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Enriched Type Contractions in Convex Generalized Super Metric Spaces

Amit Gangwar, Shivam Rawat* and R.C. Dimri

ABSTRACT: In this paper, we present the concept of a generalized super metric space. We then define a
generalized enriched contraction within the framework of a convex generalized super metric space and propose
several fixed point theorems for this new type of contraction. Additionally, we extend the Dass and Gupta
rational contraction in the context of our newly introduced space. To illustrate our findings, we include
examples. Finally, we apply our results to solve a fractional differential equation.
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1. Introduction and preliminaries

Fréchet pioneered metric space theory in 1906 [12], laying its foundational concepts. Subsequently,
numerous scholars have extended the concept of a metric space (MS) by relaxing certain conditions and
adjusting the metric function, as evidenced by various works (refer to [4,9,20,14] for examples). In 1922
Banach demonstrated a significant result in fixed point theory, now known as the Banach contraction
principle, proving that a contraction self-mapping on a complete MS possesses a unique fixed point.
Due to its broad relevance, this principle has been further developed and generalized in various contexts
(refer to [13,21,24,25] and references therein). In 1993, Czerwik introduced the concept of a b-MS as a
generalization of MS.

Definition 1.1 Let A# ¢ andd: Ax A= [0,400) be a mapping. If for all a,b,c € A
1. 0 < d(a,b) and d(a,b) = 0 if and only if a = b;
2. d(a,b) = d(b,a);
3. there exists s > 1 such that

d(a,b) < s(d(a,c) +d(b,c)).

Then, (A,d) is said to be a b-metric space.
To enlarge the notion of b-MS, Kamran et al. [16] proposed the concept of an extended b-MS in 2017.
Definition 1.2 Let A# ¢ andd: A x A — [0,400) be a mapping. If for a,b,c € A

1. 0 < d(a,b) and d(a,b) = 0 if and only if a = b;

2. d(a,b) = d(b,a);

3. there exists a function ¢ : A x A — [1,4+00) such that

d(a,b) < ¢(a,b)(d(a, c) + d(b, ).
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2 A. GANGWAR, S. RAWAT AND R.C. DIMRI

Then, (A,d) is said to be an extended b-metric space.

In 2019, Berinde expanded the scope of contractive mappings in Banach spaces by introducing enrichment,
defining an enriched contraction or (b, #)-enriched contraction for a self-mapping T on X. Here, the terms
“enriched contraction” or “(b, )-enriched contraction” imply the existence of two constants, b € [0, +00)
and 0 € [0,b+ 1), such that for all 2,y € X, the following inequality holds:

[b(z —y) + Tw = Ty|| < Ollz —yll.[b(z —y) + To = Ty|| < Of|z —yl|.

Recent years have seen an increasing interest in expanding the theory of enriched type contractions [22,23].
In 2022, Karapmar and Khojasteh [17] introduced a new generalization of metric space as follows.

Definition 1.3 [17] Let A# ¢ and d: A x A — [0,4+00) be a mapping. If for a,b,c € A
1. 0 < d(a,b) and d(a,b) =0 if and only if a = b;
2. d(a,b) = d(b,a);

3. for distinct sequences {a,},{bn} € A such that Erf d(ay,by) =0, there
(o)

n
exists s > 1 such that

lim supd(an;c) < s lim supd(b,,c),

n—-+oo n—-+o0o

for all c € A.
Then, (A,d) is said to be a super metric space (SMS).

Karapinar and Fulga [18] investigated contractions represented in a rational form within the framework
of SMS. They introduced definitions for convergence and Cauchy sequences in a SMS a follows.

Definition 1.4 [17] Let {an} be a sequence in a SMS (A,d). Then

1. the sequence {a,} is Cauchy if and only if lirf sup{d(an, am),m >n} = 0.
n——+0o0o
2. the sequence {a,} converges to a € A if and only if liIJIrl d(an,a) = 0.
n——+00

We say (A,d) is a complete SMS if and only if every Cauchy sequence converges in A.

In 1970, Takahashi [27] introduced the convexity structure on normed linear spaces, which has been very
useful in the context of fixed point theory. Now, we give some basic preliminaries regarding convex metric
spaces.

Definition 1.5 [27] Let (A,d) be a MS. A continuous function W : A x A x [0,1] — A is said to be a
convex structure on A, if for all a,b € A and o € [0, 1], the following inequality holds.

d(u,W(a,b;e)) < ad(u,a) + (1 — a)d(u,b), for anyu € A. (1.1)

Any MS (A,d) along with a convex structure W is called a Takahashi CMS or simply a CMS and is
usually denoted by (A,d,W).

