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Stabilization results for delayed KdV equation with internal saturation

Toufik Ennouari, Ahmat Mahamat Taboye and Abdellaziz Binid

abstract: In this paper, we consider the nonlinear Korteweg-de Vries equation with time-varying delay on
the boundary feedback, in the presence of a saturated source term. Under specific assumptions concerning the
time-varying delay, we have demonstrated that the studied system is well-posed. Furthermore, we have proven
that this system is exponentially stable. Specifically, by introducing an appropriate energy and employing the
Lyapunov approach, we ensure that the unique solution of the Korteweg-de Vries equation is exponentially
stable. Finally, we present some conclusions.
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1. Introduction

In real life, all dynamic systems are subject to constraints on input, state and output variables, orig-
inating primarily from physical limitations and restrictions within the controller actuators. Dynamical
systems with hard limit constraints on the amplitude and changing rate of control inputs are the most
common cases, where the hard limit constraint is modeled by a saturation nonlinearity. In many cases,
the saturation nonlinearity dominates the performance of the system. It is interesting to note that the
design of control loops to effectively manage this non-linearity often requires much more effort than that
devoted to the design of the linear components of the system. The study of dynamic systems with satu-
ration nonlinearities is of both practical and theoretical importance. The problem of dynamical systems
with saturation nonlinearities that has attracted the most interest is stability. The standard approach
used to analyze stability with nonlinear controls is a two-stage process. First, the design is carried out
without taking saturation into account. Subsequently, a nonlinear analysis is performed on the closed-
loop system after saturation has been added. This approach yields local stabilization results.

For finite dimension, using an appropriate Lyapunov function and a sector condition for the satura-
tion map, several techniques are used for stability analysis (see for instance [34,38,39]). In an infinite-
dimensional setting, few works study this topic among them, we can refer to [29] which studies a wave
equation with a distributed and saturated feedback law at the boundaries, while [8], where a coupled
PDE/ODE system modeling a switched power converter with a transmission line is considered. In addi-
tion, there are also papers using nonlinear semigroup theory and focusing on abstract systems [18,32,33].

The Korteweg-de Vries equation, formulated as:

ut + ux + uxxx + uux = 0

originated to model long waves in shallow water channels. It serves as a pivotal model for understand-
ing nonlinear wave dynamics and soliton behaviors. Various techniques have been employed to investigate
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the well-posedness of the KdV equation, as detailed in literature such as [17,35,2,30,15]. Furthermore,
in several works, stabilisation and controllability properties have been studied without any constraint on
control, as reviewed in [5,7,31]. Several works examine this equation, notably with a focus on control
theory aspects see for instance [7,5,31,28]. Specific research on boundary and distributed control for the
KdV equation is particularly discussed in works such as [19,6], and [28,26].

In the literature, there are several articles that studies the stability of KdV equation with input
saturation (see e.g. [21,36,20,3]. In particular, the study by [21] examines the global stabilization of the
following nonlinear KdV equation:

ut(x, t) + ux(x, t) + uxxx(x, t) + u(x, t)ux(x, t)

+sat(a(x)u(x, t)) = 0, t ≥ 0, ;x ∈ (0, L);

u(t, 0) = u(L, t) = ux(L, t) = 0, t ≥ 0;

u(0, x) = u0(x),

(1.1)

To investigate this problem, the authors worked with two different types of saturation, the saturation
function given by

sat(y) =

y, if ∥y∥L2(0,L) ≤ 1
y

∥y∥L2(0,L)
, if ∥y∥L2(0,L) ≥ 1

(1.2)

and the following saturation function

sat(y) =


−u0, if y ≤ −u0
y, if − u0 ≤ y ≤ u0

u0, if y ≥ u0

(1.3)

where u0 represents positive constants. Thanks to the Banach fixed-point theorem, well-posedness
is proven. To establish asymptotic stability, the authors have considered two cases. When the control
acts on the entire saturated domain, the saturation under consideration is the function given by (1.2). In
this case, they used a sector condition and Lyapunov theory for infinite-dimensional systems. The two
saturation functions given by (1.2) and (1.3) were used when the control acts only on a portion of the
saturated domain. For this second case, they prove the asymptotic stability of the closed-loop system
using an argument by contradiction.

In this paper, we focus on the nonlinear Korteweg-de Vries equation with a time-varying delay in the
boundary feedback, in the presence of a saturated source term:

ut(x, t) + ux(x, t) + uxxx(x, t) + u(x, t)ux(x, t) = f(x, t), t > 0, x ∈ (0, L);

u(0, t) = u(L, t) = 0, t > 0;

ux(L, t) = αux(0, t) + βux(0, t− ρ(t)), t > 0;

u(x, 0) = u0(x), x ∈ (0, L);

ux(0, t− ρ(0)) = z0(t− ρ(0)), 0 < t < ρ(0),

(1.4)

Here, the variable u signifies the system’s state, while f(x, t) = −sat(a(x)u(x, t)) represents the source
term. L > 0 denotes the length of the spatial domain, the delay denoted by ρ is a function of time t.
Additionally, a(·) ∈ L∞((L, 0)) is a nonnegative function satisfying some conditions, and sat(.) is given
by (1.2).

The presence of delays in certain domains raises important practical problems. The stability problems
of partial differential equations with delay have been widely studied in control theory, where many
problems have been successfully solved. Such systems can be used to model various processes such as
turbojet engines, nuclear reactors and chemical processes. Studies have shown that even a small delay
in feedback can make a system unstable, as discussed in several references [10,9]. However, the existence
of a delay can also improve system performance, as observed in studies such as [1]. When the delay is
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time-varying, the analysis of the stability becomes much more complex. Several studies have examined
the stability of partial differential equations involving a time-varying delay, see for instance [22,11,25,13].

