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On Riemannian Sequential Warped Product Submersions

Sarvesh Kumar Yadav, Richa Agarwal* and Shahid Ali

ABSTRACT: As a natural generalization of Riemannian warped product submersions, we introduce the idea
of Riemannian sequential warped product submersions in this paper and study some fundamental properties
like totally geodesic, totally umbilical and minimality. Further, we work with characterization of geodesic
for Riemannian sequential warped product submersions and study conformal and killing vector fields for that
submersions.

Key Words: Riemannian submersions, sequential warped product, sequential warped product sub-
mersions.

Contents
1 Introduction 1
2 Preliminaries 2
2.1 Riemannian Submersion . . . . . . . . . ... e 2
2.2 Sequential Warped Product Manifolds . . . . . . ... ... ... ... ... ........ 3
3 Riemannian Sequential Warped Product Submersions 4
4 Conformal Vector Fields 9

1. Introduction

J. F. Nash [9] started the study of warped product manifolds and proved that every warped product
manifold could be embedded as a Riemannian submanifold in some Euclidean spaces. B. O’Neill and
Bishop [2] in 1969 studied warped product manifold as a fruitful generalization of the Riemannian product
manifold. Warped product manifold is used to study Riemannian manifolds with negative sectional
curvature (pseudo-Riemannian manifold).

Robert-Walker, static, Schwarzschild, and Kruskal space-time can be considered as a warped product.
The Warped product technique has been used to construct essential examples in relativity and differential
geometry [4]. Also, many exact solutions of the Einstein field equations and modified field equations are
warped products.

De, Shenway and Unal [5] introduced the notion of sequential warped product manifolds to study a
larger class of exact solution of Einstein equation. They obtained curvature tensor, Ricci curvature
and some classes of sequential warped product models. Further, Sahin [14] studied sequential warped
product submanifold of Kaehler manifolds. In [11], Perktas and Blaga extended these results to Sasakian
manifold.

B. O’Neill [10], in the 1960s, introduced the notion of Riemannian submersion as a tool to study the
geometry of a manifold in terms of simpler components, namely, base space and fibers. It is well known
that Riemannian submersion has many applications in physics. It is applicable in Yang-Mill theory [3],
supergravity, and superstring theories [6,8].

Besse [1] considered warped product Riemannian submersion. Further, I. K. Erken and C. Murathan
[7] studied warped product Riemannian submersion and obtained fundamental geometric properties.

We define Riemannian sequential warped product submersion as follows:
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Definition 1.1 Let M = (M; x 7, M) x ¢, Mg and N = (N; x,, Ng) x,, N3 are two sequential warped
product manifolds and m; : M; — N;, i € {1,2,3} are the Riemannian submersion between the
manifold M; and N;. Then the map

m=m X me Xy : M= (M xg My) x5, Mg — N = (N; x,, No) x,, N3,

given by 7 (X1, Xo2, X3) = (m1(X1), m2(X2), m3(X3)) is a Riemannian submersion, which is called
Riemannian sequential warped product submersion.

The main aim of this paper is to study some properties of Riemannian sequential warped product
submersions. This work is the generalisation of the work based on Riemannian doubly warped product
submerions and Riemannian wapred-twsited product submersions [12,13].

This paper is divided into four sections. In section 2: we define Riemannian submersion and Sequential
warped product manifolds. In section 3: we study some properties of Riemannian sequential warped
product submersion. In section 4: we work with characterization of geodesic for Riemannian sequential
warped product submersions and study conformal and killing vector fields for that submersions. This
work is the generalisation of the work [12,13]

2. Preliminaries

In this section, we recall some necessary definitions, results, and notations which are useful for the
paper. This section is divided into two subsections.