The following lemmas present some basic properties of a CMS.

Lemma 1.1 [2] Let (A,d, W) be a CMS. For each a,b € A and o, 01,09 € [0, 1], the following are true.
1. W(a,a;a) = a;W(a,b;0) =b and W(a,b;1) = a.
2. |y — azl|d(a,b) < d(W(a,b;a1), W(a, b; asz)).
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ENRICHED TYPE CONTRACTIONS IN CONVEX GENERALIZED SUPER METRIC SPACES 3

Lemma 1.2 [2] Let (A,d,W) be a CMS and T : A — A be a self mapping. The mapping T : A — A
1s defined by
Toa=W(a,Ta;a), a € A. (1.2)

Then, for any a € [0,1), we have Fix(T) = Fiz(T,,).

Definition 1.6 [18] A self-map T on a CMS (A,d, W) is said to be (o, 8)-enriched contraction if there
exist o, 0 € [0,1), such that

d(W (a, Ta, a), W (b, Tb,a)) < 6 d(a, b),
for all a,b € A.

Motivated by the above results, in this paper, we first generalize the notion of a SMS. Then, we define
a generalized (,#)-enriched type contraction in the setting of convex generalized super metric space
and propose some fixed point results for these introduced contractions. An example is also provided to
support our proposed results. In the end an application to fractional differential equations is provided.

2. Main results
We initiate by generalizing the notion of a SMS.
Definition 2.1 Let A# ¢ andd: A x A — [0,4+00) be a mapping. If for a,b,c € A
1. 0 < d(a,b) and d(a,b) =0 if and only if a = b;
2. d(a,b) = d(b,a);
3. for distinct sequences {an},{bn} € A such that nEToo d(ay,b,) =0, there
exists a function ¢ : A — [1,4+00) so that

lim supd(an,c) < ¢(c) lim supd(by,c)

n—-+00 n—-+o0o
for all c € A.
Then, (A,d, @) is said to be a generalized super metric space (GSMS).

Example 2.1 Let A =R and defined: A x A — [0,4+00) such that

d(a,b) = (a — b)?* fora,b € R — {1},
d(1,b) = d(b,1) = (1 = b*)? for b € R,
and ¢ : R — [1,+00) is defined as ¢(a,b) =1+ |al.

Clearly, d satisfies condition 1 and 2 of Definition 2.1. Now for condition 3, let b # 1, and {ay},{b,} be

two sequences in A such that lim supd(a,,b,) = 0. This implies that lim a, =v = lim b,, for
n—-+400 n—-+oo n——+oo

some v € R. Then, we have
lim supd(an,c) = (v —c)?

n—+o00
(c).(v—¢)?

(¢) lim supd(by,c)

n—-+oo

¢
¢

IN N

for allc € A. For b =1, taking both the sequences {a,} and {b,} to be same, we obtain the desired reult.
Thus, (A,d, @) is a GSMS.

Remark 2.1 Clearly, if for allc € A, ¢(c) =s > 1, then (A,d, @) is a SMS, which leads us to conclude
that every SMS is an GSMS.
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4 A. GANGWAR, S. RAWAT AND R.C. DIMRI

Lemma 2.1 Let {a,} be a sequence in complete GSMS (A,d,¢). If hlf d(an,ant1) = 0 and
n—-+oo

hr—{l o(ay) exists. Then the sequence {ay} is Cauchy and converges in A.
n—-—+0o0

Proof: Let {a,} be a sequence in A such that lim d(an,an4+1) = 0.

n—-+oo
Two cases are considered:

Case (i) Suppose the sequence {a,} is infinite. Using mathematical induction we show that

lim d(ap,ap+x) =0 for all k> 0.

p——+o00

WLOG, we assume that a, # ap4;. For k =1, we have lim d(ap,ap+1) = 0. Letting k = 2, we have

p——+oo

Sm supd(ap, ap2) < lUm  plapre) lim supd(aphs, ap+2) =0.

This implies that pgrfoo d(ap,ap+2) = 0. Now, we assume that pginoo d(ap,aptr) = 0, for & > 0.

