possesses a critical value which can be characterized as

= inf I > inf T
¢=Iof max I(7(s)) > _inf =~ I(u),

where
I'={y € C([0,1}, X) : v(0) = uo, (1) = u1}.

3. Main results

We introduce the notation that C'*(Q) is the class of all m-times continuously differentiable functions
with compact support, and Cy(2) is the class of all continuous functions that tend to zero as x — oco. It
is known that

C2(Q) C GF(Q) = W™ (Q) = W™ (Q) — LP(€2)

and
DY) == C2(Q) — LP(Q).

Then, with the norm
l[ull = Il o] |Aw] ||p(a),

the space (Dg’p(x)((l), Il - 1) is a reflexive Banach space.
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Assume that ¢ € C(Q,R) with 1 < ¢~ < ¢ < ¢t < 2%\],\[_&:_. We say that u € Dg’p(z)(Q) is a weak
solution of problem (1.1) if

/ |z [P Au [P@~2 AuAvdz — /\/ | u |92 yoda — u/ f(z,u)vde =0
Q o Q

for all v € DeP™) ().

Our main result asserts that under some appropriate conditions, problem (1.1) has at least two
nontrivial weak solutions.

To transfer the problem of the existence of weak solutions to problem (1.1) into the question of the
existence of critical points of a related energy functional, we associate to the problem (1.1), the functional

¢ : DEP () = R defined by o(u) = Ix(u) — pap(u) where I, : X = D3P (Q) — R is given by

@
(u):/Q |;(|:) | Au P dfo/ L@ g, w(u):/QF(x,u)du

o q(x)
and
F(z,u) = f(z,s)ds
(0,u]
Using Hoélder’s inequality and Proposition 2.1, we conclude that I is well defined on D(Z)’p @) gince

p(z) 1
/&|Au|p(w) d:r—)\/ 7‘u|q(w)
o p() o q(x)
p(a)
a@)

D a(z)
< % (/Q(| x |p(m)| Au |p(z))g<w>dm> |1 |(q<z)

p
a(x)
o P(@)
22 ([ uren i)™ 1],
q- Q (o)
D e
_ 1 |2 |q(x)| Au |q(x) dx |11, g0
- (5z5)
p Q p(@)
q(z)
D p(z)
=2 QP dr ) 1 ),
q- Q 7

p(T p(x)

(/ | 2 [1@)] Ay [9®) dm) (/ | 2 [1®)] Ay [9®) dm) )

a(x)
==
)\Dz </|upz)dx> (/ ‘u|p(z d:c)

D etat
> {(Suplﬂilﬂ)”+ (SHP\IIH) . }

\ /\

IN

P zEQ

p(x)

+ p(z)
(/ | Ay [96@) dx> ’ +/ | Aw |97) da) o
Q Q
a(=x)
AD?[/| P@ dz)> +(/u|p(‘”)dx)p+]
Q

D B(2) L p®)
< 1[<||u||q> T (e >«}
AD + CI(I) + a(z)
ADs [<|| Y5 4l >p+} < oo
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where D1 and Dy are positive constants.
Also, p € C! (Dg’p(r) (©Q),R), and for all u, v € Dg’p(z)7 we have

(@' (u),v) = / | [P@| Au [P@) =2 AuAvd — )\/ | u [1)=2 yoda — ,u/ f(z,u)vde.
Q Q Q
It is clear that weak solutions of problem (1.1) correspond to the critical points of ¢. More precisely, we
have the following theorem.
2Np~

Theorem 3.1 Assume that X := Dg’p(z)(Q), q € C(Q,R) satisfies 1 < q~ <qg<qt < sNip= <P <
pt <0, f: QxR =R is a Carathéodory function, and the following properties hold:

(a) For q(z) < p(z) < p*(x), there exist ¢ > 0 such that

| flz,t) |< e(4 | ¢ |11 for all z €

F(z,t)
1m =
lt|—0 | ¢ [9(=)

(b)

(¢c) There exists t* > 0 such that 0 < OF (z,&) < f(z,6)¢ forall x €Q and | & |>t*;

F(z,t)
d hmsup
@ tl—oc | £]7%)

<0y

(e) There exists e € X such that

2|P(@) z =
fQ‘p'(m | Ae [P dx =\ fo 5 | e(w) [9) da
M*

< /QF(ar,e(x))dx.