2.1. Riemannian Submersion

Let (M, gp) and (N, gy) be two Riemannian manifolds with dimM = m and dimN = n, where m > n.
A smooth map 7 : (M, gy) — (N, gn) is said to be Riemannian submersion if the following axioms are
satisfied,

1. m.(derivative map of ) is onto

2. 7, preserves the length of horizontal vectors, i.e.,

gn(m X, YY) = gu(X,Y). (2.1)

For each py € N, 77 1(ps) is a submanifold of dimension (m — n) called fibers. A vector field on manifold
M is called horizontal if it is always orthogonal to fibers and is called vertical if it is always tangent to
fibers. Let 7 : (M, gm) — (N, gn) be a smooth map between Riemannian manifolds. Then I'(TM) has
the following decomposition

™ = (kerm,) ® (kerm,)*
The tangent bundle TN of N has the following decomposition.
TN = (rangm,) @ (rcmgﬂ*)L,

where (rangm.)* is the orthogonal complement of (rangr.,).
B. O’Neill [10] first introduced the fundamental tensors of submersions, and it is given as

T(E,F)=TgF = HVygVF + VVyrHF, (2.2)

A(E,F) = AgF = HVygVF + VVygHF, (2.3)

where E and F are vector fields on M; H and V are the projection morphism on the distribution (kerms)*

and (kerm,), respectively. We observe that the tensor fields 7" and A satisfy
1. T(U,V)=T(V,U), U,V € T(kerm,).
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2. A(X,Y)=—A(Y,X), X,Y €TD(kerm,)>.
Equation (2.2) and (2.3) gives the following Lemma.

Lemma 2.1 [10] Let X,Y € ['(kerm.)t and U,V € T'(kern.); we have

VoV =T(U,V)+ ViV, (2.4)
VuX = HVyX +T(U, X), (2.5)
VxU = A(X,U) +VVxU, (2.6)
VxY =HVxY + A(X,Y), (2.7)

where V is the Levi-Civita connection of (M, gy) and VuV =VVyV.

It is noted that if the tensor field A (respectively T') vanishes, then the horizontal distribution H (re-
spectively vertical distribution V or fibre) is integrable. Also, any fibre of Riemannian submersion 7 is
totally umbilical if and only if

T(V,W) =g(V,W)H,

where H is the mean curvature vector field of the fibre and it is given by

N = sH
such that
N = ST, U), (28)
i=1
and {Uy,Us, - -+ ,Ug} denotes the orthonormal basis of vertical distribution and s denotes the dimension

of any fibre. It is easy to see that any fibre of Riemannian submersion 7 is minimal if and only if the
horizontal vector field N vanishes.

2.2. Sequential Warped Product Manifolds

Let (M, gv,) be Riemannian manifolds of dimensions m;, ¢ € {1,2,3}, f1 and fo be two positive
differentiable functions on M; and M; x My respectively. Let m; : M; x My x M3 — M; be the natural
projections from the product manifold My x My x M3 to M, ¢ € {1,2,3}. Then the sequential warped
product manifold M = (M; x ;,Ms) x ;,Mj3 is a product manifold M = (M x ;,Ms) x ,M3 equipped
with the metric gy such that

gM(va) = ng(ﬂ—l*(X)vTrl*(Y)+f129M2(7T2*(X)77r2*(Y)))
+ o gty (3. (X)), 3. (Y), (2.9)

for any X, Y € I'(TM), and f1, f2 are called the warping function.

For a vector field X on M, the lift of X to (M x ¢, Ms) x ¢,M3 is the vector field X whose value at each
(p,q,r) is the lift X, to (p,q,7). Thus the lift of X is the unique vector field on (M x 5, M) x ¢, Mg that
is m-related to X and mo-related, wz-related to the zero vector field on My and M3 respectively.