In recent years, researchers have shown increasing interest in solving stability and robustness prob-
lems related to constant delay for the Korteweg-de Vries equation. Notable contributions have been made
by researchers such as Baudouin et al. and Parada et al., as mentioned in [4,23], where they studied
the Korteweg-de Vries equation with time-delay feedback, establishing the well-posedness and proving
exponential stability through the use of the observability inequality. For more details on the KdV equa-
tion with time-delay, the readers can find more details in [37,12,16]. Concerning the Korteweg-de Vries
equation with time-varying delay, there is a notably singular study conducted by Parada et al. [24]. This
study examined the issue of time-varying delay both on the boundary or internal feedback. With specific
assumptions concerning time-varying delay, they proved the well-posedness and the stability results is
analyzed, using an appropriate Lyapunov functional.

In our best knowledge, there are no work dealing with the stability of a nonlinear Korteweg-de Vries
equations with time-varying delay on the boundary feedback in the presence of a saturated source term.
The objective of our work is to investigate the question of the local stability of system (1.4) with the sat-
urated source term (1.2). Specifically, we analyze the well-posedness and stability result of this equation.
We demonstrate exponential stability using an appropriate Lyapunov functional.

Now, let us present the outline of our work: In the next section, we formulate our problem and recall
some properties of the solutions of the linear system associated with (1.4) without a saturated source
term and with a saturated source term. We then show that the kdv equation (1.4) is well-posed. Section
3 is devoted to the exponential stabilization of (1.4). Finally, in Section 4, we present some additional
conclusions and open questions.

2. Problem formulation and well-posedness

In this paper, we will consider the following KdV equation with a time-varying boundary delay

ut(x, t) + ux(x, t) + uxxx(x, t) + uux(x, t) = −sat(a(x)u(x, t)), t > 0, x ∈ (0, L);

u(0, t) = u(L, t) = 0, t > 0;

ux(L, t) = αux(0, t) + βux(0, t− ρ(t)), t > 0;

u(x, 0) = u0(x), x ∈ (0, L);

ux(0, t− ρ(0)) = z0(t− ρ(0)), 0 < t < ρ(0),

(2.1)

where the coefficient function a = a(x) ∈ L∞(0, L) satisfies the condition:{
a1 ≥ a = a(x) ≥ a0 > 0 on ω ⊆ (0, L),
ω is a nonempty open subset of (0, L),

(2.2)

Furthermore, the delay function ρ(·) is assumed to belong to W 2,∞(0, T ) for all T > 0 and satisfies the
following conditions:

0 < ρ0 ≤ ρ(t) ≤ K, for all t ≥ 0, (2.3)

and
ρ̇(t) ≤ d ≤ 1, for all t ≥ 0, (2.4)

where d ≥ 0. Additionally, we suppose that the real constants α, β, and d must satisfy the inequality:

|α|+ |β|+ d < 1. (2.5)

Under this assumption and according to [24], the matrix M1 defined as:

M1 =

(
α2 − 1 + |β| αβ

αβ β2 + |β|(d− 1)

)
(2.6)
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is definite negative.
Next, we consider the Hilbert space H = L2(0, L) × L2(0, 1) equipped with the following usual inner
product 〈(

u
z

)
,

(
u1
z1

)〉
H

=

∫ L

0

uu1dx+

∫ 1

0

zz1dµ,

and its norm ∥∥∥∥( u
z

)∥∥∥∥2
H

=

∫ L

0

u2dx+

∫ 1

0

z2dµ

and we introduce a new inner product on H. This inner product depends on time t and is defined as
follows: 〈(

u
z

)
,

(
u1
z1

)〉
t

=

∫ L

0

uu1dx+ |β|ρ(t)
∫ 1

0

zz1dµ,

with associated norm denoted by ∥ · ∥t.

Using (2.3), the norm ∥ · ∥t and ∥ · ∥H are equivalent in H. Indeed, for all t ≥ 0, and all

(
u
z

)
∈ H, we

have

(1 + |β|ρ0)
∥∥∥∥( u

z

)∥∥∥∥2
H

≤
∥∥∥∥( u

z

)∥∥∥∥2
t

≤ (1 + |β|K)

∥∥∥∥( u
z

)∥∥∥∥2
H

(2.7)

Now, let us recall the mild solution of the following abstract system in an Hilbert space .{
u̇(t) = Au(t) + f(t), t > 0,
u(0) = u0,

(2.8)

where A is an infinitesimal generator of linear C0−semigroup (T (t))t≥0 defined on its domain D(A) ⊆ H,
where H is an Hilbert space and f ∈ L1

loc((0, T ), Z).

Definition 2.1 [27, Definition 2.3] Let A be the infinitesimal generator of a C0−semigroup (T (t))t≥0.
Let u0 ∈ Z and f ∈ L1(0, T, Z). Then the function u ∈ C((0, T ), Z) given by

u(t) = T (t)u0 +

∫ t

0

T (t− s)f(s)ds 0 ≤ t ≤ T, (2.9)

is the unique mild solution of the initial value problem (2.8) on (0, T ).

Before discussing the well-posedness of (2.1), we first review the well-posedness of the linearized
system associated with (2.1), where no source term is present. This treatment of the linearized system
has already been addressed by Parada et al. [24].

The linearized KdV equation around 0 of (2.1), is given by

ut(x, t) + ux(x, t) + uxxx(x, t) = 0, t > 0, x ∈ (0, L);

u(0, t) = u(L, t) = 0, t > 0;

ux(L, t) = αux(0, t) + βux(0, t− ρ(t)), t > 0;

u(x, 0) = u0(x), x ∈ (0, L);

ux(0, t− ρ(0)) = z0(t− ρ(0)), 0 < t < ρ(0),

(2.10)

In this context, following a conventional approach as previously employed in various studies (see, for
instance, [22,4]), Parada et al. introduced a new variable z(µ, t) = ux(0, t− ρ(t)µ), where µ ∈ (0, 1) and
t > 0, explicitly accounting for the time-delay term. Consequently, z(·, ·) satisfies the following system: ρ(t)zt(µ, t) + (1− ρ̇(t)µ)zµ(µ, t) = 0, t > 0, µ ∈ (0, 1);

z(0, t) = ux(0, t), t > 0;
z(µ, 0) = z0(−ρ(0)µ), µ ∈ (0, 1).