Then, the problem (1.1) has at least two nontrivial weak solutions for each p > p* and X < 0, where

« . fQ llpl(p(z | Ae [P da — )‘fQ q(z) | e(x) [1) da
W= inf .
e€D2 P e >1 fQ | e(x) |9 dx

Before proving our main theorem, we first show that the quantity p* is positive.

Lemma 3.1 u* is positive.

Proof: By the fact that we have a compact embedding of Dg’p(x)(Q) into L4®) (see [26,27]) and A < 0,

we see that
p(z) 1
/'””' | Ae [P@ dg — /()|e(x) |2®) dg

z;ﬂu I = o /|Mde

for all e € DFP™)(Q) with ||e]| > 1 and for some ¢; > 0. Therefore,

2|P(®) - z
Jo 5 18 P do A fo gt | e@) [0 de 1 -
Joleld do “pt T

which proves the lemma. O
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Proof: [Proof of Theorem 3.1] We first prove that I} has the property (S;) (see, for example, [7,
Proposition 2.5]). To do this, we set

Up={reQ:plx)>2} and V,={reQ:1<px) <2}
We will make use of the following elementary inequalities:

e -y <2z ey "y (@-y), v=2

1 _ _ _
II*yIQSﬁ(IIIHyI)2 Waa= |y Py (@-y), 1<y<2

for all z, y € RN,
We claim that I} is strictly monotone. Since for A < 0 and p(x) > 2, we have

(I4(u) — T4 (v),u —v) = ( / | & [P Au [P®) =2 Audz — / | [P Av [PO=2 Avda, u — v)
Q Q
+ (/\ |0 |7@=2 pdz — X [ | w72 udz,u — 11)

Q Q

= (/ |z |P@ (] Au [P®=2 Audz— | Av [P®)—2 Av)dx) (u—w)
Q

—A (/ | u |12 ydx —/ | v]a®)=2 vd;v) (u—v)
) )

| z [P(*)

1 .
| Au — Av [P@ dm—)\/—|u—v|p(l) dzx

~Ja op(x) QQp(x)

1 1
_ p(z) _
> (@) /Q || z || Au— Av || 59(@) [lu—wv| >0

for all u, v € X with u # v. A similar proof holds if 1 < p(z) < 2.
Now assume that {u,} is a sequence in X such that u, — u and

lim sup (15 (un ), uy — u) < 0.

n—oo

To show that u, — u, first note that from the monotonicity I}, we obtain

lim sup (14 (un) — I3 (u), up, — u) = 0. (3.1)

n—oo

On the other hand, a simple calculation shows that if v € L) then | u \Q(w)*le LP®) and by the
compactness of the embedding, we have

Up — w in LI®)

and
| Un |q(r)*2 Up —| u |q(w)*2 w in LP®).
Set
Enlu) = (| un |q(m)_2 Up— | u |q(m)_2 u)(un — u)
and
xn (W) = (| Ay P72 Auy— | Au [P972 Au)(Au, — Au).
Then,

/ &n(u)dr — 0. (3.2)
Q



FOURTH-ORDER PDES WITH VARIABLE EXPONENTS 7

as n — 0o, and it follows from (3.1) and (3.2) that

n—oo

limsup/ Xn(z)dx = 0. (3.3)
Q

Again applying elementary inequalities,

/ | T ‘P(x) (l A, |;D(ﬁc)—2 Au,,— ‘ Au ‘p(m)—Z Au)(Aun _ Au)
Up

1
> —— |z || Aup, — Au [|P®) da.
op(z) U,

From (3.3), we obtain

/ tn — ulP@dz < 0.