Let V and V* denote the Levi-Civita connection of (M x fMy) x £, Ms and M, respectively for i €
{1,2,3}. Further, we denote the set of lifts of vector fields on M; by £ (M;) and use the same notation
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for a vector field and its lift. Then, the covariant derivative formulas for a sequential warped product
manifold are given [5]

Vx,Y1 = VY, (2.10)
Vx, Xo = Vx, X1 =Xi(Inf)Xo, (2.11)
Vx,Yo = Vi,Ys— figu, (X2, Y2)grad fi, (2.12)
Vx, X1 = Vx, X3 =Xi(Infp)Xs3, (2.13)
Vx,Xs = Vx,Xo=Xy(Inf2)Xs, (2.14)
Vx,Ys = V%, Ys— fogu, (X3, Y3)gradfo, (2.15)

for X“}/l S X(M,)
Remark: Let M = (M; x s, My) xs, M3 then grad' f; is the gradient of f; on M; and gradfsis the
gardient of fo on (M x My).
3. Riemannian Sequential Warped Product Submersions
In this section, we define Riemannian sequential warped product submersion and obtain some fruitful

results.

Proposition 3.1 Let M = (M Xy, M) x5, M3 and N = (Ny x,, No) x,, N3 are sequential warped
product manifolds and 7; : M; — N;, i € {1,2,3} are Riemannian submersion between the manifolds
M; and N;. Then the map

7T:7T1X7T2X7T32M:(M1 XflMQ) Xf2M3—>N:(N1 XplNQ) Xp2N3,

given by 7 (X1, Xo, X3) = (m1(X1),m2(X2),73(X3)) is a Riemannian submersion, which is called Rie-
mannian sequential warped product submersion.

Proof: Let m;,i = {1,2,3}, are submersions between M; and N; then the map 7 is a submersion from
M to N. Since

Tp1,p2.p9) (My x My x M) = Tipy ,p2,ps) (My x {p2} x {p3})
@T(pl,pz,,vs) ({pl} X Mg x {p3})
@T(pl,pmps) ({pl} X {p2} X MS);

ker (my X mo x m3), = ker (m1x) X ker (ma.) x ker (m3.) and Tip, p, pg) My X Mo x Miz) = H(p, py.ps) @

Vip1,ps,ps)- Since
Tipr.paps) (M X {pa} x {ps}) = ((Hl)pl x {p2} x {ps}) b ((Vl)pl x {pa} x {p3}) ;
Tor p2p) ({p1} x Mo x {ps}) = ({pl} X (HZ)m X 'U{pS}) & ({pl} X (VQ)m X {p3}>
and

Tipr e (11} X {p2} x Ma) = ({1} x {p2} x (Ha),,, ) @ ({p} x {p2} x 0%),, ) -

Thus, we obtain

Viprpas) = (W), % {2} x {ps}) © ({p1} x (02),,, x {ps}) @ ({p} x {p2} x (3),,)

and

Hipnman) = (M), % {p2} x (pa}) @ ({1} x (Ha),, > {pa}) @ ({2} x (P2} x (Ha),, )
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Let (v¥) € (Hi)p, (resp.(vY) € (V;)p, then (v*) (resp. (vV)> the lift of v™ (resp. vY) 10 H(p, py.ps) (
resp. Vip, paps)) i (0)% ('resp. (9)V). In view of this fact, for a horizontal vector field X* € I' (#;) and

a vertical vector field XY € T'(V;), we are lead to (X*) = (X)? and (XV) = (X)V, respectively. Next,
we show that this submersion is a Riemannian sequential warped product submersion. Let (Xi,Y7),
(X2,Y3) and (X3,Y3) be horizontal vectors on M, My and M3 respectively. Then we get immediately
from (2.9)

g (T (X1, Xo, X3) 7 (Y1,Y2,Y3)) = gy, (M1 (X1) , 714 (Y1)

Pt (71 (p1)) gy (2x (X2) , 24 (Y2))
p5 (72 (p2)) 9N, (3 (X3) , T34 (Y3))
= gu, (X1, Y1) + /7 (p1) g, (X2, Y2)
13 (p2) gus (X3,Y3)

v (X1, X2, X3), (Y1,Y2,Y3)).