(2.11)
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The systems (2.10) and (2.11) are combined as follows:

ut(x, t) + ux(x, t) + uxxx(x, t) = 0, t > 0, x ∈ (0, L);
ρ(t)zt(µ, t) + (1− ρt(t)µ)zµ(µ, t) = 0, t > 0, µ ∈ (0, 1);
u(0, t) = u(L, t) = 0, t > 0
ux(L, t) = αux(0, t) + βux(0, t− ρ(t)), t > 0;
u(x, 0) = u0(x), x ∈ (0, L);
ux(0, t− ρ(0)) = z0(t− ρ(0)), 0 < t < ρ(0).
z(0, t) = ux(0, t), t > 0;
z(µ, 0) = z0(−ρ(0)µ), µ ∈ (0, 1).

(2.12)

In this case, the state-space system (2.12) can be written for Y =

(
u
z

)
as

{
Yt = A(t)Y (t), t > 0,

Y (0) =
(
u0, z0(−ρ(0))

)T
.

(2.13)

such that A(t) is the operator defined on its domain:

D(A(t)) = {(u, z) ∈ H3(0, L)×H1(0, 1), u(0) = u(L) = 0

z(0) = ux(0), ux(L) = αux(0, t) + βux(0, t− ρ(t))}

by

A(t)

(
u
z

)
=

(
−ux − uxxx
ρ̇(t)µ−1

ρ(t) zµ

)
for all

(
u
z

)
∈ D(A(t)). (2.14)

Parada et al. [24, Theorem 2.2] establish the well-posedness of (2.13) by using the following theorem

Theorem 2.1 [14, Theorem 4.1] Assume that

1. D(A(0)), is a dense subset of H.

2. D(A(t)) = D(A(0)) ∀t ≥ 0.

3. For all t ∈ (0, T ) A(t) generates a strongly continuous semigroup on H and the family A = {A(t) :
t ∈ (0, T )} is stable with stability constant C and m independent of t, i.e. the semigroup (Tt(s))s≥0

generated by A(t) satisfies

∥Tt(s)Y ∥H ≤ Cems∥Y ∥H , for all Y ∈ H, and s ≥ 0.

4. ∂tA(t) belong to L∞
∗ ((0, T ), B(D(A(0)))), the space of equivalent of essentially classes bounded

strongly measure functions from (0, T ) into the set B(D(A(0)), H) of bounded operator from D(A(0)
to H.

Then the system (2.13) has a unique solution Y ∈ C((0, T ), D(A(0))) ∩ C1((0, T ), H)

Parada et al. in [24] show that if (2.3)-(2.5) are satisfied, the operator A(t) satisfies all the hy-
potheses of Theorem 2.1 and consequently (2.13) has a unique solution u ∈ C([0,+∞[, H). Moreover if
Y0 ∈ D(A(0)), then Y ∈ C([0,+∞[, D(A(0))) ∩ C1([0,+∞[, H).

Before moving to the well-posedness of the linear system with saturated source term , it should be
noted that the saturation function is Lipschitzian in L2(0, L), as shown in the following lemma:

Lemma 2.1 [33, Theorem 5.1] For all (u, v) ∈ L2(0, L), we have

∥sat(u)− sat(v)∥L2(0,L) ≤ 3∥u− v∥L2(0,L)
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In the next, we recall the properties of the nonlinearities, as given by the following lemmas:

Lemma 2.2 [21, Proposition 3.4] Assume that a satisfies (2.2). If u ∈ L2(0, T ;H1(0, L)), then sat(au) ∈
L1(0, T ;L2(0, L)), and the map

ψ : u ∈ L2(0, T ;H1(0, L)) 7→ sat(au) ∈ L1(0, T ;L2(0, L))

is continuous.

Lemma 2.3 [30, Proposition 4.1] Let u ∈ L2(0, T ;H1(0, L)). Then, uux belong to L1(0, T ;L2(0, L))and
the map

ϕ : u ∈ L2(0, T ;H1(0, L)) 7→ uux ∈ L1(0, T ;L2(0, L))

is continuous.
Besides, there exists positive constants K1 , depending on L, such that for every

u, ũ ∈ L2(0, T ;H2(0, L)), one has∫ T

0

∥uux − uũx∥L2(0,L)dt ≤ K1∥u− ũ∥L2(0,T ;H1(0,L))×
(
∥u∥L2(0,T ;H1(0,L)) + ∥ũ∥L2(0,T ;H1(0,L)))

Before moving to the study of the existence and uniqueness of solutions for the nonlinear system (2.1),
we reccal that the authors of [24] have previously demonstrated the existence and uniqueness of solution
for the following linear system

ut(x, t) + ux(x, t) + uxxx(x, t) = f(x, t), t > 0, x ∈ (0, L);

u(0, t) = u(L, t) = 0, t > 0;

ux(L, t) = αux(0, t) + βux(0, t− ρ(t)), t > 0;

u(x, 0) = u0(x), x ∈ (0, L);

ux(0, t− ρ(0)) = z0(t− ρ(0)), 0 < t < ρ(0),

(2.15)

where f ∈ L1(0, T ;L1(0, L)) represents the source term.