Up

On the other hand,

1
/ (| wn ‘q(z)*Q Un— | u |¢I(:r)*2 W) (tn — u) > / | up —u ‘q(z) de.
UP

i = 9op(x)
From (3.2),
/ |ty — u |9®) dz < 0. (3.4)
UP
Therefore,
1 (2) (2) 1 (x)
— |z |[P'] Auy, — Au [P do — A —— |ty —u | dz — 0 as n — oo. (3.5)
u, P(x) L a(z)

Hence, by the compactness of the embedding, we can easily obtain

lim ||u, —u| — 0 on U,.
n— oo

Now consider the above process on V,,. Let 6, =| Au,, | + | Au |; then

p(x)
Pl

p(z) Xn (@) o
Au, — Au |2 ) da </ A (§,) 2 @) gy
J. ¢ B AR

P P

< 1 / CF (5,) 5 @) gy
= —=1Jy,

p(w) p(x)

Using Young’s inequality for all d > 0 with a = dx,2> and b= (d,) 2

(2-p(2)) gives

() p(@)
d/ | Au,, — Au [P d:cgd/ Xn2 (0p) 2
v, v,

P P

(2=p(2)) 1o

g/ Xndﬁdwr/ (6,)" ) da. (3.6)
V; V;

P P

Since limsup,, , ., [, Xndz = 0, it can be shown that 0 < [{, x,dz < 1. Also, if [, xndx = 0, then since
p P
Xn 18 positive, we can conclude that x,, = 0. Therefore,

/ | Au,, — Au [P dz <0,

14
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since otherwise choosing d = fv Xndx) = = > 1 and the fact that ) < 2, we have

1
/ | Aup, — Au [P@) do < = / Xnd?dz + @y |
\% d\Jv, v,

P

Using the value of d in (3.6), we have

-1
/ | Au,, — Au |p(‘”) dx < / Xndx / Xndx +/ 6£’L(I)dx
VP VP VP VP

1
2
/Xndm 1+ 2@y |
VP Vp

On the other hand, [}, 62 4z is bounded as n — 0o, s0

1

Xndx /
v

P

/ | Au, — Au [P dz — 0.

P

Also, it can be proved in a similar way that

/ |ty —u |1® dz -0 as n— oco.
v

P

Thus,

1
/m\x|p(x)|Aun—Au|p(m) )\/ |un—u|qz)dx—>0 as n — oo.
Vp

Therefore,
lim ||up, —ul| >0 on V.
n—oo

This shows that I} satisfies property (S1) on €.

Next, we will show that ¢ satisfies the Palais-Smale condition. Suppose, to the contrary, that || u, ||—
oo as n — oo. In this case, from the definition of the norm and the facts that the embedding of Dg’p(m) (Q)
into L4®) is compact and I € C'(X,R), we can write

U f( ), tn) |x\( up [P — L up |97 do — T, Up)dx
olun) -[= )|A P e A [ s (1) do = [ Plou)a
"(un

(( / flz,up, und:v>

1 1 1 1 1
D unp(””)—)\<—>/ up |99 da
B (p+ 9) e e 0) Joa@) |4 |

+ “/Q [W - F(Q:,un)] dz

11 11
- _ = p(z) _ = _Z
2 (p+ g ) Il A <q 9) (' un lqgay + | un Iq@))
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Since A < 0, we see that

i) = D) 5 (L DYl =k (2 = 5 ) Gl + )

pt 0

+ u/Q {W - F(Lun)] dx

1 1 - f(337 Un)un
> (=g ol [ [LE00 )] o
By condition (c¢) and setting

V:sup{‘f(xét)t —F(:v,t)’ creQ, |t|<t*},

we have

(5= 7) Tuall” < () = G ww) = [

pJr [wn|>t*

[f(zvun)un

7 — F(x, un)} dx
+ pV meas(€2).

This can be written as

9 _p+ p7 1 /
| luall” < o(un) = 7 (¢ (un), un) + pV meas(9).
pto [

_ ])4*

pto

0
Letting T = < ) and dividing by |lu,| gives

Tlfun* ~F <0,

which implies ||u,|| — 0. This is a contradiction, and so {u,} is bounded in X, and the (PS) condition
is satisfied.
Since X is reflexive, there exists a subsequence, still denoted by {u,}, such that u, — u. Then,

(¢! ).t =) = (I3 ) = )+ 1 [ Fla ), — )
Q
By using the boundedness of {u, — u} and the (PS) condition, we can write
(@' (un), un —u) < ||¢ (un)|||tn, —u| =0 as n— .

By condition (a) and Holder’s inequality,

1 1
q(z)

| F(yun) | (un — w)de < ( / (14 | up |q<f>-1>f’<z>dx) o ( / (un—u)q(m)da:> ,
Q Q

and as n — oo, we obtain [, | f(x,un) || un —u | dz — 0. Thus, (I} (un), un —u) — 0 as n — oco. Taking
into account that the I} has the property (Sy), we have u, — u in X.