+ o+

+

So the differential 7, preserves the lenghts of horizontal vectors. This completes the proof of the propo-
sition. 0

Lemma 3.1 Let M = (M xf, Ms) xf, M3 and N = (N; x,, No) x,, N3 are sequential warped product
manifolds and m : M — N is Riemannian sequential warped product submersion between the manifolds M
and N. Then for any U;, V; e T(V;), i = {1,2,3} we have

1. T(U, Vi) = Ty (Uh, VA).

2. T(Uy,Us) = 0.

3. T(Uz, Va) = Ta(Uz, Va) — figm, (U2, Vo) Hgrad' f1.
4. T(Us,Uh) = 0.

5. T(Uy,Us) = 0.

6. T(Us, Vs) = T3(Us, V3) — fagm, (Us, V3)Hgradfs.
Proof: From (2.4) we have
Vo, Vi =V, Vi + T(Uy, V). (3.1)
By equation (2.10) we get
Vo, Vi = Vi, Vi (3.2)
Using equation (3.1) in equation (3.2) and comparing the vertical parts we obtain
T(Uy, Vi) =T1 (U, Vi).
Making use of equation (2.11) we obtain
Vu, Uz = Vi, Uy = Uy (In f1)Us. (3.3)
Combining equation (3.3) with equation (3.1) we get
T(Uy,Uz) =0.
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From equation (2.2) we have

T(Us, Va) = H(Vi, Va). (3.4)
Using equation (2.12) we get
Vu,Vo = Vi, Vo — figu, (Us, Va)grad' fi. (3.5)
From equation (2.4) we know that
Vi, Vo = To(Us, Va) + YV, Va. (3.6)

By using equations (3.5) and (3.6) in equation (3.4) we obtain
T(Us, Vo) = Ta(Uz, V2) — frgu, (Ua, Vo) Hgrad' f1.

In a similar manner, we prove the rest of the part. O

Lemma 3.2 Let M = (M Xy, My) Xy, M3 and N = (Ny x,, No) x,, N3 are sequential warped product
manifolds and m : M — N is Riemannian sequential warped product submersion between the manifolds M
and N. Then for any X;,Y; € T'(H;), i = {1, 2,3} we have

1. HVx, Y1 = HVY Y1, A(X1, Y1) = A1 (X1, Y).
2. HVX1X2 = Xl(lnfl)XQ = HVX2X1, A(Xl,Xg) = O = A(XQ,Xl).

3. A(X2,Ys) = Ax(X2,Y2) and Vgrad'f; =0,
HVX2Y2 = /HV?XQB — flgM[2 ()(27 Yg)HgTadlfl.

4. HVX3X1 = Xl(hl fg)Xg = HVX1X3, A(Xg, Xl) = 0 = A(X17X3).
. HVX2X3 = Xg(hl f2)X3 = HVXSXQ, A(XQ, Xg) =0= A(X37X2).

6. 14()(37 Yg) = Ag(Xg, }/3) and Vgradfg = O,
HV x,Ys = HV%, Vs — fogu, (X3, Y3)Hgradf.

Proof: From equation (2.7) we have
Vx, i =HVx, Y1 + A(X1, 7). (3.7)
By using equation (2.10) and equation (3.7) we get
HVx, Y1+ A(X1, Y1) = HV Y1 + A1 (X1, V7). (3.8)

Separating the horizontal and Vertical parts in equation (3.8) we obtain (i).
Again using equation (2.7) we have

leXg = HVXlXQ—l—A(Xl,XQ). (39)
Ve, X1 = HVx,X:1+ A(Xa, X)), (3.10)

Combining equations (3.9), (3.10), and (2.11) we obtain (ii).
We know

A(X2,Ys) = VVy,Ya.
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Using equation (2.12) in the above expression we get

A(X3,Ys) = V(VX,Y2 — figu, (Xa, Ya)grad' f1)
= V(VX,Y2) — figu, (X2, Y2)Vgrad' fi
= Ay(X2,Y2) — figu, (Xe, Ya)Vgrad fi. (3.11)
and
HV x, Y2 = HV%, Y2 — figu, (X2, Ya)Hgrad' f1. (3.12)

Since A and As are skew-symmetric tensor fields and gy, is symmetric tensor field, by using equations
(3.11) and (3.12) we obtain the required result (iii).
In a similar manner, we prove the rest of the part.