2.1. Well-posedness: Nonlinear system with saturated source term

In this subsection, our aim is to establish the well-posedness of the system (2.1). Before presenting
our main result in this subsection, we need to introduce the following space B = C((0, T ), L2(0, L)) ∩
L2(0, T,H1(0, L)) with T > 0. We equipped the space B with the following norm

∥u∥B = ∥u∥C((0,T ),L2(0,L)) + ∥u∥L2(0,T,H1(0,L)).

Theorem 2.2 Let T > 0, L > 0 and α, β satisfying (2.5). Assume a ∈ L∞(0, L) such that (2.2) hold.
Then, there exists r > 0 and ∆ > 0 such that for every (u0, z0) ∈ H satisfying ∥(u0, z0)∥H ≤ r, there
exists a unique solution u ∈ B of system (2.1) satisfying ∥u∥B ≤ ∆∥(u0, z0)∥H

Proof: Let (u0, z0) ∈ H such that ∥(u0, z0)∥H ≤ r for r > 0 chosen small enough later.
Consider u ∈ B and the following map:

𭟋 : B → B
u 7→ 𭟋(u) = ũ

where ũ is the solution of the following system

ũt(x, t) + ũx(x, t) + ũxxx(x, t) + ũũx(x, t) = −sat(a(x)ũ(x, t)), t > 0, x ∈ (0, L);

ũ(0, t) = ũ(L, t) = 0, t > 0;

ũx(L, t) = αũx(0, t) + βũx(0, t− ρ(t)), t > 0;

ũ(x, 0) = ũ0(x), x ∈ (0, L);

ũx(0, t− ρ(0)) = z0(t− ρ(0)), 0 < t < ρ(0),

(2.16)
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Therefore, u ∈ B is a solution of (2.1) if and only if u is a fixed point of 𭟋. Let

f(x, t) = −u(x, t)ux(x, t)− sat(au(x, t)).

From Lemma 2.3, if u ∈ L2(0, T,H1(0, L)), then uux ∈ L1(0, T, L2(0, L) and according to Lemma 2.2,
if u ∈ L2(0, T,H1(0, L)), hence, sat(au(x, t) ∈ L1(0, T, L2(0, L)). Thus f(x, t) ∈ L1(0, T, L2(0, L)).
Consequently, from [4, Proposition 2], if (2.5) is satisfied, then there exists C > 0 such that

∥(u, z)∥2C((0,T ),H) ≤C (∥(u0, z0(−ρ(0)·))∥H
+∥uux + sat(au)∥L1(0,T,L2(0,L))

)
.

(2.17)

and

∥ux∥2L2(0,T,L2(0,L)) ≤C (∥(u0, z0(−ρ(0)·))∥H
+∥uux + sat(au)∥L1(0,T,L2(0,L))

)
.

(2.18)

Consequently, (2.17), (2.18), Lemma 2.3, and Lemma 2.1, imply that

∥𭟋(u)∥B = ∥ũ∥B

≤ C

(
∥(u0, z0(−ρ(0)·))∥H +

∫ T

0

∥uux + sat(au)∥L2(0,L)dt

)
≤ C

(
∥(u0, z0(−ρ(0)·))∥H +

∫ T

0

∥uux∥L2(0,L)dt+

∫ T

0

∥sat(au)∥L2(0,L)dt

)
≤ C

(
∥(u0, z0(−ρ(0)·))∥H +K1∥u∥2Bdt+ 3

∫ T

0

∥au∥L2(0,L)dt

)
≤ C

(
∥(u0, z0(−ρ(0)·))∥H +K1∥u∥2Bdt+ 3a1

∫ T

0

∥u∥L2(0,L)dt

)
≤ C

(
∥(u0, z0(−ρ(0)·))∥H +K1∥u∥2Bdt+ 3a1

√
T
√
L∥u∥2L1(0,T,L2(0,L))

)
≤ C

(
∥(u0, z0(−ρ(0)·))∥H +K1∥u∥2B + 3a1

√
T
√
L∥u∥2B

)
≤ CK1K2

(
∥(u0, z0(−ρ(0)·))∥H + ∥u∥2B

)
where K2 = 3a1

√
T
√
L > 0 and K1 > 0 is given from Lemma 2.3. Therefore,

∥𭟋(u)∥B ≤ K
(
∥(u0, z0(−ρ(0)·))∥H + ∥u∥2B

)
where ∆ = C ×K1 ×K2 = C ×K1 × 3a1

√
T
√
L > 0.

Following the previous argument, we have for every u1 and u2 which are elements of the space B;

∥𭟋(u1)−𭟋(u2)∥B

≤ C

(∫ T

0

∥ − u1u1,x + u2u2,x − sat(au1) + sat(au1)∥L2(0,L)dt

)
≤ C

(∫ T

0

∥u1u1,x − u2u2,x∥L2(0,L)dt+

∫ T

0

∥sat(au1)− sat(au1)∥L2(0,L)dt

)
≤ C

(
K1(∥u1∥B + ∥u2∥B)∥u1 − u2∥B +K2∥u1 − u2∥L1(0,T,L2(0,L))

)
≤ C (K1(∥u1∥B + ∥u2∥B)∥u1 − u2∥B +K2∥u1 − u2∥B)
≤ ∆((∥u1∥B + ∥u2∥B)∥u1 − u2∥B + ∥u1 − u2∥B)
≤ 2∆(∥u1∥B + ∥u2∥B)∥u1 − u2∥B

We restricted 𭟋 to the closed ball {u ∈ B; ∥u∥B ≤ R}, where R > 0 to be choosen later. Thus,

∥𭟋(u)∥B ≤ ∆(r +R2),

and
∥𭟋(u1)−𭟋(u2)∥B ≤ 4∆R∥u1 − u2∥B
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Hence, it is enough to take R and r satisfying

