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Common neighborhood (signless) Laplacian spectrum and energy of CCC-graph

Firdous Ee Jannat and Rajat Kanti Nath*

ABSTRACT: In this paper, we consider commuting conjugacy class graph (abbreviated as CCC-graph) of a
finite group G which is a graph with vertex set {z% : = € G\ Z(G)} (where & denotes the conjugacy class
containing ) and two distinct vertices & and y© are joined by an edge if there exist some elements =’ € &
and y' € y© such that they commute. We compute common neighborhood (signless) Laplacian spectrum
and energy of CCC-graph of finite non-abelian groups whose central quotient is isomorphic to either Z;, X Zj
(where p is any prime) or the dihedral group D2, (n > 3); and determine whether CCC-graphs of these
groups are common neighborhood (signless) Laplacian hyperenergetic/borderenergetic. As a consequence, we
characterize certain finite non-abelian groups viz. Dan, T4n, Usn, U(n’m), SDg, and Vg, such that their CCC-
graphs are common neighborhood (signless) Laplacian hyperenergetic/borderenergetic. Further, we compare
various common neighborhood energies of CCC-graphs of these groups and describe their closeness graphically.
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1. Introduction

Characterizing finite groups through various graphs defined on them have been an active area of
research over the last 50 years. A number of graphs have been defined on groups [6]. Among those, in
our paper, we consider commuting conjugacy class graph (abbreviated as CCC-graph) of a finite non-
abelian group G. For any element x € G, we write & to denote the conjugacy class of G' containing .
The CCC-graph of G, denoted by ', is defined as a simple undirected graph whose vertex set is the
set of conjugacy classes of non-central elements of G and two vertices & and y© are adjacent if there
exists some elements 2’ € £ and 3’ € y© such that o'y’ = y'2’. In 2009, Herzog et al. [27] introduced
the concept of CCC-graph of a group. In 2016, Mohammadlan et al. [32] have characterized finite
groups such that their CCC-graph is triangle-free. Later on Salahshour and Ashrafi [34,35], obtained
structures of CCC-graph of several families of finite CA-groups. Salahshour [36] also described T'¢ for
the groups whose central quotient is isomorphic to a dihedral group. Characterizations of various classes
of finite non-abelian groups through energy, (signless) Laplacian energy, common neighborhood energy
(abbreviated as CN-energy) and genus of their CCC-graphs can be found in [4,5,28].

The energy of a graph G (denoted by E(G)) is the sum of absolute values of all the eigenvalues of the
adjacency matrix of G. This notion was also used in obtaining m-electron energy of a conjugated carbon
molecule in theoretical chemistry. The study of energy of a graph was initiated by Gutman [20] in 1978.
After a long time, in 2006 and 2008, Gutman et al. introduced two more graph-energy-like quantity,
known as Laplacian energy [25] (denoted by LE(G)) and signless Laplacian energy [22] (denoted by
LE*(G)), using Laplacian and signless Laplacian eigenvalues of a graph respectively. These energies are
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used to study various properties of graphs (see [3,7,16,17]). Later on, mathematicians have introduced
several kinds of graph energies (see [23,24]) and studied graph properties. In 2011, Alwardi et al. [2]
have introduced CN-energy of a graph. Let G be a graph with vertex set V(G) = {v1,vs,v3, - ,vn}.
Let C(v;,v;) be the set of vertices of a graph G other than v; and v; which are adjacent to both v; and
vj. Then the common neighborhood matrix (CN-matrix) of G, denoted by CN(G), is a matrix of size n
whose (1, j)-th entry is given by

|C('Uiﬂvj)|a ifo#j

CNG):s {0, otherwise.
The CN-energy of G (denoted by Ecn(G)) is the sum of absolute values of all the eigenvalues of CN(G).
Motivated by the study of (signless) Laplacian energy, Jannat et al. [30] have introduced the notions
of common neighborhood Laplacian energy (CNL-energy) and common neighborhood signless Laplacian
energy (CNSL-energy) of a graph.

The common neighborhood Laplacian matrix (CNL-matrix) and the common neighborhood signless
Laplacian matrix (CNSL-matrix) of G, denoted by CNL(G) and CNSL(G), respectively, are given by

CNL(G) := CNRS(G) — CN(G) and CNSL(G) := CNRS(G) + CN(G),

where CNRS(G) is a matrix of size |V (G)| = n whose (i, j)-th entry is given by

nCNQZ—,7 ifi=jandi=1,2,...,n
CNRS(G),; = 2 NG ’

0, if i £ j.

The common neighborhood Laplacian spectrum of G (abbreviated as CNL-spectrum and denoted
by CNL-spec(G)) is the set of eigenvalues of CNL(G) with multiplicities. We write CNL-spec(G) =
{(a1)™, (a2)?2,..., (ax)*}, where ai, as,..., ai are the distinct eigenvalues of CNL(G) with corre-
sponding multiplicities a1, as,..., ai. Similarly, common neighborhood signless Laplacian spectrum of
G (abbreviated as CNSL-spectrum and denoted by CNSL-spec(G)) is the set of eigenvalues of CNSL(G)
with multiplicities. We write CNSL-spec(G) = {(81)", (B2)", ..., (B¢)’}, where B1, Ba, ..., B¢ are the
distinct eigenvalues of CNSL(G) with corresponding multiplicities by, ba,..., by. A graph G is called
CNL-integral (CNSL-integral) if CNL-spectrum (CNSL-spectrum) contains only integers. The notions
of CNL-integral and CNSL-integral graphs were introduced in [30] motivated by the notions of integral
(introduced by Harary and Schwenk [26]), L-integral (introduced by Grone and Merris [19]), Q-integral
(introduced by Simic and Stanic [37]) and CN-integral (introduced by Alwardi et al. [2]) graphs. A
finite graph is called super integral if it is integral, L-integral and Q-integral (see [4]). Integral graphs
have some interests for designing the network topology of perfect state transfer networks (see [1] and the
references there in).

The CNL-energy and CNSL-energy of G, denoted by LEcn(G) and LEg ~ (G) respectively, are defined

as .
LEcn(G) =Y ailai — A(G)| (1.1)

and ,
LESN(9) =) bilBi — AG)], (1.2)

i=1

where A(G) = % and tr(CNRS(G)) is the trace of CNRS(G). In [30], various facets of the CNL-

spectrum, CNL-energy, CNSL-spectrum and CNSL-energy of graphs were discussed; their connections
with other well-known graph energies and Zagreb indices were also established. It was observed that

LEcn(K,) = LESy(K,) =2(n—1)(n —2), (1.3)
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where K, is the complete graph of order n. A graph G of order n is called CNL-hyperenergetic or
CNSL-hyperenergetic according as LEcn(G) > 2(n — 1)(n — 2) or LE/(G) > 2(n — 1)(n — 2). Further,
it is called CNL-borderenergetic (CNSL-borderenergetic) if CNL-energy (CNSL-energy) of G is equal to
2(n — 1)(n — 2). These classes of graphs were introduced in [29,30] motivated by the notions of various
types of hyperenergetic graphs (see [2,14,18,21,39,40,41]).

In Section 2, we compute CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of CCC-
graphs of finite non-abelian groups whose central quotient is isomorphic to either Z, x Z,, (where p is any
prime) or the dihedral group Da, (n > 3). In Section 3, we determine whether CCC-graphs of these groups
are CNL-integral, CNSL-integral, CNL-hyperenergetic, CNSL-hyperenergetic, CNL-borderenergetic and
CNSL-borderenergetic. As a consequence, we characterize the groups viz. Dapn, Tun, Usny, Ugnim),
SDg, and Vg, such that their CCC-graphs have above mentioned properties. In Subsection 3.1, we
compare various CN-energies of CCC-graphs of the groups G considered in Section 2 and show that
Ecxn(Tg) = LEcn(Tg) = LEéCN(Fg) or Ecn(Tg) < LE;N(Fg) < LEcn(Tg). We also characterize the
groups Vviz. Dan, Tun, Usn, Ugn,m), SDsn and Vg, such that their CCC-graphs satisfy above mentioned
equality /inequality. For the groups satisfying the inequality Ecn(Tg) < LEgN(Fg) < LEcn(Tg), the
closeness of various CN-energies of CCC-graphs of G are depicted graphically in Figures 1 — 8. Finally,
we conclude the paper in Section 4 by listing certain problems that arise naturally after our investigation.