Lemma 3.3 Let M = (M x ¢ My) x¢, M3 and N = (Ny x,, Na) x,, N3 are sequential warped product
manifolds and m : M — N is Riemannian sequential warped product submersion between the manifolds M

and N. Then for any V; e T'(V;), and X; € T'(H;), i = {1,2,3} we have
LTV, Xy) = Th(Vi, X1),  HVL X = HVy, Xy
2. T(V1,X2) =0=VVx,Vi, HVy Xy =Vi(Inf1)Xs = A(X2,V1).

3. T(Va,X1) = X1(In f1)Vo = VW, Vo, HVy, X1 = 0= A(Xy,Va).

4. T(Va, Xo) = To(Va, X2) — frgm, (Va, X2)Vgrad' fu,
HVVzXz = HV%,Q - f1gM2 (VQ,XQ)HgTadlfl.

5 T(Vi,X3) =0=VVx,Vi, HVyXs=Vi(nf)Xs=A(Xs3 V).
6. T(Vs,X1) = X1(In fo)Vs = VVWx, Vs, HVyX; =0=A(Xy,V5).
7. T(Va,Xs5) =0=VVx, Vo, HV,Xs=Va(lnfo)Xs=A(X3,Va).
8. T(Vs, Xo) = Xo(In fo)Vs = VWi, Vs, HVy,Xo=0=A(Xy, V5).

9. T(V3, X3) = T5(V3, X3) — fagm, (V3, X3)Vgradfa,
HVv, Xz = HVY, X3 — fagu, (V3, X3)Hgradfs.

Proof: For V; e I'(V1) and X; € I'(H1), by using equation (2.5) we have
Vv, X1 =HVy, X5 +T(V1, X1). (3.13)
Making use of equations (2.10) and (2.5) we obtain

VX1 = Vi, X
= HVL X1 +Ti(Vi, Xq). (3.14)



8 SARVESH KUMAR YADAV, RICHA AGARWAL AND SHAHID ALI

Combining equations (3.13) and (3.14) and comparing the vertical and the horizontal parts in the resulting
expression we get (i).
From equation (2.11) we have

VVIXQ = VXQ‘/l = Vl(hl fl)XQ. (315)
Using equations (2.5) and (2.6) we get

Vi Xy = HVy Xs+T(Vi, Xo). (3.16)
VX2V1 = A(XQ,V1)+VVX2V1. (317)

Combining equations (3.15), (3.16), and (3.17) and comparing the vertical and the horizontal parts in
the resulting expression we obtain (ii). On a similar note to prove (ii) we get (iii).

Further, using equation (2.5) and equation (2.12) we obtain (iv).

Similarly, we prove the rest of the parts. O

Theorem 3.1 Let M = (M x4, My) X ¢, Mz and N = (Ny x,, Ny) x,, N3 are sequential warped product
manifolds and m : M — N is Riemannian sequential warped product submersion between the manifolds M
and N, where dimM; = m; and dimN; =n;, i € {1,2,3}. Then

(i) has totally geodesic fibers if and only if m; has totally geodesic fibers and f; is constant, i € {1,2,3}.
(ii) The fundamental metric tensor T satisfies the following inequality

IT)? > (ma — n2) f2 | Harad® f1]|> + (m3 — n3) f2||Hgradfs|

with the equality hold if and only if m; has totally geodesic fibers.

Proof: (i) Letex e T(Vy)and k =1,2,3,....m;—ny,e. € T(Vz) and ¢ = my—ny1+1,...,mg—ns+my —ny,
and d; € I'(V3) and d; = ma —na +mq —nq +1,...,mg —ng +mo — na +my — ny be orthonormal vectors
of vertical spaces of submersion 7.