R <
1

4∆
and r <

R

4∆
,

Therefore, ∥𭟋(u)∥B ≤ R and ∥𭟋(u1)−𭟋(u2)∥B < 4KR∥u1 − u2∥B, with 4∆R < 1. Thus, we can apply
the Banach fixed-point theorem and we deduce that the map 𭟋 has a unique fixed-point. Consequently,
the nonlinear system (2.1) has a unique solution u ∈ B. 2

3. Stability result via Lyapunov approach

The goal of this section is to establish exponential stability results. In order to investigate the stability
of our system, let us analyze the characteristics of the following Lyapunov functional

V (t) = E(t) + λV1(t) + γV2(t), (3.1)

where λ, γ ≥ 0

V1(t) =

∫ L

0

xu2(x, t)dx (3.2)

V2(t) = ρ(t)

∫ 1

0

(1− µ)u2x(0, t− ρ(t)µ)dµ. (3.3)

E(·) is the energy of equation (2.1) given by

E(t) =
1

2

∫ L

0

u2(x, t)dx+
|β|
2
ρ(t)

∫ 1

0

u2x(0, t− ρ(t)µ)dµ. (3.4)

We commence by demonstrating that, for a solution of equation (2.1), the energy is a non-increasing
function of time.

Lemma 3.1 Assume that assumptions (2.3), (2.4) and (2.5) are satisfied. Moreover suppose also that
u ∈ L2(0, T,H1(0, L)) and a = a(x) ∈ L∞(0, L), satisfying (2.2). Then, for any regular solution of (2.1),
the energy (3.4) satisfies the following inequality

d

dt
E(t) ≤

(
ux(0, t)
z(1, t)

)T (
1

2
M1

)(
ux(0, t)
z(1, t)

)
≤0.

(3.5)

Proof: Let u a regular solution of (2.1). By definition z(µ, t) = ux(0, t − ρ(t)µ), hence we rewrite the
energy (3.4) as follows

E(t) =
1

2

∫ L

0

u2(x, t)dx+
|β|
2
ρ(t)

∫ 1

0

z2(µ, t)dµ.

Differentiating E(·), we get

d

dt
E(t) =

∫ L

0

uutdx+
|β|
2
ρ̇(t)

∫ 1

0

z2dµ+ |β|ρ(t)
∫ 1

0

zztdµ

=−
∫ L

0

uuxdx−
∫ L

0

uuxxxdx−
∫ L

0

u2uxdx−
∫ L

0

sat(au)udx

+
|β|
2
ρ̇(t)

∫ 1

0

z2dµ+ |β|ρ(t)
∫ 1

0

zztdµ

(3.6)

Since, u ∈ H1
0 (0, L) we have

∫ L

0
u2uxdx = 0, and by some integrations by parts, we obtain

−
∫ L

0

uuxdx = 0; −
∫ L

0

uuxxxdx =
1

2
u2x(L, t)−

1

2
u2x(0, t),
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and

|β|ρ(t)
∫ 1

0

zztdµ =|β|ρ(t)
∫ 1

0

ρ̇(t)µ− 1

ρ(t)
zzµdµ

=|β|ρ̇(t)
∫ 1

0

µzzµdµ− |β|
∫ 1

0

zzµdµ.

Thus

|β|ρ̇(t)
∫ 1

0

µzzµdµ =
|β|
2
ρ̇(t)

[
µz2(µ, t)

]1
0
− |β|

2
ρ̇(t)

∫ 1

0

z2(µ, t)dµ

=
|β|
2
ρ̇(t)z2(1, t)− |β|

2
ρ̇(t)

∫ 1

0

z2(µ, t)dµ

(3.7)

and

−|β|
∫ 1

0

zzµdµ =− |β|
2

[
z2(µ, t)

]1
0

=− |β|
2

[
z2(1, t)− z2(0, t)

]
=
|β|
2
u2x(0, t)−

|β|
2
z2(1, t).

(3.8)

Using (3.6), (3.7) and (3.8), we get

d

dt
E(t) =

1

2
(αux(0, t) + βz(1, t))2 − 1

2
u2x(0, t)−

∫ L

0

sat(au)udx

+
|β|
2
ρ̇(t)

∫ 1

0

z2dµ+ |β|ρ̇(t)
∫ 1

0

µzzµdµ− |β|
∫ 1

0

zzµdµ

=
1

2
α2u2x(0, t) + αβux(0, t)z(1, t) +

1

2
β2z2(1, t)− 1

2
u2x(0, t)

−
∫ L

0

sat(au)udx+
|β|
2
ρ̇(t)

∫ 1

0

z2dµ+
|β|
2
ρ̇(t)z2(1, t)

− |β|
2
ρ̇(t)

∫ 1

0

z2dµ+
|β|
2
u2x(0, t)−

|β|
2
z2(1, t)

=
1

2
(α2 − 1 + |β|)u2x(0, t) + αβux(0, t)z(1, t)

+
1

2

(
β2 + |β|(ρ̇(t)− 1)

)
z2(1, t)−

∫ L

0

sat(au)udx.

Therefore using (2.4), we obtain

d

dt
E(t) +

(
ux(0, t)
z(1, t)

)T (
−1

2
M1

)(
ux(0, t)
z(1, t)

)
≤ 1

2
(α2 − 1 + |β|)u2x(0, t) + αβux(0, t)z(1, t)

+
1

2

(
β2 + |β|(ρ̇(t)− 1)

)
z2(1, t)−

∫ L

0

sat(au)udx

+

(
ux(0, t)
z(1, t)

)T (
−1

2
M1

)(
ux(0, t)
z(1, t)

)
= −

∫ L

0

sat(au)udx

≤ 0.
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Because
∫ L

0
sat(au)udx ≥ 0, indeed, if ∥au∥L2 ≤ 1, then

sat(au)u = au2 ≥ 0.