2. Computations of spectrum and energies

In this section, we compute CNL-spectrum, CNSL-spectrum and their respective energies of CCC-
graphs of various families of non-abelian finite groups. In particular, we consider finite non-abelian groups
whose central quotients are isomorphic to Z, x Z, (where p is any prime) or Do, = (z,y : 2" = y* =
1, yry~! = 271) (for n > 3) in the following subsections. We shall also consider a generalization of
dihedral groups, namely U, ) = (z,y : 22" =y =1, a7 lyz =y~ ) (for n > 2, m > 3) along with
the dicyclic group Ty, = (z,y : 2?" = 1,2" = ¢,y lay = 271) (for n > 2), the semidihedral groups
SDg, = {x,y : 2" =y? = 1,yzy = 2?1 (for n > 2), the groups Ug, = (z,y: 2" =1y> =1, 7 lyz =
y~h (forn >2)and Vg, = (z,y: 2™ =y* =1, yz =27y~ !, y~lo = 2~ y) (for n > 2). The following
result is useful in our computation.

Theorem 2.1 [30] Let G = 1 Ky, Ul Koy, Ul Koy, where [; Ky, denotes the disjoint union of l; copies
of Kp,, fori=1,2,3. Then

CNL-spec(G) = {(0)11+12+l37 (ma(my —2))" ™7, (my(my — 2))20m27D, (mg(ms — 2))13(7”3*1)}
and
CNSL-spec(G) = {(2(m1 = 1)(m1 = 2))", ((m1 = 2)*) 07D, (2(my — 1)(ma - 2))",

((mg —2)%)2(m2=1 (2(mg — 1)(m3 — 2))", ((ms — 2)2)l3<m3—1>} :

2.1. Groups whose central quotient is isomorphic to Z, x Z,

This class of groups have been considered by Salahshour and Ashrafi [34, Theorem 3.1] and showed
that

I'e=({@+1)Ke-nzen. (2.1)
P

CN-energy of CCC-graphs of this class of groups have been studied in [28]. It is worth mentioning that
commuting and non-commuting graphs of this class of groups are also studied in [8,9,10,11,12,15,13,33].
In the following theorem, we derive CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of
CCC-graphs of this class of groups.

Theorem 2.2 Let G be a finite non-abelian group with |Z(G)| =z > 2 and % = Zp X Ly, where p is
a prime. Then CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of CCC-graph of G are
given by



4 F. E. JANNAT AND R. K. NATH
(250 (2 )
ONL-spee(Ta) = 4 (071, (% (pz = 2)(pz — 2 — 2)) :

5 P+l 5 @xD (pz—2—p)
CNSL-spec(T'g) = (p—z(pz —z—p)(pz—2z— 2p)) , (F(pz —z—2p) ) and

%, forp=2&2=3
LEcn(Tg) = LEZ N (Tg) = w forp>28&2=2
S R

Proof: From (2.1), we have I'¢ = (p + 1) K,,, where n = %. Therefore, by Theorem 2.1, we get
(p
CNL-spec(T'a) = {(0)P*), (& (pz — 2)(pz — 2 — 2p)) 7

pl)(pz_z_p)} and
CNSL-spec(T'a) = {(Z (pz — 2 = p) (pz — 2 — 2p))P*1, (G (pz — 2 — 2p)?) PV wem27r)y,

Here |V(I'g)| = % and tr(CNRS(I'g)) = =D @tl=elE2=2)pE=D=2) - Therefore, A(I'g) =
(p(z=2)=)(p(z=1)=2)

Now \I;ve calculate CNL-energy of I'¢. We have

z—2)—z z—1)—z
Let a1 (p, 2) = —(p(2—2)—z)(p(2—1) —2). Then a1 (p, 2) = —2p*—3pz— 22+ 3p*2(6—2)+ 3pz2(4—p) < 0
for p > 4 and z > 6. It can be seen that a;(2,2) = —z(2 —6) — 8 = 1 or < 0 according as z = 3 or

z2#£ 3 a1(3,2) = —2(2 — 3)(22 — 3) = 2 or < 0 according as z = 2 or z # 2; a1(p,2) = 2p — 4 > 0;
a1(p,3) = —2p> +9p — 9 =1 or < 0 according as p = 2 or p # 2; ay(p,4) = —6p* + 20p — 16 < 0 and
ai(p,5) = —12p? + 35p — 25 < 0. Therefore

I {—(P(Z_Q)_Z)gp(z_l)_z), forp=2&2=3;p>2&2=2
1:

(p(z=2)—2) (p(z—1)—2)
p2 b

otherwise.
Also
z—2)(pz—2p— 2z
=222
p p
Let aa(p,z) = pz —2p — z. Then aa(p,2) = (2 —2)p—2 > 2—4 >0 for all z > 4 since p > 2. It can be
seen that as(p,2) = —2 < 0 and as(p,3) = p—3 > 0 or < 0 according as p > 3 or p = 2. Therefore

Lz_{pz_;p_z’ forp=2&2=3;p>2&2z=2

L2 I:‘

pz—2p—2z

PR otherwise.

Hence, by (1.1), we get
+1
LEoN(TG) = (p+1) x Ly + 5= (p2 =z = p) x Ly

%, for p=2&2=3

= W’ forp>2&2=2
2(p+1)(10(2—2);z)(l’(z_l)_z)
p b

otherwise.

For CNSL-energy of I'¢ we have

Bl =

- A(Tg)

2(pz—p—2)(pz —2p — 2) _‘(pz—2p—z)(pz—p—z)
P a Pp?

_(pz—2p—.;)2(pz—p—z)’ forp=2&2=3;p>2&2=2

= — L =
! (pz—2p—2) (pz—p—2)
P2

, otherwise.
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Also
2z —2p — 2)2 —pz+2p+ 2
By | P22 =2 —A(FG)‘ _ ‘p -1
p p
21’2#, forp=2&2z2=3;p>2&2=2
B —2’”‘2%, otherwise.
Hence, by (1.2), we get
+1
LE}\(Tg)=(p+1) x By + pT(pz —z—p) X By
%, for p=2&2z=3
= W’ forp>2&2z=2
2(P+1)(P(Z—230;Z)(P(Z—l)—z) ., otherwise.
Hence the result follows. O

As a corollary of the above theorem we get the following result.

Corollary 2.1 Let G be a non-abelian group of order p" with |Z(G)| = p"~2. Then CNL-spectrum,
CNSL-spectrum, CNL-energy and CNSL-energy of CCC-graph of G are given by

(p+1) (n—1_ n72_p
CNL-spec(T'g) = {(0)P+1’ (%(pnfl — ) (pnt — 2 — 2p)) o (p p ) 7

p+1 B B (p+1) (pnflipn—27p>
CNSL-spec(I'c) = {(,,%(p"*1 —p =) - 2p)) , (p%(p" ept - 2p)2) ’ }
and

0, forp=2&n=3

LEcn(Tg) = LESy(Te) = -
2(p+1)(z>(1>"’2—2)—1’7;;2)(?(?"72‘1)"’71 2)7 otherwise.

Proof: Here % & Zp X Zyp. Hence the result follows from Theorem 2.2. O

2.2. Groups whose central quotient is isomorphic to a dihedral group

The CCC-graph of this class of group was first studied by Salahshour [36] in 2020. Salahshour [36,
Theorem 1.2] obtained the following structures of I'¢ (where % > Doy,)

Km iz U2K |z, if2]|n
FG — 2 2 (22)

K(n—l)2|Z(G)| UK|Z(G)\7 if2)[n.

The CN-energy of such I' was studied in [28]. Also spectrum, L-spectrum and Q-spectrum of commut-
ing and non-commuting graphs of this class of groups was studied in [8,9,10,11,12,13] along with their
respective energies.

Theorem 2.3 Let G be a finite group such that |Z(G)| = z and % > Dy, (where n > 3). Then

CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of CCC-graph of G are as given below:
(a) If n is even then
(i) CNL-spec('g) = {(0)3, (L(nz — 2)(nz — 2z — 4)) === (105 _ 4))272} and

(n=1)z=2)(n(z+1)((n—2)z—4) + 11z — 4).

LEcn(Te) = 2(n+ 1)
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(i) CNSL-spec(I'q) = {(%(nz —z=2)(nz—z—4), (A(nz — 2z — 4)2)3(nz=2-2)
(b~ 2= — )2 (A= — )2
and
%7 form=4&z=2
LEérN(FG) = %32(42—6), forn=4&z>3
(n_Q)(g(_nlii(m_ﬁ), otherwise.