Therefore, we have

i < 1i = 0.
i supd(ap, apiin) < T 6apis )A(ap apir) <0

Consequently, we get

lim {supd(ap,am);m > p} =0.

p—+oo

Case (ii) Suppose the sequence is finite. We need to find the pair (k,p), where k,p € NU{0} and &k > p
such that a, = ai. Picking (ko,po),in such a way that N = ko — po is minimum. We claim that for all
qgeN

Ako+ Ng = ko - (2.1)

Indeed, for ¢ =0, a, = ap, and for ¢ =1, we have
Ayt N = Qp, = Qg -
Let us assume that the result is true for all ¢ € N. Also, we have
Ako+N(g+1) = Qko+N = Apy = Qg -
This proves our claim. Moreover, for ¢ € N and k € {0,1,2,..., N — 1}, we obtain
Ako+k+Nq = Qko+k-

If N =1, we get kK =0. Also, apy+q = ai, for all ¢ > 0 implies a, = w for all n > k. So w is a limit
point of the sequence {ay}.

If N > 2, then we have ay,4; 7# ar,4+: for all 0 < j < < N —1. Also, N was assumed to be the least
number so that (2.1) holds. In particular, taking [ = j + 1, we have

2¢= min d(a a i > 0.
o (@ho-+5> Ohot+jt1)

By hypothesis, for rq € N so that ro > kg, we have
d(ary, Gry+1) < €.
If ro — ko = +jo mod N, then jg € {0,1,2,.., N —1}, there exists ¢ > 1 such that ro = ko + jo + Ng, also

Ary = Qko+jo+Ng = Cko+jo-



10

11
12

13
14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

ENRICHED TYPE CONTRACTIONS IN CONVEX GENERALIZED SUPER METRIC SPACES 5

Where ko + jo € {ko, ko +1,..,ko + N — 1}. Thus, similar as above we have

2e = min d(ako-i-jo’ ako-‘rjo-l-l) < d(ako+j07ako+jo+1) <€
0<jo<N-1

Which leads to a contradiction.

Thus, the sequence {a,} is Cauchy. Since the GSMS (A4, d, ¢) is complete, there exists a* € A such that
hrf d(ay,a*) = 0. O

n——+0oo

Now, we define a generalized enriched contraction in the setting of convex GSMS.

Definition 2.2 Let T be a self-map on a conver GSMS (A,d, ¢, W). Then T is said to be generalized
enriched contration if for o € [0,1), there exists 5 € [0,1) such that

d(W(a,Ta,a),W(b,Tb,5)) < 6 d(a,b), (2.2)
foralla#be A and 0 € [0,1).

If « = 8 and considering a = b also, a generalized enriched contration turns out to be an enriched
contraction.

Theorem 2.1 Let T be a generalized enriched contraction on a complete convex GSMS (A, d, p, W). For
ap € A, define the sequence {a,} as

aont2 = W(agnt1, Taont1, ), asns1 = Wazn, Tasn, ). (2.3)

If lir_irrl ¢(ay) exists, then the sequence {a,} is convergent and converges to the unique fized point of T.
n—-+0oo

Proof: If as, = as,41 for some n > 1, then from equation (2), we have

d(agn+1,a2n+2) = d(Taaon, Tpasn+1)
<0 d(azn, aznt1)
=0.
From this we get as, = a2n41 = @an42, Which further implies az, = Tnaz, = Tgaz,. Thus, az, is a

common fixed point of T, and T, and hence a fixed point of T'.
Now, suppose ag, 7# a2,+1; SO we have

d(aont1,a2nt2) = d(Taaon, Tgasm+1)
< 6 d(agn, azn+1)
< 0% d(agn—1,a2n)

IN

S 92"d(a0, al).

Thus, we get liIJIrl d(a2n+1,02n+2) = 0. From Lemma 2.1, {a, } is a Cauchy sequence and hence converges
n—-+oo

in A, say to a*. Again from equation (4), we have
d(Toa™, aont1) = d(Toa™, Tpazy)
<0 d(a*,as,)-
Letting n — 400, we get lir_irrl d(Twa*, asnt1) = 0. Taking b, = Tpa*, for all n € N, then from definition
n—-+oo
of GSMS, we have

lim supd(a®,Tha") < ¢(a*) lim supd(a™,an).

n—-+00 n——+00
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6 A. GANGWAR, S. RAWAT AND R.C. DIMRI

This implies a* = T,a*, i.e., a* is a fixed point of T, and hence of T.
Uniqueness: Let a,b € Fixz(T), then a = T,,a and b = Tgb. From equation (2), we have

d(a,b) <0 d(a,b),
which holds only if d(a,b) =0, i.e., a = b. O

Example 2.2 Let A =[0,1] and define a mapping d: A x A — [0,+00) by
d(a,b) = ab if a,b € (0,1)

d(a,b) =0 if and only if a = b.
d(a,0) =d(0,a) = a for all a € (0,1)
d(a,1) =d(l,a) =1— % for all a € (0,1).