By using Lemma (3.1) we have

mi—ni ma—nz+mi—ni

ITIP = > (T (exen,) T (exser,)) + > gu(T(ecea), T (ec,eq))
k,k1=1 c,d=mi—ni+1

m3—ngz+ma—na+mi—ni

+ Z 9M (T (6d1’6d2) 7T(6d176d2))

dy,do=mo—n2+mi—ni+1

= T1? + I Tal* + T3] + (m2 — na) 7| Hgrad" f1]|* + (ms — n3) f3 || Hgradfa||*.

(ii)It follows from the above relation. O

Theorem 3.2 Let M = (M x5, My) x5, Mz and N = (Ny x,, No) x,, N3 are sequential warped product
manifolds and w : M — N s Riemannian sequential warped product submersion between the manifolds
M and N.Then 7 has totally umbilical fibers if and only if w1 ,m2 and 73 have totally geodesic fibers and
H" = Hgrad* fi = Hgradfs, where H" denotes the mean curvature of m.

Proof: From Lemma (3.1) and the fact that = has totally umbilical fiber we have

= Ti(U1, V1) = gu(Ur, Vi) H"
= 0= gu(Uy,Us)H™ = OH"
Ty(Uz, Va) — frgu(Us, Vo)Hgrad' fi = gui(Us, Vo) HT
= 0= gy(Us,U)H™ = 0H™
= 0= gu(Us, Us)H™ = 0H"
= T3(Us, V3) — fagu(Us, Va)Hgradfs = gu(Us, Va)HT,

T U17

N

)

e B B

SS8S8S

( )
( )
( )
( )
( )
( )

S
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for any U;, V; € T'(V;), i € {1,2,3}. Then the above expression gives the following relation
H™ = —Hgrad' f;, H™ = —Hgradfs and T (U, V2) =0, T(Us, V3) = 0.
Converse follow easily.
O

Theorem 3.3 Let M = (M; x5, My) xp, My and N = (Ny x,, Ny) x,, N3 are sequential warped product
manifolds and m : M — N is Riemannian sequential warped product submersion between the manifolds M
and N.Then m has minimal fiber if and only if mean curvature of m, w2, and T3 are given by ﬂg =0,
Hy = M= ( foHgrad? fo), and Hy = 232" (fyHgrad® f2) + Z2=22( fiHgrad' fi).

ma2—nz mi1—ni mi1—ni

Proof: We suppose that 7 has minimal fiber for M.Let e, € T'(V;) and k = 1,2,3,...,m1 —n1, e. € T'(Vs)
and c=my —ni+1,....mo —ng+my —ny, and eg € T'(V3) and d = ms —ng +my —ng +1,...,m3 —
ng + mo — ne +my — ny be orthonormal vectors of vertical spaces of submersion 7.Then using equation
(2.8) and Lemma (3.1) we have

i = : ( PETT (e, ) + S0 T (e ) )

m3—n3+m2—n2+m1—n1
mz —ng+ms —ng +my —ng D ity a1 T (eds eq)
mi—nq
1 Zk:l T (elm ek)
ma—na+mi—niy

= + Z —my — 1 15 (6c; ec) - flgM(em ec)HgTadlfl
ms — ng +mg —nNg +Mmy — Ny ‘c=m it _
Yo e M2 Ty (eq, €q) — fagui(ea, ea)Hgradfs

1 (my —n1) Hy + (mg — ny) (ﬁb - legradlfl)
ms —ng +mg — No +mq —nyq + (m3 — ng) (}_ﬁg _ fg’ngadf2)

Since H; € I'(H;), where i € {1,2,3} and fiHgrad®f; € D(H).

We kIlOW7 fg”ngadfg el (7‘[1 X 7‘[2)

So, we can write foHgradfs = foHgrad! fo+ faHgrad? fo, where foHgrad' fo € T'(H1) and foHgrad?®fo €
['(Hs).