(b) If n is odd then
(i) CNL-spee(T'g) = { (0)2, (3 (nz = 2)(nz — 2 — 4)) ==, (2(z - 2))=~1}

0, forn=3&z=1
and LEcn(Ta) = 4z —=1)(z - 2), forn=3&z>2
((n—1)2—2)((n—3)(n+1)z2+((n—6)n+17)z—4(n+1)) h .
2T 1) ,  otherwise.

(ii) CNSL-spec(T'g) = {(%(nz —z=2)(nz—z—4), (t(nz — 2z — 4)2)3(nz=2-2)
2(z-1)(z—-2)" ((z—2)?)* 1}

0, forn:3&z:1;n:5&z:1
4(z—1)(z —2), formn=3&z>2
and LESy (Te) = =59 (r+9) forn>T&z=1
n+ 9 el
(n—3)(n§(173121()nz+z—6)7 otherwise.

Proof: From (2.2), we have '¢ = K (n-1)- - U 2Kz or K1) 1= U K, according as n is even or odd.
(a)(i) If n is even, then by Theorem 2.1

CNL-spec(I'g) = {(0)1’ ((n ; 1)z ((n ; 1)z 3 2)) (n-D=_ O (% (g ) 2))2(3_1)} |

Here |V(T'¢)| = 3(n+ 1)z and tr(CNRS(I'c)) = £z((n((n — 3)n + 3) + 1)2° — 6((n — 2)n + 3)z + 8(n + 1)).

So, A(lg) = lln= 3>n+3)+1>z4(:ﬁ£(17; nt3)zt8ntl) Note that z > 2. We have

10— A(Te)| = ‘_(n((n73)n+3)+1)z 76((n72)n+3)z+8(n+1)‘.

4(n+1)
Let a1(n, 2) = (n((n—3)n+3)+1)22 —6((n—2)n-+3)2+8(n-+1). Then ai(n, 2) = 8+8n+62(2n—3)+2%+3nz’+

"2 (nz—12) + 222 (n—6) > 0 for n > 12. Also, a1 (4, 2) = 2922 — 662440 > 0, a1 (6, 2) = 12722 — 1622 + 56 > 0,
a1(8,2) = 34522 — 306z + 72 > 0 and a1 (10, 2) = 7312% — 4982 + 88 > 0. Therefore

(n((n—=3n+3)+1)22 —6((n —2)n+3)z+8(n+1) '

L= An+1)

‘We have

n(z+1)((n—-2)z—4)+11z—4
2(n+1) ’

Ly := i(nzfz)(nzfzfél)fA(FG) =

Let az(n,z) = {n(z+1)((n—2)z—4)+11z—4}. Then az(n,z) > 0forn > 6,sincen—2>4 = z(n—2)—4 >
0 = n(z+1)(2(n —2) —4) > 0. Also, az2(4, z) = 82% + 32 — 20 > 0. Therefore

n(z+1)((n—2)z—4)+ 11z — 4‘

Lo =
2 2(n+1)

‘We have

L3 := iz(z —4)—A(Tg)| =

’ 14z — 8 — 8n —nz(2(2 + 8) + n(—6+ (n — 3)z))
4(n+1) ’
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Let asz(n,z) = 14z —8 — 8n — nz(2(z 4+ 8) + n(—6 + (n — 3)2z)). For n > 10, n((n — 3)z — 6) > 0 and 2(z + 8) > 0.
So, as(n,z) < 0 for all n > 10. Also, as(4,2) = —242% 4 462 — 40 < 0, a3(6,2) = —1202% + 134z — 56 < 0 and
as3(8,2) = —3362% + 270z — 72 < 0. Therefore

142 —8—8n —nz(2(2 +8) + n(—6+ (n — 3)2)) .

La =
3 4n+1)

Hence, by (1.1), we get

1
LECN(Fg):3><L1+§(nz—z—2)><L2—|—(Z—2)><L3

_ (n=1)z=2)(n(z+1)((n —2)z —4) + 11z — 4)
2(n+1) '

(a)(ii) If n is even, then by Theorem 2.1

(n—=1)z 1

R (T CE R
(%(z —2)(z 4))2, G(z - 4)2)”} ,

Here |V (I'c)| = (n+1)z and tr(CNRS(I'¢) = 2((n((n —3)n+3) +1)2° —6((n —2)n+3)z + 8(n+1)). So,

A(lg) = ("«”*3)"*3)“>zi@§f(1')“2)"+3)2+8<"+1). Note that z > 2. We have

(n(n®+n—5)+1)2° —6n(n+2)z+8n+30z+8
4(n+1)

B = %(nz e )(nz—z—4)— A(Te)

Let f1(n,2) = (n(n®> +n —5) +1)2% — 6n(n + 2)z + 8n + 30z + 8. Then F1(n,2) = 8 + 8n + 30z + 2% + n2?(n —
5) + 2 (n’z — 24) + ";z(nz —12). Clearly for n > 12, Bi(n, z) > 0, as n’z — 24 > 0 and nz — 12 > 0. It can be
seen that B1(4, z) = 6122 — 1142 +40 > 0, B1(6, 2) = 2232 — 2582+ 56 > 0, B1(8, z) = 5372% — 4502 + 72 > 0 and
$1(10, z) = 105122 — 690z + 88 > 0. Therefore

(n(n*4+n—5)+1)2" —6n(n+2)z+8n+30z+8

B = An+1)

‘We have

n((n—2)2%> — (n+6)z+4) + 132 +4
2(n+1) ’

B, = H(nz 42— A(Te)

Let B2(n,z) = n((n —2)2° — (n+6)z +4) + 13z + 4. Then Ba(n,z) =4+ 4n+ 132+ % (nz — 18) + ";Z(z —-3)+
"T;(n —6) >0 for n > 6 and 2z > 3. Tt can be seen that 82(4, 2) = 82> — 272 +20 = —2 or > 0 according as z = 2

or z > 3 and f2(n,2) = 2n(n — 8) +30 = —2 or > 0 according as n = 4 or n > 6. Therefore

%, forn=4&z=2
B2 = n((n—2)22—(n+6)z+4)+13z+4 .
2T 1) ,  otherwise.
We have
1 —((n®=3n*+n—1)2") +6(n—4)nz+8n+62+8
Bs:=|=(z—2)(z—4) - A(Tq)| = .
3= |5z = )z~ 4) ~ A(Ta) ‘ feEsy

Let B3(n,2) = —((n® —=3n® +n —1)2?) +6(n —4)nz+8n+ 62+ 8. Then B3(n,z) = 8(1 —nz) +8n(l —2) +22(3 —
4n) + 22(1 —n) + "22(12 —nz)+ %(6 —n) <0 for n > 12. Tt can be seen that B3(4, z) = —192% + 62440 < 0,
B3(6,2) = —11322 + 782 + 56 < 0, B3(8,2) = —3272% + 1982 + 72 < 0 and $3(10, z) = —7092% + 366z + 88 < 0.
Therefore

—((n*—=3n*+n—1)2%) +6(n—4)nz+8n+6z+8

By = —
’ 4(n+1)
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We have

n(8 — z(n((n — 3)z — 6) + 2(z + 10))) + 10z + 8 .

By =
* 4(n+1)

(== 4)" - A(lc)

| —

Let B4(n,z) = n(8 — z(n((n — 3)z — 6) + 2(z + 10))) + 10z + 8. Then B4(n,z) = 8n — 10nz + 10z — 10nz + 8 —
2nz? + %(12 —nz)+ ”2222 (6 —n) <0 for n > 12. It can be seen that

Ba(4,2) = —242% 4+ 262 + 40 < 0, B4(6,2) = —1202% + 1062z + 56 < 0, B4(8,2) = —33622 + 2342 + 72 < 0 and
B4(10, 2) = —7202% 4 410z + 88 < 0. Therefore

n(8 — z(n((n — 3)z — 6) + 2(2 + 10))) + 10z + 8
4(n+1) '

Bi=—
Hence, by (1.2), we get

LEgN(FG):l><BlJF%(nZ*Z*m><Bz+2><Bg+(Z72)><B4

B, forn=4&z=2
=1 22°(42 - 6), forn=4&z>3
2
W, otherwise.