Also, ¢ : A — [1,400) is defined as ¢p(a) =1+ a. Clearly, (A,d, d) is a GSMS.

Now, we define a convex structure in the space. For a € [0,1], take W(a,b,a) = (1 —a)a+ab. Letu € A
be arbitrary.

Case(i) If a,b € (0,1), then clearly W (a,b,a) € (0,1). Fora € (0,1)

d(u,W(a,b,a)) = u.((1 — a)a + ab)
=(1-aua+ad
= (1=a)d(u,a) + ad(u, b).

Case(ii) If a = 0,b € (0,1), then W(a,b,a) = ab € [0, 1). Suppose W (a,b, ) = 0, then for u € (0,1)

d(u, W(asb,e)) = u
< (1 —0)d(u,0) + 0.d(u,b).

Suppose W (a,b,a) = a.b € (0,1), then foru € (0, 1)

d(uw, W(a, b)) = u.c.b
< (1 - a)d(u,a) + ad(u,b).

Case(iii) If b = 0,a € (0,1), then W(a,b,a) = (1 — a)a € [0,1). Suppose W{(a,b,a) = 0, then for
u e (0,1)

d(u, W(a,b,a)) =u
< (1-1)d(u,0)+ 1.d(u,0).

Case(w) If a = 1,b € (0,1), then W(a,b,a) = (1 — a) + ab € (0,1]. Suppose W(a,b,a)) = 1, then for
ue (0,1)
u
du,W(a,b,a)) =1 — 5
<(1-0)d(u,1) +0.d(u,b).
Suppose W (a,b,a) = (1 — ) +ab € (0,1), then for u € (0,1)

d(u,W(a,b,a)) = (1 — a) + ab).u
<(1-aw)d(u,1) + a.d(u,b).

Case(v) If b = 1,a € (0,1), then W(a,b,a) = (1 — a)a + o € (0,1]. Suppose W (a,b,a) = 1, then for
ue (0,1)

d(u, (a,b,a)) =1— =
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ENRICHED TYPE CONTRACTIONS IN CONVEX GENERALIZED SUPER METRIC SPACES 7
Suppose W (a,b, o) = (1 —a)a+ o € (0,1), then for u € (0,1)

d(u,W(a,b,a)) = (1 — a)a.u+ a.u
(1 -0)d(u,a) + 0.d(u, 1).

IA

Similarly, we can prove for u = 0 and w = 1. Thus, (A,d,¢,W) is a convex GSMS. Now, define

T:A— AasTa= 5. In particular, taking o = % and B = i, we obtain Tpa = W(a,Ta;a) = SI“ and

Tga =W(a,Ta; ) = %‘l.

Case(i) If a,b € (0,1), then d(a,b) = ab and d(Taa, Tpb) = 222, s0 we have
d(Tpa,Tpdb) < 6d(a,b),

for % <f<I1.

Case(ii) If a = 0,b € (0,1), then d(a,b) = b and d(Tna,Tgb) = d(0,32) = 5L, so we have
d(Tpa,Tpdb) < 6d(a,b),

for g <f<I1.

Case(iii) If b=0,a € (0,1), then d(a,b) = a and d(Taa, Tpb) = d(3¢,0) = 3¢, so we have
d(Tpa,Tpb) < 6d(a,b),

for % <fh<I1.

Case(iv) If a =1,b € (0,1), then d(a,b) =1 — g > g and d(Tya,Tgb) = d(%, %b) = 13—5217, so we have

for%gﬁgl.

Case(v) If b=1,a € (0,1), then d(a,b) =1 — % > & and d(Taa, Tpb) = d(2, 3) = 122, s0 we have
d(Tpa,Tgdb) < 6d(a,b),

for % <6<1.

We see that for max{é—g, %, %, % £ g—g <0 <1, T satisfies all the postulates of Theorem 2.1. Hence T

has a unique fized point, which is 0.