If ∥au∥L2 ≥ 1,

sat(au)u =
au

∥au∥L2

u =
au2

∥au∥L2

≥ 0.

where a = a(x) is a nonnegative function. Consequently, using (2.5), we have

d

dt
E(t) ≤

(
ux(0, t)
z(1, t)

)T (
1

2
M1

)(
ux(0, t)
z(1, t)

)
≤0.

2

The proof of the exponential stability of the system (2.1) relies on the following auxiliary lemmas:

Lemma 3.2 Assume that a = a(x) ∈ L∞(0, L) satisfies (2.2),

(
u0
z0

)
∈ D(A(0)) and

u ∈ L2(0, T,H1(0, L)), then for any regular solution of (2.1), the following equality is satisfied

V̇1(t) =L(α
2u2x(0, t) + 2αβux(0, t)ux(0, t− ρ(t)) + β2u2x(0, t− ρ(t))

+

∫ L

0

u2dx− 3

∫ L

0

u2xdx+
2

3

∫ L

0

u3dx− 2

∫ L

0

xsat(au)udx
(3.9)

Proof: Consider a sufficiently regular solution u of (2.1). Differentiating V1(·) we have

V̇1(t) = 2

∫ L

0

xuutdx

= −2

∫ L

0

xuuxdx− 2

∫ L

0

xuuxxxdx− 2

∫ L

0

xu2uxdx− 2

∫ L

0

xsat(au)udx

using integration by parts and the boundary condition, it follows that

−2

∫ L

0

xuuxdx =

∫ L

0

u2dx;

−2

∫ L

0

xuuxxxdx = Lu2(L, t)− 3

∫ L

0

u2xdx

= L(αux(0, t) + βux(0, t− ρ(t)))2 − 3

∫ L

0

u2xdx

and

−2

∫ L

0

xu2uxdx =
2

3

∫ L

0

u3dx;

Then,

V̇1(t) =

∫ L

0

u2dx+ L(αux(0, t) + βux(0, t− ρ(t)))2

− 3

∫ L

0

u2xdx+
2

3

∫ L

0

u3dx− 2

∫ L

0

xsat(au)udx

= L(α2u2x(0, t) + 2αβux(0, t)ux(0, t− ρ(t)) + β2u2x(0, t− ρ(t)))

+

∫ L

0

u2dx− 3

∫ L

0

u2xdx+
2

3

∫ L

0

u3dx− 2

∫ L

0

xsat(au)udx

2
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Lemma 3.3 Assume that (2.4) is satisfied. Suppose also

(
u0
z0

)
∈ D(A(0)) and u ∈ L2(0, T,H1(0, L)),

then for any regular solution of (2.1), the following inequality is satisfied

V̇2(t) ≤ −(1− d)

∫ 1

0

u2x(0, t− ρ(t)µ)dµ+ u2x(0, t). (3.10)

Proof: Using the same logic as the previous proof. Consider a regular solution, differentiating V2(·), we
obtain

V̇2(t) =ρ̇(t)

∫ 1

0

(1− µ)u2
x(0, t− ρ(t)µ)dµ

+2ρ(t)

∫ 1

0

(1− µ)∂tux(0, t− ρ(t)µ)ux(0, t− ρ(t)µ)dµ

=ρ̇(t)

∫ 1

0

(1− µ)u2
x(0, t− ρ(t)µ)dµ+ 2

∫ 1

0

ρ(t)∂tux(0, t− ρ(t)µ)ux(0, t− ρ(t)µ)dµ

−2

∫ 1

0

µρ(t)∂tux(0, t− ρ(t)µ)ux(0, t− ρ(t)µ)dµ

(3.11)

Using the following equation

−ρ(t)∂tux(0, t− ρ(t)µ) = (1− ρ̇(t)µ)∂µux(0, t− ρ(t)µ),

By applying integration by parts and considering boundary conditions, it follows that

2

∫ 1

0

ρ(t)∂tux(0, t− ρ(t)µ)ux(0, t− ρ(t)µ)dµ =u2x(0, t)− (1− ρ̇(t))u2x(0, t− ρ(t))

−ρ̇(t)
∫ 1

0

u2x(0, t− ρ(t)µ)dµ

(3.12)

and

−2

∫ 1

0

µρ(t)∂tux(0, t− ρ(t)µ)ux(0, t− ρ(t)µ)dµ =(1− ρ̇(t))u2x(0, t− ρ(t))

−
∫ 1

0

u2x(0, t− ρ(t)µ)dµ

+2

∫ 1

0

µρ̇(t)u2x(0, t− ρ(t)µ)dµ

(3.13)

Consequently, (3.11), (3.12), (3.13) and (2.4) imply that

V̇2(t) = −
∫ 1

0

u2x(0, t− ρ(t)µ)dµ

+ ρ̇(t)

∫ 1

0

µu2x(0, t− ρ(t)µ)dµ+ u2x(0, t)

≤ −
∫ 1

0

u2x(0, t− ρ(t)µ)dµ+ d

∫ 1

0

µu2x(0, t− ρ(t)µ)dµ+ u2x(0, t)

= −(1− d)

∫ 1

0

u2x(0, t− ρ(t)µ)dµ+ u2x(0, t)

2

Now, based on the previous lemmas we establish the main result of this section:
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Theorem 3.1 Assume that a = a(x) ∈ L∞(0, L) satisfying (2.2), and L < π
√
3. Moreover, suppose that

the assumptions (2.3) , (2.4) and (2.5) are satisfied. Then, there exists r > 0 sufficiently small, such that
for every (u0, z0) ∈ H satisfying ∥(u0, z0)∥H ≤ r, the energy of the system (2.1) denoted by E and defined
by (3.4) exponentially decays, that is, there exist two positive constants κ and δ > 0 such that

E(t) ≤ κe−2δtE(0), ∀t > 0. (3.14)

Here, λ and γ sufficiently small and the positive constants δ and κ satisfy the following inequality:

δ ≤ min

{
(9π2 − 3L2 − 2L

3
2 rπ2)

3L2(1 + 2Lλ)
λ,

γ

h(2γ + |β|)

}
(3.15)

and

κ ≤ 1 + max

{
Lλ,

2γ

|β|

}
.