(b)(i) If n is odd, then by Theorem 2.1

ONLspee(ta) = 4 ', (522 (1522 2)) 7 0 e -2

Here |V (I¢)| = i(n+ 1)z and tr(CNRS(T'e) = iz(nz + 2z — 4)(((n — 4)n + 7)z — 2(n + 1)). So, A(l'g) =
(ot 2= (Dt D==2041) W haye
n+ :

(nz4+z—-4)(((n—4)n+7)z—2(n+1))
4(n+1) '

L} =10— A(Tg)| = ‘—

Let o (n, z) = (nz+2z—4)(((n—4)n+7)z—2(n+1)). Then o (n, z) = (nz+2—4)(Tz2—2+ % (n—8)+ % (nz—4)) > 0
for n > 8, since z > 1. Again of(3,2) = 162% — 482+ 32 > 0, o} (5,2) = 722> — 1202 + 48 > 0 and ) (7,2) =
2242% — 240z + 64 > 0, as z > 1. Therefore

(nz4+z—-4)(((n—4)n+T7)z—2(n+1))
4(n+1) '

I =

‘We have

n2z2+n%z2—2nz2 —6nz—4n — 322 + 172 — 4

2(n+1)

Ly = H(nz —z)(nz—z—-4)— A(Tg)

Let ab(n,z) = n*2® + n’z — 2n2” — 6nz — 4n — 32° 4+ 172 — 4. Then ab(n,z) = 172 — 4 + Z(nz — 8) + % (n —
2

12) + é(n2 —6)+ 25~(n—4) > 0 for n > 8. It can be seen that a5(3,2) = 82 — 16 = —8 or > 0 according as

z=1orz>2; ab(5,2) =122° + 122 — 24 > 0 and o5 (7,2) = 322% + 24z — 32 > 0, as z > 1. Therefore

)
n222+n2z—2n22 —6nz—4n—322+17z—4

, 1 forn=3&z=1
L2 =
2(n+1) )

otherwise.

We have

—n32%2 +3n22% + 6n%2 + n2? — 20mz — 8n — 322 + 222 — 8

Ly = —-2)—-A(T =

b= [2(: = 2) — ATo)] = | e
Let aj(n, z) = —n®2% +3n222 +-6n’2 + nz® — 20nz — 8n — 322 + 222 — 8. Then aj4(n, z) = —8 —8n —22(10n—11) —
322 — M2 (nz — 18) — 227 (n® — 3) — 2222 (n — 9) < 0 for n > 19. It can be seen that a4(3,z) = 162 — 32 = —16
or > 0 according as z = 1 or z > 2, a5(5,2) = —482% + 72z — 48 < 0, o4(7,2) = —1922% 4+ 176z — 64 < 0,
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I z—2, form=3&2z2>2
3= _ —n3z2+3n2z2+6n2z-z?;iI)QOnz—Sn—322+222—8’ otherwise.
Hence, by (1.1), we get
1
LEcn(Ta) :2><L/1+§(n27272) X Ly + (2 —1) x Lj

0, forn=3&z=1

=< 4(z=1)(z—2), forn=3&2z>2
((n=1)2=2)((n=3)(n+1)2%+((n—6)n+17)z—4(n+1)) otherwise

2(n+1) 5

(b)(ii) If n is odd, then by Theorem 2.1

(n=Dz

ONSLospeelTe)= (2 (2522~ 1)(252 = 2)) (2522 2)") 7 - G- 2 (e -2

Here |V(I'¢)| = $(n+ 1)z and tr(CNRS(I'¢) = $2(nz + 2z — 4)(((n — 49)n 4+ 7)z — 2(n + 1)). So, A(l'g) =
(2420 (D201 W have
n+1 :

n32% +n%2% —6nz — bnz? — 12nz + 8n — 52° + 422 + 8

(nz—z—-2)(nz—2z—-4)— A(lg) 4(n+1)

DN | =

Bi::’

Let Bi(n,z) = n®2% + n?2% — 6n%z — 5nz® — 12nz 4 8n — 522 + 422 + 8. Then Bi(n,z) = 8 + 8n + 42z +
2*(n(n — 5) — 5) + nz(n(nz — 6) — 12). For n > 9 we have nz — 6 > 3 which gives n(nz — 6) — 12 > 0 and
n(n—>5)—5> 0. Thus, 81(n,z) > 0. Again §1(3,2) = 162> — 482 +32 > 0, 81 (5, z) = 1202> — 168z + 48 > 0 and
B1(7,2) = 3522% — 3362 4 64 > 0, as z > 1. Therefore

n322 +n22% —6n%z — 5n2%2 — 12nz + 8n — 522 + 422 + 8

B =
! 4(n+1)

We have

n?z2 —n?z—2n22 —6nz+4n — 322+ 192+ 4
2(n+1) '

B = %(nz —z— 4)2 —A(Tg)

Let B5(n,2) = n2® — n’z — 2nz® — 6nz + 4n — 32> + 192 + 4. Then B5(n,z) = 4+ 4n + 19z + %2 (nz — 24) +
"iz(z—4)+§(n2—12)+#(n—8) >0 for n > 9 and z > 5. It can be seen that 85(3,2) =16 —8z =8 or <0
according as z = 1 or z > 2; B5(5,2) = 122% — 362 + 24 > 0; B5(7,2) = 322> — 722 + 32 = —8 or > 0 according as
z=1or z > 2; B3(n,1) =20 —4n > 0 or < 0 according as n = 1,3,5 or n > 7; B5(n,2) = 2n(n — 8) + 30 > 0 for
all n and B5(n,3) = 6n* — 32n + 34 = —8 or > 0 according as n = 3 or n # 3. Therefore

n2z27n2z72nz276nz+4n73z2+19z+4

2(n+1)

, {z—27 forn=3&z>2
32:

, otherwise.

We have

—n32%2 +3n22% + 6n%2 + 5nz% — 36nz + 8n + 22 + 62 + 8

Bg::|2(z—1)(z—2)—A(FG)\:' 4(n+1)

Let 84(n, z) = —n®2% 430222 +6n22+5n2> —36n2+8n+22+6248. Then B4(n, z) = —8nz+8—8nz+8n—20nz+
n?z 22 3 nz? 2 n2z2 . /

62— "2 (nz—24)— 3 (n° —4) — - (n" - 5) — 7 (n—12) < 0 for n > 25. Again, 35(3,2) = 162(2 —3) +32 > 0,

B5(5,2) = —242% — 242 + 48 < 0, B5(7,2) = —1602% + 482z + 64 < 0, B5(9,2) = —4402% + 168z + 80 < 0,

By(11,2) = —91222 + 3362+ 96 < 0, 85(13, 2) = —162422 + 5522 + 112 < 0, B4(15, 2) = —26242 + 8162 + 128 < 0,

BL(17,2) = —396022+11282+144 < 0, 85(19, z) = —568022+14882+160 < 0, B4(21, 2) = —78322°+18962+176 <

0 and £5(23,2) = —104642 4+ 2352z + 192 < 0. Therefore,

B z(z—3)+2, forn=3&z>1
= 3 2 2 2 2, 5n22 —36n2t-8nt 22462
3 n (—z“)+3n“z“+6n zn(:)zi) 36nz+8n+2“+6 +8’ for n 2 5&2 Z 1.
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We have

—n222 +3n222 + 6n%z +nz? —28nz+8n — 322 + 142 + 8

Bl = |(:—2) — ATo)| = T D)

Let Bi(n,z) = —n32 + 3n%2% + 6nz + n2? — 28nz +8n — 32% 4+ 142 + 8. Then B4(n,2) = —8n(z — 1) —
14z(n — 1) + (8 — 6nz — 32%) — ”T%(nz —18) — "; (n? —3) — ”232 (n—=9) < 0 for n > 19. It can be seen
that 84(3,2) = 32 — 162 = 16 or < 0 according as z = 1 or z > 2; B4(5,2) = 242(1 — 22) + 48 = 24 or
< 0 according as z = 1 or z > 2; B4(7,2) = —1922% + 1122 + 64 < 0; B4(9,2) = —4802> + 248z + 80 < 0;
Bi(11,2) = —96022 + 4322 + 96 < 0; B4(13, 2) = —16802 + 664z + 112 < 0; B4(15, 2) = —268822 + 9442 + 128 < 0
and B4(17,2) = —40322% + 1272z + 144 < 0, as z > 1. Therefore,

— 3.7 +3n z +6n z+nz —28nz+8n— 322 +14z+8 _ _
Bl = Jitn) forn=3,5&2=1
_ —n3z +3n 2° +6n z«Zzzz —28nz+8n— 322 +14z+8 otherwise.
n+1)

Hence, by (1.2), we get

1
LEgN(FG):lxB{+§(nz—z—2)xB;+1ng+(z—1)ng

0, formn=3&z=1;n=5&z2=1
Az -1)(z-2), forn=3&z>2
==
ST 1) otherwise.
Hence the result follows. O

As a corollary of the above Theorem 2.3, we get the following results.