We conclude,

H; =0, H,= mg'7_”;’(f2f7"lgracl2fg), and

mo2—n
H; = 2;:2; (fz?’-lgmdlfg) + %(fl?’-[gardlfl).
Conversely, it follows quickly from the above relation.

4. Conformal Vector Fields

Definition 4.1 A vector field ¢ is called Conformal vector field on Riemannian manifold (M, gy), if
Legu = pgu, (4.1)
where L¢ is the Lie derivative in the direction of &.
In equation (4.1), if p = 0 then £ is called killing vector i.e., for any X,Y € X(M) we have
gm(Vx&Y) + gu(X, Vyg) = 0. (4.2)
By the symmetry in equation (4.2), £ is killing vector field if
gmu(Vx§ X) =0. (4.3)

Theorem 4.1 Let M = (M x ¢, M) X ¢, Mz and N = (Ny x,, Ny) x,, N3 are sequential warped product
manifolds and m : M — N is Riemannian sequential warped product submersion between the manifolds M
and N. A vertical vector field £ is killing vector if,
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1. &; is killing vector on the horizontal space of M;, i € {1,2,3}.
2. &; is killing vector on the vertical space of M, i € {1,2,3}.

3. &(f1)=0.

4- (&1 +&)(f2) =0.

Proof: If ¢ is killing vector, then using equation (4.3) we have

(V& X) =0,
where £ € I'(V) and X € X(M).
Now
(V& X) = gu(Vx4vi&+ V& + Vx4 &3, X)
+ (V1€ + Vit + Vs, X)
+  gu(Vxs+vs&l + Vv o + V41,63, X)

Using Lemma (2.1) in above expression we get

(V& X) = gu(A(X1,6) +VVx, & + A(X1, &) + VVx, & + A(X1, &) + VYV, &3, X)
+ gu(T(Vi,6) + Vi & + T(Vi, &) + Vi & + T(V1, &) + Vi &, X)

+  gu(A(X2,6) + VYV, & + A(X2, &) + VVx, & + A(X2,&3) + VVx, &3, X)
+ gu(T(Va,&1) + Vip&a + T(Va, &) + Viséa + T(Va, &) + Vs, X)
+ (
+ (

<o

gm(A(X3,&) + VVx, & + A(X3,8) + VVx, & + A(Xs, &) + VVx, &3, X)
(T (Vs, 1) 4+ Vi, &1 + T(Va, &) + V& + T(V3,£3) + Vi, s, X). (4.4)

Using Lemma (3.1), (3.2), (3.3) and definition of sequential warped product in equation (4.4) we obtain
gu(Vx& X) o, (Vi €, X1) + g, (Vi €0, V1) + fLoms (Vi 62, Xo) + fLom, (V3 6, Va)

+  foms (V% &3, X3) + f30m, (VT,E5, Va) + [1&0(f1) g, (X2, X2)
+ A& (f)gm, (Va, Vo) + fa(&1 + &2)(f2) gm, (X3, X3)

+ f2(§1 +€2)(f2)gM3(‘/37V3)7 (45)
where X; € I'(H;) and V; € I'(V;); i € {1, 2, 3}.
From equation (4.5) we get the required results. O

Proposition 4.1 If ¢ be a vertical vector field on M, then & satisfies
Legu(X,Y) = Ligw,(X1,Y1) + Ligw, (U1, Vi) + [T LE g, (Xo, Ya) + [T LEgu, (Us, Va)
13 L gu, (X, Ys) + f5 LEgu, (Us, Vs) + 21161 (f1) g (X2, Ya)
2f1&1(f1)gm, (U2, Va) + 2f2(81 + &2)(f2) gms (X3, Y3)
+ 2fa(& + &) (f2)9m, (Us, Va),
for X, Y € XM), X;,Y; € T(H;) and U;, V; € T(V;); i € {1,2,3}.