Where λ and γ, satisfying the following inequality

λ ≤
{
(1− |β|)(1− |β| − d) + α2(d− 1) + 2γ(|β|+ d− 1)

2L(|β| − α2(d− 1)− β2 − 2γ|β|)
1− α2 − β2 − |β|d+ 2γ

2L(α2 + β2)

}
.

(3.16)

and

γ ≤
{
1− α2 − β2 − |β|d

2

(1− |β|)(1− |β| − d) + α2(d− 1)

2(1− |β| − d)

|β| − α2(d− 1)− β2

2β

}
.

(3.17)

Proof: Before proving this result, it is clear that for any regular solution of (2.1), we have the following
inequality

E(t) ≤ V (t) for all t ≥ 0. (3.18)

On the other hand, we have

λV1(t) + γV2(t) = λ

∫ L

0

xu2(x, t)dx+ γρ(t)

∫ 1

0

(1− µ)u2x(0, t− ρ(t)µ)dµ

≤ λL

∫ L

0

u2(x, t)dx+ γ
ρ(t)

|β|
|β|
∫ 1

0

(1− µ)u2x(0, t− ρ(t)µ)dµ

≤
(
1 + max

{
Lλ,

2γ

|β|

})
E(t)

that is,

E(t) ≤ V (t) ≤
(
1 + max

{
Lλ,

2γ

|β|

})
E(t) ∀t > 0, (3.19)

Thanks to inequality (3.19), in order to prove the exponential stability of system (2.1), it is sufficient to
show that for all δ > 0,

d

dt
V (t) + 2δV (t) ≤ 0.

Now, let

(
u0
z0

)
∈ D(A(0)) such that ∥

(
u0
z0

)
∥0 ≤ r, with r > 0 chosen later. Using (3.5), (3.9) and

(3.10), we get
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V̇ (t) ≤1

2
Y TM1Y + Lλα2u2x(0, t) + 2Lλαβux(0, t)ux(0, t− ρ(t))

+λLβ2u2x(0, t− ρ(t)) +
2

3
λ

∫ L

0

u3dx+ λ

∫ L

0

u2dx− 3λ

∫ L

0

u2xdx

−λ
∫ L

0

xsat(au)udx− γ(1− d)

∫ 1

0

u2x(0, t− ρ(t)µ)dµ+ γu2x(0, t)

=Y T

[
1

2
M1 +M2

]
Y + λ

∫ L

0

u2dx+
2

3
λ

∫ L

0

u3dx− 3λ

∫ L

0

u2xdx

−
∫ L

0

xsat(au)udx− γ(1− d)

∫ 1

0

u2x(0, t− ρ(t)µ)dµ,

where Y =

(
ux(0, t)

ux(0, t− ρ(t))

)
and M2 =

(
Lλα2 + γ Lλαβ
Lλαβ Lλβ2

)
and the matrix M1 is given by (2.6).

Since x ∈ (0, L) and sat(au)u ≥ 0, we have
∫ L

0
xsat(au)udx ≥ 0. As a result, we can conclude that

V̇ (t) ≤Y T

[
1

2
M1 +M2

]
Y + λ

∫ L

0

u2dx+
2

3
λ

∫ L

0

u3dx

− 3λ

∫ L

0

u2xdx− γ(1− d)

∫ 1

0

u2x(0, t− ρ(t)µ)dµ.

(3.20)

Now, we calculate 2δV (t) and using (2.3) we have

2δV (t) =2δE(t) + 2δλV1(t) + 2δγV2(t)

=δ

∫ L

0

u2dx+ δ|β|ρ(t)
∫ 1

0

u2x(0, t− ρ(t)µ)dµ+ 2δλ

∫ L

0

xu2dx

+2δγρ(t)

∫ 1

0

u2x(0, t− ρ(t)µ)dµ− 2δγρ(t)

∫ 1

0

µu2x(0, t− ρ(t)µ)dµ

≤δ
∫ L

0

u2dx+ δ|β|K
∫ 1

0

u2x(0, t− ρ(t)µ)dµ

+2δλL

∫ L

0

u2dx+ 2δγK

∫ 1

0

u2x(0, t− ρ(t)µ)dµ

(3.21)

According to [24, Theorem 3.2], for λ and γ small enough, the matrix 1
2M1 +M2 is definite negative,

and from (3.20) and (3.21) we deduce that

V̇ (t) + 2δV (t) ≤Y T

[
1

2
M1 +M2

]
Y + (λ+ δ + 2Lλδ)

∫ L

0

u2dx+
2

3
λ

∫ L

0

u3dx

− 3λ

∫ L

0

u2xdx(δ|β|K + 2γδK − γ(1− d))

∫ 1

0

u2x(0, t− ρ(t)µ)dµ

≤(λ+ δ + 2Lλδ)

∫ L

0

u2dx+
2

3
λ

∫ L

0

u3dx− 3λ

∫ L

0

u2xdx

+(δ|β|K + 2γδK − γ(1− d))

∫ 1

0

u2x(0, t− ρ(t)µ)dµ

(3.22)

Additionally, applying Cauchy-Schwarz inequality and using the facts that the energy E defined by (3.4)
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is non-increasing, together with H1
0 (0, L) into L

∞(0, L), we obtain∫ L

0

u3(x, t)dx ≤ ∥u(·, t)∥2L∞(0,L)

∫ L

0

u(x, t)dx

≤ L
√
L∥ux(·, t)∥2L2(0,L)∥u(·, t)∥L2(0,L)

From Lemma 3.1, we deduce that ∥u(·, t)∥L2(0,L) ≤ r, thus we have∫ L

0

u3(x, t)dx ≤ L
3
2 r∥ux(·, t)∥2L2(0,L)

By using the Poincaré inequality, we get

V̇ (t) + 2δV (t) ≤
(
L2

π2
(λ+ δ + 2Lλδ) +

2

3
L

3
2 rλ− 3λ

)∫ L

0

u2xdx

+ (δ|β|K + 2γδK − γ(1− d))

∫ 1

0

u2x(0, t− ρ(t)µ)dµ.