Corollary 2.2 The CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of CCC-graph of the
dihedral group Day, (where n > 3) are as given below:

(a) If n is odd then

(i) CNL-spec(I'p,, ) = {(0)2, (§(n — 1)(n = 5))2"=¥} and LEcn(Ip,,,) = “=20 0=,

(i) ONSL-spec(T'p,, ) ={(0)%, (3(n—3)(n—5))", (1(n—5)) 29} and LES (T, )= 2=Yn-20n2)

(b) If n is even then

(i) ONL-spec(I'p,,) = {(0)%, (3(n —2)(n — 6))¥""9} and LEoN(Tp,,) = 20=n30=2),

(if) CNSL-spec(T'p,,) = {(0)% (3(n —4)(n = 6))", (5(n — 6)*)3"~} and

28
28 =8
LEY (T _ /%5 forn
CN( D2n) { (n76)(21421)(n72)’ fO’l‘ n 7& 8.
Proof: We know that (%’" y = D2>< n or Dsy, according as n is even or odd. Therefore, by Theorem 2.3,
we get the required result. O

Corollary 2.3 The CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of CCC-graph of the
dicyclic group Ty, (where n > 2) are as given below:

(a) CNL-spec(T'r,,) = {(0)3, ((n — 1)(n — 3))"2} and LEcy(Tr,,) = Q=321

(b) CONSL-spec(I'z,, ) = {(0)2, (2(n — 2)(n — 3))*, ((n — 3)*)"2} and
2 forn=4

LE} (T =<2
CN( T4n) {4(n—3)(:—:12)(n—1)) for n # 4.
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Proof: We know that Z(T:;{: ) & Dy,,. Therefore, by Theorem 2.2 (for the case n = 2) and Theorem 2.3,
we get the required result. O

Corollary 2.4 The CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of CCC-graph of the
group Us,, = (x,y: 22" =93> =1, 2 yz =y~ 1) (where n > 2) are as given below:

(a) CNL-spec(T'y,, ) = {(0)2, (n(n —2))?™V} and LEcyn(Ty,,) = 4(n —2)(n — 1).

(b) CNSL-spec(L'e,,,) = {(2(n — 1)(n — 2))%, ((n — 2)*)>" "V} and LEE y Ty, ) = 4(n — 2)(n — 1).

Proof: We know that Z(U 5 = = Dyy«3. Therefore, by Theorem 2.3, we get the required result. O

Corollary 2.5 The CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of CCC-graph of the
group U, )y (where m > 2 and n > 2) are as given below:

(a) If m is odd then
(i) CNL-spec (T'y,, ,.,) = {(0)2’ (n(n —2))"1, ((nm — n)(nm — n — 4)) a(nm—n—z)} and

4(n—1)(n —2), form=3&n>2
LEoN(TU(, 1)) = § (m=1)n—2)((m—3)(m-+1)n?+((m—6)m-+17)n— 4(m+1))

S0mET) otherwise.

(ii) CNSL-spec (T'y,,, ,.,) = .
{200 = 1)~ 2)". (0~ 227, (bm — m—~ 2)(mm — 1 — )" (S m — i~ 4)2) 27D g

4(n—1)(n —2), form=3&n>2
LEZ (T =
C’N( U(n,m)) { (m—3)(m2—(1n)17fl()mn+n—6) 7 otherwise.

(b) If m and 7 are even then
(i) CNL-spec (FU<mn>) = {(0)37 (3(m=2)n((m = 2)n —4)) 3(mn=2n=2) ((n— Q)n)z("fl)} and

6(n—1)(n—2), form=4&n>2
LEcn (FU(n,m)) = ((m72)n72)(mzn(2n+1)74m(2n2+3n+1)+44n78)

50mT2) ,  otherwise.

(mn —2n — 4)2) z(mn—2n-2) ,

(n = 1), ((n - 222"V} and

(ii) CNSL-spec (I'y,, ,.,) = {(%(mn —2n —4)(mn — 2n — 2))*,(
(2(n —

2)

6(n—1)(n—2), form=4&n>2

LEgN(FUm,m)): Zn2(4n - 3), form=8& n>2
(m A(m— Z)SZ(mn_& otherwise
m+ ’ .

(c) If m is even and % is odd then
1 mn—zin—
() CNL-spec (T, ) = {(002, (4(mn — 20— )(mn —20)) X7 (4~ D=1} and

8(n—1)(2n —1), form=6&n>2
LEcn (FUm,m)) = ((m72)n72)(mzn(2n+1)74m(2n2+3n+1)724n2+68n78) .
2(m+2) ,  otherwise.
(11) CNSL—speC (FU(n,m)) = {(%(mn — 2n — 4) (mn — N — ) (% 4)2) %(mn72n72)

(4(n —1)(2n - 1)) (4(n—1)%)*""} and

8(n—1)(2n—1) form=6&n>2
+ _ )
LECN(FU(n,m)) - { (m—6)(m—2)n?((m+2)n—6)

2 ,  otherwise.
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Proof: We know that % is isomorphic to Dy m or Day, according as m is even or odd. Therefore,
by Theorem 2.3, we get the required result. O

Corollary 2.6 The CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of CCC-graph of the
group SDs,, (where n > 2) are as given below:

(a) If n is even then
(i) ONL-spec(Tspy,) = {(0)%,((2n — 1)(2n — 3))2"2} and LEon (Tsp,, ) = 2n=tn=2)nts)

2n+1
(i) CNSL-spec(Tsps,) = {(0)2, (2(2n — 2)(2n — 3))1, ((2n — 3)2)2*~2} and

28
=, forn =2
LEérN(FSDgn) = {85(n1)(§n+?)(2n1)’ forn > 4.

(b) If n is odd then
(i) CNL-spec(Tspy,) = {(0)%,(8)%, ((2n — 2)(2n — 4))>"~3} and

24 forn=23
LEcn(Tspy,) = {4 on—3)(5(n—3)n-+4
s Co-9BO-Intt) oy > 5

(ii) CNSL-spec(T'spy,) = {(2(2n —3)(2n —4))!, ((2n — 4)%)?"=3,12',43} and

24, forn=3
LE}y(Tspy,) = {16(713)(711)(%1)7 forn > 5.

n+1

Proof: We know that % is isomorphic to Dsya, or Ds, according as n is even or odd. Therefore,
by Theorem 2.3, we get the required result. O

Corollary 2.7 The CNL-spectrum, CNSL-spectrum, CNL-energy and CNSL-energy of CCC-graph of the
group Vs, (where n > 2) are as given below:

(a) If n is even then
(i) CNL-spec(Tvg,) = {(0), ((2n — 2)(2n — 4))>*~*} and LEcy (Tyy,,) = 22n=2n0En=3),
(ii) CNSL-spec(T'vy,) = {(0)%, (2(2n — 3)(2n — 4))!, ((2n — 4)?)>" =3} and

16(n — 2)(n — 1)(2n — 3)
n+1 '

LE;N (FVSn,) =

(b) If n is odd then
(i) CNL-spec(I'vg,) = {(0)%,((2n —1)(2n — 3))>*?} and LEcy Iy, ) = 2n=tn-2intd)
(ii) ONSL-spec(T'vy,) = {(0)2, (2(2n — 2)(2n — 3))", ((2n — 3)2)>"~2} and

8(n—1)(2n —3)(2n — 1)

LE} (T =
CN( VSn) 2n+1

Proof: (a) If n is even then, by [35, Proposition 2.4], we have I'y, = Ka,_o U2K>.
(i) By Theorem 2.1, we get

CNL-spec(I'y, ) = {(0)%, ((2n — 2)(2n — 4))*"3}.
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Here |V (I'v;, )| = 2(n+1) and tr(CNRS(I'yy,)) = 4(n—2)(n—1)(2n—3). So, A(I'y,,) = 2n=2n-0n=3)
We have

)