+
+

We will now study the equations of geodesic curves for Riemannian sequential warped product sub-
mersion. A curve a(t) can be written as a(t) = (a1(t), as(t), asz(t)), where a1(t), as(t), as(t) are the
projection of a on My,Ms, and M3 respectively.

Theorem 4.2 Let M = (M X ¢, My) X ¢, M3 and N = (Ny x,, No) x,, N3 are sequential warped product
manifolds and m : M — N is Riemannian sequential warped product submersion between the manifolds M
and N. Let «(t) be a smooth curve on M. Then « is geodesic on M if and only if

()Vi, 61 = filldel3gard' fi + follés|5(gradfs)” on M.
(ZZ)V?lQOéQ fg”dg”%(gT@dfg)L — 2a1(lnf1)a1 on MQ.
(iii) V3, s —26p(Infa)cy — 261 (Infa)éiz on M.
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Proof: Let «;(t) is an integral curve of ¢&; on M; and so «(t) is an integral curve of & = & + da + ds.
Thus

Vgt = V4,01 +Va,as + V4,03 4+ Va,a1 + Vg, + Vg, as
+ Va0 +Va,da + Vi, as. (4.6)

We know 7 : M — N be a Riemannian sequential warped product submersion, let a; : I — M; be a curve
and v; = 7 o o; be its projection on N;. For any ¢ € I we have

a;(t) = E;(t) + Wi(t), (4.7)

where E;(t) € H;, , and W;(t) € V;, ,, fori € {1,2,3}.
Using equation (4.7) and lemma (2.1) in equation (4.6) we get

Vad = V(Va,Wi+T(Wi,E) + A(Er, E) + H(V e, Er + 2A(Ey, Wh) + T(Wh, Wh))
(Vau,Wa + T (Wa, Eo) + A(Es, E2)) + H(VE,Eo + 2A(Ey, Wa) + T (Wa, Wa))
(Vs Ws + T(Ws, Es) + A(Es, E3)) + H(V g, Bs + 2A(Es, Ws) + T(Ws, W3))
(Vea, Wa +Va,W1 + T(Wh, Eo) + T(Wa, Er))

(Ve,B1 + Vi Ey+ 2A(E2, Wh) + 2A(Eq, Wz) + 2T(W1, Wz))

(Ve W3 + Ve, Wi +T(Wh, Es) +T(Ws, Ev))

(Ve E1 + Vg, Es + 2A(E3, Wh) + 2A(Ey, W3) + 2T (W1, W3))

V(Va,Ws + Ve, Wo + T (Wo, E3) + T (W3, Es))

H(VE,Es 4+ Vg, Es +2A(E3, Wa) + 2A(Es, Wg) + 2T (W, Wg))

T PSS
<

++ 4+ ++ o+
=

Using Lemma (3.1), (3.2) and (3.3) in above expression we get

Vad (Va, W1 +Ti(Wy, Ev) + Ay(Er, Br)) +H (Ve By + 2A(E, Wh) + Ty (Wi, Wh))
(V@Wg + TQ(WQ, EQ) — f1gM2 (WQ, EQ)g’I"adlfl + AQ(EQ, Ez))

(VEzEg + QA(EQ, Wg) + T(Wg, Wg))
(

(Vas W3 + T3(Ws, E3) — fagu, (W3, E3)gradfs + Az(Es, E3))

Ve, Es +2A(Es, W3) + T (W3, W3))
(Va, Wa + Va, Wi + Ey(In f1)Wa) +H (Vi Er + Vi, By + 2Wy (In f1)Ey)
(Ve W3 + Ve, W1 + E1(In fo)Ws) + H (Ve E1 + Vg, Es + 2Wi(In f2)Es)
(VauWs + Vs Wa + Ba(In f2)Wa) + H (Vp, Fo + Vi, B3 + 2Wa(In f2)F3) .

+ o+ + + +

vV
vV
H
1%
H
v
1%
1%

+

From the above expression we get the required result. O
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