(3.23)

By assumption L < π
√
3, then from [4], it is possible to choose r small enough to have

r <
3(3π2 − L2)

2L
3
2π2

.

Consequently, we can choose δ > 0 such that (3.15) holds in order to obtain that

L2

π2
(λ+ δ + 2Lλδ) +

2

3
L

3
2 rλ− 3λ ≤ 0,

and

δ|β|K + 2γδK − γ(1− d) ≤ 0,

therefore

V̇ (t) + 2δV (t) ≤ 0 ∀t ≥ 0. (3.24)

Hence, , integrating (3.24) over (0, t), and thanks to (3.19), yields that

E(t) ≤
(
1 + max

{
Lλ,

2γ

|β|

})
e−2δtE(0) ∀t ≥ 0 (3.25)

Using the density of D(A(0)), we conclude the proof by extending the result to any initial condition
within H. 2

4. Conclusion

In this work, we have established the well-posedness and exponential stability of the nonlinear Ko-
rteweg–de Vries equation with a time-varying delay on the boundary feedback in the presence of a
saturated source term. Our study illustrates that the incorporation of a time-varying delay, along with
a saturated source term, results in a well-posed system under specific conditions. Using a suitable Lya-
punov functional, we prove that the system (2.1) is locally exponentially stable with an estimate of the
decay rate. However, the length of the spatial domain L must satisfy the condition L < π

√
3. This

limitation arises from the choice of the multipliers x in the expression of V1 defined by (3.2). This leads
to two natural questions: can we choose another Lyapunov function, distinct from the previous one, to
eliminate the restriction on the constraint on L? Furthermore, we can wonder about the possibility of
studying the global exponential stability of this equation?
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4. L. Baudouin, E. Crépeau, and J. Valein. Two approaches for the stabilization of nonlinear kdv equation with boundary
time-delay feedback. IEEE Transactions on Automatic Control, 64(4):1403–1414, 2018.

5. E. Cerpa. Control of a korteweg-de vries equation: a tutorial. Math. Control Relat. Fields, 4(1):45–99, 2014.

6. E. Cerpa and J.-M. Coron. Rapid stabilization for a korteweg-de vries equation from the left dirichlet boundary
condition. IEEE Transactions on Automatic Control, 58(7):1688–1695, 2013.

7. J.-M. Coron. Control and nonlinearity. Number 136. American Mathematical Soc., 2007.

8. J. Daafouz, M. Tucsnak, and J. Valein. Nonlinear control of a coupled pde/ode system modeling a switched power
converter with a transmission line. Systems & Control Letters, 70:92–99, 2014.

9. R. Datko. Not all feedback stabilized hyperbolic systems are robust with respect to small time delays in their feedbacks.
SIAM Journal on Control and Optimization, 26(3):697–713, 1988.

10. R. Datko, J. Lagnese, and M. Polis. An example on the effect of time delays in boundary feedback stabilization of wave
equations. SIAM journal on control and optimization, 24(1):152–156, 1986.

11. E. Fridman, S. Nicaise, and J. Valein. Stabilization of second order evolution equations with unbounded feedback with
time-dependent delay. SIAM Journal on Control and Optimization, 48(8):5028–5052, 2010.

12. P. Guzmán, S. Marx, and E. Cerpa. Stabilization of the linear kuramoto-sivashinsky equation with a delayed boundary
control. IFAC-PapersOnLine, 52(2):70–75, 2019.

13. Y. He, Q.-G. Wang, C. Lin, and M. Wu. Delay-range-dependent stability for systems with time-varying delay. Auto-
matica, 43(2):371–376, 2007.

14. T. Kato. Linear evolution equations of “hyperbolic” type. J. Fac. Sci. Univ. Tokyo Sect. I, 17(241-258):6, 1970.

15. C. E. Kenig, G. Ponce, and L. Vega. On the (generalized) korteweg-de vries equation. 1989.

16. V. Komornik and C. Pignotti. Well-posedness and exponential decay estimates for a korteweg–de vries–burgers equation
with time-delay. Nonlinear Analysis, 191:111646, 2020.

17. F. Linares and G. Ponce. Introduction to nonlinear dispersive equations. Springer, 2014.

18. H. Logemann and E. P. Ryan. Time-varying and adaptive integral control of infinite-dimensional regular linear systems
with input nonlinearities. SIAM Journal on Control and Optimization, 38(4):1120–1144, 2000.

19. S. Marx and E. Cerpa. Output feedback control of the linear korteweg-de vries equation. In 53rd IEEE conference on
decision and control, pages 2083–2087. IEEE, 2014.

20. S. Marx, E. Cerpa, C. Prieur, and V. Andrieu. Stabilization of a linear korteweg-de vries equation with a saturated
internal control. In 2015 European Control Conference (ECC), pages 867–872. IEEE, 2015.

21. S. Marx, E. Cerpa, C. Prieur, and V. Andrieu. Global stabilization of a korteweg–de vries equation with saturating
distributed control. SIAM Journal on Control and Optimization, 55(3):1452–1480, 2017.

22. S. Nicaise, J. Valein, and E. Fridman. Stability of the heat and of the wave equations with boundary time-varying
delays. Discrete and Continuous Dynamical Systems-Series S, 2(3):559–581, 2009.
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