Ly = 10— ATv)| = ‘_2<n ~2in—bizn -9 ‘ _ 2n=2)nen =y

since —2(n —2)(n —1)(2n —3) <0,asn>2,502n—3 >0, n—2>0and n —1 > 0. Also

Lo |(2n— 2)(2n— 4) — ATy, )| = ‘10(n—2)(n— 1)‘ 10(n —2)(n—1)

= > 2.
nt 1 n+1 0 T=

Therefore, by (1.1), we get

20(n —2)(n —1)(2n — 3)

LECN(FVSTL):5XL1+(2TL_3)XLQ: n+1

(ii) By Theorem 2.1, we get
CNSL-spec(T'y,,, ) = {(0)4’ (2(2n — 3)(2n — 4))*, ((2n — 4)%)>" 3} .
We have

B =10 - A(Tw,)| = L1,

By = 2(2n— 3)(2n — 4) — A(Ty,, )| = 'Q(n 2)(n+3)(2n — 3)‘ 2(n—=2)(n+3)(2n —3)

n+1 - n+ 1 e

and

)

Bs := ‘(271 —4)% — ATy, )| = ‘Q(n _i)igln s/ ’ - . _T?)-lfsln —

asn > 2,80 2(n —2)(3n — 7) > 0. Therefore, by (1.2), we get

16(n — 2)(n —1)(2n — 3)

LElNy(Ty,,) =4X By 4+1x By + (2n — 3) X B = o

(b) If n is odd then, [35, Proposition 2.4], we have Iy, = Ka,—1 U2K; =T'p,_,,. Hence, the result
follows from Corollary 2.2. O

3. Some consequences

In this section, we discuss some consequences of the results obtained in Section 2. Looking at the
CNL-spectrum and CNSL-spectrum of CCC-graphs of the groups considered in Section 2, we get the
following result.

Theorem 3.1 Let G be a finite non-abelian group with center Z(G). Then the CCC-graph of G is
(CNSL) CNL-integral if

(a) zay = Zp x Ly

G
G Y
(c) G is isomorphic to Doy, Tan, Usn, Un,m), SDgpn and Vap.

Now we shall determine whether CCC-graphs of these groups are (CNSL) CNL-hyperenergetic.

Theorem 3.2 Let G be a finite non-abelian group and % = Zp X L. Then the CCC-graph of G is
not (CNSL) CNL-hyperenergetic.
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Proof: Let |Z(G)| = z. Then z > 2 and |V(T'g)| = (f%)z. By Theorem 2.2 and (1.3)
4((p—2)p(2p°+p—2)+4)

2 , for p>2&2=2

LEcn(Kvre)) — LEcn(Tc) = 1 16, forp=2&z=3
2p3z272p2z274p272pz2+2z2
D )

otherwise.

Let fi1(p) = ((p 2)p (2p2 +p— 2) + 4) and fo(p, z) = 2p322 — 2p222 — 4p® — 2p2?% + 222, where z > 3.
Then f1(p) > 0. Also, fa(p,2) = %(p —3)p?22 + %p2 (pz2 — 6) + % (p2 - 3) pz? + 222 > 0 for p > 3. For
p = 2 we have fa(p,z) = 622 — 16 > 0. Hence, LEcn(Kv(rg)) — LEcn(Te) > 0. By Theorem 2.2,
we also have LEcy (L) = LE} v (D). Therefore, LE/ (D) — LEZ (K jv(re)|) > 0. Hence the result
follows. .

An immediate corollary of the above theorem is given below.

Corollary 3.1 Let G be a non-abelian group of order p™ and center |Z(G)| = p"~2. Then CCC-graph
of G is not (CNSL) CNL-hyperenergetic.

Theorem 3.3 Let G be a finite non-abelian group and % 2 Dy, (where n > 3). Then the CCC-graph
of G is

(a) CNL-borderenergetic if n =3,11 & z = 1.

(b) CNL-hyperenergetic except form =4,6 & z=2,n=4& 2=3;n=4& z2=4;,n=3 & z > 2;
n=579&z=1andn=5& z=2,3.

(¢) CNSL-borderenergetic forn =3 & z = 1.

=6 & z = 3;

(d) CNSL-hyperenergetic except for n = 4 & z = 2,3,4,5; n = 6,8 & 2z 2; n
z=1,n=57"79& 2z =2 and

n=5&z=1n=3&22>2,n2>7(mnisodd) &
n=>5& z=3,4.

Proof: We have

3
+ +

)z, for m is even
V(

—
&
Il
—
[

N D=

/S\A

)z, for m is odd.

Case 1: n is even
In this case z > 2. By Theorem 2.3 and (1.3), we have

—n323 +3n22% + 12n222 — 2n2% — 18n2? — 24nz + 1222 + 122
LEoyn(Ky(re)) — LEon(Tg) = s S 5 Sk
Let fi(n,z) = —n32% + 3n%23 + 12n%2% — 2nz% — 18n2% — 24nz 4 1222 4+ 12z. Then fi(n,z) = $n%23(6 —

n) + in%22(24 — nz) — 2nz3 + 62%(2 — 3n) 4+ 122(1 — 2n) < 0 for n > 6 and z > 4. We have fl(n 2) =
8n? (9 n)+72—136n < 0 for n > 10. Also f1(4,2) = 168, f1(6,2) = 120 and f1(8,2) = —504. Therefore,
fi1(n,2) > 0 or < 0 according as n = 4,6 or n > 8. We have f;(n,3) = 27n?(7 — n) + 144 — 288n < 0 for
n > 8.

Also f1(4,3) = 288 and f1(6,3) = —612. Therefore, f1(4,3) > 0 or < 0 according as n =4 or n > 6.

Now we need to check for n = 4 and z > 4. We have f1(4,2) = 1222(11 — 22) — 84z < 0 for z > 6.
Also f1(4,4) = 240 and f1(4,5) = —120. Therefore, fi(4,%z) > 0 or < 0 according as z = 4 or z > 5.
Hence, LEcn(Kjv(rgy) — LEcn(Tg) > 0 for n = 4,6 & z = 2 and n = 4 & z = 3,4. Otherwise,
LECN(K|V(F0)|) — LECN(Fg> < 0.

By Theorem 2.3 and (1.3), we also have
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95—2, forn=4&2z=2

LESN(Kvrg))) — LEEN(Ta) = z(—242% + 161z — 150) + 4, forn=4&z >3
—n3z3+n322+3n2z3+9n2z2—6n 2—2nz%—15n22 —12nz+8n+132 —6z+8 otherwise
2(n+1) .

Let fo(z) = 2 (—242% 4+ 161z — 150)+4 and f3(n,2) = —n323+n322 +3n222 490?22 —6n’2 —2n2° — 15022 —
12nz +8n+ 1322 —62+8. Then f2(2) = 1§ ( (161 —24z) — 150)+4 > 0 or < 0 according as z = 3,4,5 or z > 6.
Also, fs(n,z) = 2n®(3—2)2"+ 2 (9—n)n’2"+in’2%(27—nz) —6n’2+2°(13—2nz)+ (8n — 15n2>) +(8—12n2)—62 <
0 for n > 10 and z > 3.

We have f3(n,2) = 4n?(12 —n) + 48 — 92n < 0 for n > 12. Also, f3(6,2) = 360, f3(8,2) = 336 and
f3(10,2) = —72. Therefore, f3(n,2) > 0 or < 0 according as n = 6,8 or n > 10.

We have f3(6,z) = 2%(463—1202)—2942456 < 0 for z > 4. Also, f3(6,3) = 101. Therefore, f3(6,z) > 0 or < 0
according as z = 3 or z > 4. We have f3(8, 2) = 2%(981 — 3362) — 4862 4 72 < 0 for z > 3. Therefore, f3(n,2) >0
if n =6,8&2z=2andn=6&z = 3. Otherwise, f3(n,z) < 0. Hence, LE}\(Kv(rgy)) — LELy(Te) > 0 if
n=4& 2=2,3,4,5,n=6,8 & z=2and n =6 & z = 3. Otherwise, LEZJFN(KIV(FG)I) - LE&LN(FG) < 0.

Case 2: n is odd
By Theorem 2.3 and (1.3), we have

0, forn=3&z=1
LECN(K\V(FG)\)_LECN(FG): 42: —4 forn:3&222
24z— 24nz+12z2724nz +21(2:i§§ 323 +nz +3n z 7n3z3’ otherwise.