Next we use condition (b) to show that 0 is a strict local minimizer of ¢, but it is not a global
minimizer. Notice that ¢(0) = I,(0) — p2(0). From (b), for € < —+— there exists £ > 0 such that

Q

pteip’
| F(z,t) |[<e|t ] forall |t|<E. (3.7)
By the embedding properties, for all v € X \ {0} with |lu] > 1,
1 - Ak - +
uZ—up——uq—l—uq—e/u‘J(w)dw
olw) 2 il = = hl® el ) = Q\ |
1 - Ak - + -
Z Sl = = ™+ ) = pee flull?

1 - Xk - +
= (p+ - Mecl) ful” — qi(||u||q + ful?) > 0.
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where k is a positive constant. Condition (e) and the fact that p* < p imply that

p(z) a(z)
ap(e)</|m| |Ae|p(x)dx—)\/M—u*/F(m,e)du’c<0.
o p(z) o q) Q

To show that ¢ has a global minimizer, we first show that ¢ is coercive. From the continuity of f and
condition (d), there exists ¢ > 0 and [ € L'(Q, R") such that

| F(z,t) |[<e|t|?® forall (z,t)e QxR and |t[>c

and
| F(x,t) [<Il(z) forall (z,t)€ QxR and |[t|<ec

Nowset 9y ={x € Q :|u|>c}and Qs ={x € Q :|u|< c}. Then,

R e Ry T
u) > —|lul|P — T — z,u)dr — x,u)dz
v pt a q(@) : o : 2
1 _ | u |q(m)
> —||u|lP f)\/ dzfue/ uq(I)dxfu/lxdx
p+\| | ) Q| | o, (z)
1 - Ak - + - +
> ijUHp —qi(Hqu + llull®) = pek(lul + lull® ) = plllz-

An immediate computation gives

1 - A 1 - +
o) 2 ol =k (22 =) (Gl -+ ) = e

1

77en- By choosing A < = — if limy, e ||un|| = o0, then @(u,) — oo, which means ¢ is

since € < e
coercive.

If for every a € R with ¢(e) < a, weset Y = {u € X : p(u) < a}, then Y # (), and since ¢ is coercive,
Y is bounded.

Next, we show that ¢ is bounded below on Y. Assume to the contrary that there exists a bounded
sequence {u,} in Y such that

lim o(u,) = —c0. (3.8)

n— oo

Since X is a reflexive Banach space, there exists ug € X such that u, — ug. Also, by the compactness
of the embedding X — L4(*)(Q), we have

Uy, — Ug  In Lq(z)(Q) and wu, — uy forae z¢cQ.
Hence,
F(z,up(z)) = F(x,u) forae xz €.
By Fatou’s Lemma,

n—o0

limsup/QF(x,un(x))de/QF(agu)dac.

On the other hand, in [27] it was proved that I is lower semicontinuous and

lim inf o (u,) = liminf Iy (u,) — ,ulimsup/ F(z,u,(z))dz
n— oo Q

n— 00 n—oo
> I(un) — ,u/ F(z,u,)dz
Q
— (o) > —o0,



FOURTH-ORDER PDES WITH VARIABLE EXPONENTS 11

which contradicts (3.8). Thus, if {u,} C Y and lim,_, ¢(u,) = v, then

.= inf = inf —00.
0>w ngap(u) ul}:_lxtp(u)> 00

Hence, there exists u; € X such that, up to taking a subsequence, u,, — u;. Therefore,
p(ur) =v <0, (3.9)

and w; is a nontrivial solution.
We will show that ¢ satisfies the hypotheses of Lemma 2.1. By Theorem 2.1 and the fact that 0 is
a strict local minimizer of ¢, there exists 0 < p < |luy|| such that r := inf,cop, (uy) p(u) > 0. Now (3.9)

and the fact that ¢(0) = 0 imply that u; ¢ 9B, (uo) and max{p(0), p(u1)} < infuean, (u,) P(u) = r. By
Lemma 2.1, there exists a critical point us of ¢ such that

o(ug) >r > 0. (3.10)
Inequalities (3.9) and (3.10) imply u; # ug and us # 0. This completes the proof of the theorem. O
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