Clearly 422 — 4 > O for z > 2. Let f4(n, Z) = 24z — 24nz + 122% — 24n2® + 12n22% — 32% + n2® 4+ 3n%2% — n325
Then fi(n,z) = +n*2*(9— n) +1n2®(3—n?) + 4n?2*(36 —nz) — 32° + 1227 (1 —2n) +242(1 —n) < 0 for n > 9 and
z > 4. We have fs(n,1) =n (15 —n)+33—47Tn < 0 for n > 15. Also, fa(5,1) =48, fa(7,1) = 96, f4(9,1) = 96,
fa(11,1) = 0 and f4(13,1) = —240. Therefore

=0, forn=11
fa(n,1){ >0, forn=25,7,9
<0, forn>13.

We have f4(n,2) = 8n2(9—n)+72—136n < 0 forn > 9, f4(5,2) = 192 and f4(7,2) = —96. Therefore, fi(n,2) >0
or < 0 according asn=5orn > 7.

We have fi(n,3) = 2n*(7 —n) + 99 — 261n < 0 for n > 7 and f4(5,3) = 144. Therefore, f1(n,3) > 0 or <0
accordingasn=5ormn > 7.

Again, we have f1(5,2) = 4822(4 — 2) — 962 < 0 and f4(7,2) = 482%(9 — 42) — 144z < 0 for z > 4. Therefore

=0, forn=11&z=1
fa(n,z) ¢ >0, forn=5"79&z=1n=5&z2=3
< 0, otherwise.
Hence
=0, forn=3,11&z=1
>0, forn=3&z>2;
n=579&z=1;n=5&2=2,3

< 0, otherwise.

LEcN(K\v(rg)) — LEcn(Ta)

By Theorem 2.3 and (1.3), we also have

0, forn=3&z=1
4, forn=5&z=1
2 _
LE;N(K\V(FGH) - LE;N(FG): igi4;_2’ forn=3&22>2
S E forn>7&z=1

—n323+n322 +3n223+9n222 —6n2z+n23 —21nz2— 12nz+8n—323+1922 —6z+48
2(n+1)

, otherwise.
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Clearly 4(2% —1) > 0 for z > 2 and n® +4n — 21 > 0 for n > 7. Let fs(n, z) = —n32® + n32% + 3n22° 4 9n?2? —
6n°z+nz® —21nz® — 12nz+8n—32° + 192> —62+8. Then f5(n, 2) = in’2*(4—2z)+ in®2*(12—n)+ in®2%(36 —
nz) + 1nz(4 — n?) — 21nz® + (8n — 12n2) — 60z + 2%(19 — 32) + (8 — 62) < 0 for n > 13 and z > 7. We have
fs(n,2) = 4n*(12 — n) + 48 — 92n < 0 for n > 13. Again f5(5,2) = 288, f5(7,2) = 384, f5(9,2) = 192 and
f5(11,2) = —480. Therefore, f5(n,2) > 0 or < 0 according as n =5,7,9 or n > 11.

We have f5(n,3) = 18n%(8 — n) + 80 — 190n < 0 for n > 9. Again, f5(5,3) = 480 and f5(7,3) = —368.
Therefore, f5(n,3) > 0 or < 0 according as n = 5 or n > 7. We have f5(n,4) = 24n?(13 — 2n) + 96 — 312n < 0
for n > 7. Also, f5(5,4) = 336. Therefore, f5(n,4) > 0 or < 0 according as n = 5 or n > 7. We have
f5(n,5) = 10n?(57 — 10n) + 78 — 452n < 0 for n > 7. Also, f5(5,5) = —432. Therefore, f5(n,5) < 0. We have
f5(n,6) = 36n2(26 — 5n) + 8 — 604n < 0 for n > 7. Also, f5(5,6) = —2112. Therefore, f5(n,6) < 0.

Now we shall check for n = 5,7,9,11 and z > 7. We have f5(5,2) = 2422(11 — 22) + 48 — 2162 < 0,
f5(7,2) = 1622 (41 — 122) + 64 — 3842 < 0, £5(9,2) = 82%(161 — 60z) + 80 — 600z < 0 and f5(11,z) = 962%(23 —
10z) + 96 — 864z < 0, as z > 7. Thus, fs(n,z) >0ifn =579 & z=2and n =5 & z = 3,4. Otherwise,
fs(n,z) <O0.

Hence

=0, forn=3&z=1
>0, forn=5&z=1,n=3&2z2>2;
n>7&2=1;,n=5"79&2=2, n=5& 2=3,4

< 0, otherwise.

LESN(Kjvre)) — LEGN(Ta) =

Hence the result follows. O

As a corollary of the above theorem we get the following results.
Corollary 3.2 The CCC-graph of Ug,, (n > 2) is not (CNSL) CNL-hyperenergetic.
Corollary 3.3 Let G = Dap, Tun,Usn, SDsn o1 U,y Then

(a) Tg is CNL-borderenergetic if and only if G = Dg and Das.

(b) I'¢ is CNL-hyperenergetic if and only if G = Da, for n > 13; Ty, for n > 7; SDg, forn > 4
and Uy, my except for m = 3&n > 2, m = 5&n = 2,3, m = 4&n > 2, m = 8&n = 2 and
m=6&n > 2.

(¢) T'¢ is CNSL-borderenergetic if and only if G = Dg.

(d) Tg is CNSL-hyperenergetic if and only if G = Da, for n is even and n > 20; Ty, for n > 10;
SDgy, for n > 6 and U, ) except for m = 3&n > 2, m = 5,7,9&n =2, m = 5&n = 3,4,
m=4&n>2 m=8&n=2 m=6&n>2 and m=10&n = 2.

Corollary 3.4 The CCC-graph of Vs, (n > 2) is CNL-hyperenergetic for n > 6 and CNSL- hyperener-
getic for n > 4.

Proof: Case 1: n is even
We have |V (T'y,, )| = (2n + 2). By Corollary 2.7 and (1.3), we get

120 - 32(n —4)(n —2)n [>0, for2<n<4
LEen(Kjyry,,)) = LEen(Tvy, ) = (n=4)(n-2) {

n+1 <0, formn>6.
6(n—1)(n(bn —19)+16) | >0, forn=2
+ + _ ’
LECN(KIV(FVS,L)I) - LECN(FVSn) == n+1 <0, forn> 4.

Thus, I'y,, is not CNL-hyperenergetic if n = 2,4 and I'y,, is CNL-hyperenergetic if n > 6. Also, it is
not CNSL-hyperenergetic if n = 2 and I'y,, is CNSL-hyperenergetic if n > 4.

Case 2: n is odd

We have I'y,, = K1 U2K; = I'p,,,,. Then, by Corollary 3.3, we have that I'y,, is CNL-
hyperenergetic if n > 4 and CNSL-hyperenergetic if n > 5. Hence, the result follows. a
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3.1. Comparing various CN-energies

In this subsection, we compare various CN-energies of CCC-graphs of the groups considered in Section
2.
Theorem 3.4 Let G be a finite group such that |Z(G)| =z > 2 and % 27, XZy. Ifp=2&2z=3 or
p>3&z=2 then ECN(FG) < LECN(Fg) = LE;N(Fg) For all other cases, ECN(F(;) = LECN(FG) =
LE}y(Tq).

Proof: In view of Theorem 2.2, it is sufficient to compare Ecn(T'¢) and LEcn(Tg). By Theorem 2.2
and [28, Theorem 2.9], we have

3, for p=2&2=3
LEon(Tg) — Eon(Tg) = § 22204 - for p > 2& 2 = 2
0, otherwise.
Clearly, 8(p —2)(p + 1) = 0 or > 0 according as p = 2 or p > 2. Hence, the result follows. O

As a corollary to Theorem 3.4 we have the following result.

Corollary 3.5 Let G be a non-abelian p-group of order p™ and |Z(G)| = p"~2, where p is a prime and
n > 3. Then ECN(FG) =LEcn(Tg) = LE&LN(Fg).

Theorem 3.5 Let G be a finite group and % >~ Dop (n>3). Ifn=3&z>10rn=5&z=1 (where

|Z(G)| = z) then Ecn('¢) = LEcn(Lg) = LEL (D). For all other cases, Ecn(I'g) < LEGN(Tg) <
LEcn(Tq).

Proof: Case 1: n is even
In this case z > 2. By Theorem 2.3 and [28, Theorem 2.14], we have

%a forn=4&2z=2

LEgN(FG) _ ECN(FG) — 22(24z79133150z71207 for n — 4 & » >3
(n72)(nfl)nz:;f(n(n(nJrS%(f17)14)r15)22+6(n+1)2z724(n+1) otherwise
n+ 9 .

Let f1(z) = 22(242z — 91) + 1502 — 120 and fao(n,2) = (n — 2)(n — 1)nz® — (n(n(n +5) — 17) + 15)22 +
6(n+1)%z — 24(n + 1). Then f1(z) > 0 for z > 4. Also, f1(3) = ¥ Therefore, f1(z) > 0 for z > 3. It
can be seen that fa(n,z) = in3(z — 3)2% + £ (n — 9)n?23 + In?2%(nz — 15) + 6 (n®z — 4) + 2n2® + (17n —
15)2% +12n(2 — 2) + 62 > 0 for n > 10 and 2z > 3. Also, f2(n,2) = 4(n —2)(n — 3)? > 0 for n > 6. We
have f2(6,2) = 22(120z — 309) + 294z — 168 > 0 and f5(8,2) = 22(3362 — 711) + 486z — 216 > 0 for z > 3.
Therefore, fa(n,z) > 0 for n > 6 and z > 2. Hence

LEgN(Fg) — ECN(FG) > 0.

Again
—§7 forn=4&2=2
LE/y(Tq) — LEon(Tg) = { —2222 0010 forn=4&z>3
_ (n((n73)n+3)+1)22(7L§E(1'r)172)n+3)z+8(n+1) . otherwise.

Clearly, —2(292—66)—40 < 0 for z > 3. Let f3(n,2) = —((n((n—3)n+3)+1)22—6((n—2)n+3)2+8(n+1)).
Then f3(n,z) = —1(n — 6)n?2? — $n%z(nz — 12) — 3nz? — 6(2n — 3)z — 8n — 2> — 8 < 0 for n > 6 and
z > 2. Therefore

LE}\(Tg) — LEcn(Tg) < 0.
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Hence, ECN(Fg) < LE;N(FG) < LECN(Fg).
Case 2: n is odd
By Theorem 2.3 and [28, Theorem 2.14], we have

0, forn=3,5&z=1
0, forn=3&z2>2

LESn(Tg) — Ecn(Tg) = %_5773), forn>7&z=1
Z((nfg)(nfwm)zz7(n(n(;ﬁ;)m)ﬂaZ+6(n+1)2)716(”“), otherwise.

Clearly (n—5)(n—3) > 0for n > 7. Let f4(n,2) =z ((n — 3)(n — 1)(n+ 1)22 — (n(n(n + 5) — 21) 4 23)z
+6(n+1)?) — 16(n + 1), where n > 5 and z > 2. Then fy(n,2) = in®(z — 4)22 + I(n — 12)n?2® +
1 (n? = 4) n2®+1n%2%(nz—20)42 (3n?z — 8)+(21n—23)22+4n(32—4)+323+62 > 0 forn > 13 and z > 4.
We have f4(n,2) = 4(n—2)(n—3)? > 0asn >5; fi(n,3) = 18n?(n—6) +182n — 124 > 0 for n > 7; and
f4(5,3) = 336. Therefore, f1(n,3) > 0. Further, for z > 4 we have f4(5,2) = 2422(22—7)+2162—96 > 0;
fa(7,2) = 162%(122 — 29) + 3842 — 128 > 0; £4(9, 2) = 82%(60z — 121) + 600z — 160 > 0 and f4(11,2) =
1922%(52 — 9) + 864z — 192 > 0. Therefore, fy(n,z) > 0. Thus

=0, forn=3&z>1;n=5&z=1

LE! (Tq) — Ecn(T
onTa) on ( G){> 0, otherwise.

Again
0, forn=3&z=1
0, forn=3&z>2
LE{y(Tg) — LEcn(Tg) = § 0, forn=5&z=1
—%, forn>7&z=1
(nz+z74§(((n74)n+7)z72(n+1)) ,

ST otherwise.

Clearly, —(n — 5)%(n —3) < 0 for n > 7. Let f5(n,2) = —(nz+ 2z —4)(((n —4)n+7)z — 2(n +1)). Then

f5(n,2) = —3(n — 6)n?2? — In?2(nz —12) — 3nz? —6(2n —5)z —8n — 722 —8 < O for n > 7 and z > 2.

For z > 2 we have f5(5,2) = —24(z — 1)(3z — 2) < 0. Therefore, f5(n,z) < 0. Thus

=0, forn=3&z>1;n=5&z=1

LE (Tq) — LEcn(T
en(Te) o G){< 0, otherwise.

Hence, Ecn(Tg) = LEgN(Fg) = LEcn(Tg),if n =3&z>1orn=>5&z = 1. For all other cases,
Ecn(Tg) < LEgN(Fg) < LEcn(Tg). This completes the proof. O
We conclude this section with the following corollary.

Corollary 3.6 Let G' = Doy, Tun, Usn, SDgp, Van 01 Uy m). Then

(a) Ecn(Tg) = LELN(Dg) = LEon(Te) if and only if G = Dg, Ds, D1g, D12, Ts, Tia, SDas, Vie, Usn
forn > 2 and U, 4y for m = 3,4,6 and n > 2.

(b) Ecn(Tg) < LELN(Ta) < LEcn(Tg) if and only G is not among the groups listed in (a).

In Figures 1-8, closeness of various CN-energies of CCC-graphs of Day,, Tay, SDgy, Van and Uy m)
are depicted.
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4. Conclusion

In this paper, we compute common neighborhood (signless) Laplacian spectrum and energy of CCC-
graphs of certain finite non-abelian groups. We show that CCC-graphs of all the groups considered in
this paper are CNL-integral and CNSL-integral. The common neighborhood spectrum and energy of
CCC-graphs of theses groups are already computed in [28]. Analogous to the notion of super integral
graph, we call a finite graph super CN-integral if it is CN-integral, CNL-integral and CNSL-integral.
Thus, CCC-graphs of the groups considered in this paper are super CN-integral. It may be interesting
to consider the following problem.

Problem 1 Characterize all finite non-abelian groups G such that U is super CN-integral.

The existence of finite non-abelian groups G such that ' is CN-hyperenergetic is not clear (see [28]).
However, there are finite non-abelian groups G such that I' is CN-borderenergetic (See [28, Theorem
3.6]), CNL-hyperenergetic/CNL-borderenergetic and CNSL-hyperenergetic/CSNL-borderenergetic (See
Corollary 3.3). Thus the following problem is worth considering.

Problem 2 Characterize all finite non-abelian groups G such that T'c is CN-borderenergetic/ CNL-
hyperenergetic/ CNL-borderenergetic/ CNSL-hyperenergetic/ CNL-borderenergetic.

We have found several classes of finite non-abelian groups G such that Ecny(T'q) = LEcn(Tq) =
LE}\(Tg) in Subsection 3.1. Thus, we pose the following problem.

Problem 3 Characterize all finite non-abelian groups G such that
Ecn(Tg) = LEcn(Tg) = LES y(Te).

In Subsection 3.1, we have also found several classes of finite non-abelian groups G such that Ecn (')
< LE('EN (Tg) < LEcn(Tg). In [4, Theorem 4.6], it was observed that there are several classes of finite
non-abelian groups G such that F(I'¢) < LET(I'g) < LE(T'g). It follows that there exist finite non-
abelian groups such that E(I'¢), LET(I'¢), LE(T'¢) and Ecn(T'e), LEE N (D), LEcn(Tg) behave
similarly. Thus, the following problem arises naturally.

Problem 4 Determine all the finite non-abelian groups G such that E(T'g), LEY(T'g), LE(Tg) and
Ecn(Ta), LESy(Ta), LEcn (D) behave similarly.

It is worth noting that problem similar to Problem 4 can also be asked for any finite graph.

In [22], Gutman et al. conjectured that E(G) < LE(G) for any finite graph G but soon after the
announcement, this conjecture was refuted [31,38]. For the groups G, we consider in this paper, we have

Ecn(Tg) < LEon(Tg). (4.1)

In view of this it is too early to conjecture that the inequality (4.1) holds for CCC-graphs for any finite
non-abelian group. However, one may consider the following problem.

Problem 5 Determine all the finite non-abelian groups such that the inequality (4.1) does not hold. In
general, determine all the finite graphs G such that the inequality Ecn(G) < LEcn(G) does not hold.
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