Corollary 2.1 Let T be a («, 8 )-enriched contraction on complete convex GSMS (A, d, ¢, W). If for any
sequence {a,} defined as

an+1 = W(ana Tana Oé),

for ag € A, liIJlrl ¢(ay) exists. Then the sequence {a,} converges to the unique fized point of T.
n—-+oo
Corollary 2.2 Let T be a self-map on a complete GSMS (A, d, ¢). Suppose 6 € [0, 1), such that

d(Tx,Ty) <0 d(x,y), (2.4)

for all x,y € A. Then T has a unique fized point in A.

Proof: Using contraction condition (4), T' is continuous and T, = T = Tp. Following the proof of
Theorem 2.1, we obtain that T has a unique fixed point.
O
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8 A. GANGWAR, S. RAWAT AND R.C. DIMRI

Definition 2.3 Let (A,d,¢) be a GSMS. A self-map T on A is said to be an interpolative Dass and
Gupta rational contraction (IDGRC) if there exist o € [0,1) and 61,02 € [0,1) for which 01 + 02 < 1 such
that

02
for all a,b € A.

Definition 2.4 Let (A, d, ¢) be a conver GSMS. A self-map T on A is said to be («,0)-enriched IDGRC
if there exists ., 0 € [0,1) and 61,6 € [0,1) for which 61 + 62 < 1 such that

)

1+ d(a, W(a,Ta,a))d(b, W (b, Tb, a))] ) b2

d(W (a, Ta,0), W (b,Tb,)) < 0 (d(a, b)) <[ T+ d(a, b)

for all a,b € A.

Definition 2.5 Let (A,d,®) be a conver GSMS. A self-map T on A is said to be generalized (o,3,0)-
enriched IDGRC if for «,8 € [0,1), there exists 8 € [0,1) and 601,02 € [0,1) for which 61 + 02 < 1 such
that

02
[1 + d(a, W (a, Ta, a))d(b, W (b, Tb, ﬁ))]) . (25)

d(W(a,Ta,co), W(b,Tb,8)) < 6 (d(a,b))® ( T d(ad)
foralla#be A\ FiaT.

If & = B and considering a = b, then a generalized enriched IDGRC turns out to be enriched IDGRC .

Theorem 2.2 Let T be a generalized enriched IDGRC on a complete convex GSMS (A, d,¢,W). For
ag € A, define the sequence {an} as

A2n4-2 = W(02n+1,T62n+1, 04)7 A2n41 = W(GQmTazm 5)~

Consider lir}_l ¢(ay, ) exists, then the sequence {a,} is convergent and converges to a unique fized point
n—-+oo
of T.

Proof: If as,, = ag,41 for some n> 1, then from (2.5), we have

d(a2nt1, @2nt2) = d(Taaon, Tgasn+1)

(1 + d(agn, aznt1)]-d(aznt1, G2nt2) ) b2

< 0 d(azn, aznt1)” ( 1+ d(azgn, a2n+1)

=0.

From this we obtain as, = a2n+1 = a2p+2, which implies ag,, = Thaz, = Tgaz,. Thus ag, is a common
fixed point of Ti, and T3 and hence of T'.
Suppose agy, # aan+1, then we have

d(agn+1, aont2) = d(Twaon, Tgaont1)

(14 d(azn, azn+1)]-d(azn i1, G2ni2) ) b2
1+ d(azn, a2n+t1)

=0 d(azn, a2n+1)91 d(azn1, a2n+2)02 .

< 0 d(agn, azn1)" (

Since 6 + 65 < 1, we have

(d(a2n+1;a2n+2))1702 <0 d(a2n7a2n+1)91 <0 d(azn7112n+1)1792-
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ENRICHED TYPE CONTRACTIONS IN CONVEX GENERALIZED SUPER METRIC SPACES 9
This implies that

1
d(agn+1, aont2) < 0772 d(as,, aznt1)
< 0 d(azn, aznt1)

S 92” d(ao, al).

Letting n — 400, we obtain d(a2+1,a2n+2) — 0. From Lemma 2.1, the sequence {a,} is Cauchy and
converges in A, say to a*.
Again from equation (4), we have

d(Tpa®, aznt1) = d(Tea™, Taaay,)

1+ d(azn, azns1))d(azn 11, aznya) \
<0 d(a* o (| . ’
> ((1 5 a2n) ( 14+ d(agn, a2n+1)

Letting n — 400, we get lirf d(Tha*,asn+1) = 0. Let b, = T,a*, for all n € N, then from the definition
n——+0o0o
of GSMS, we have

lim supd(a®*,Tha") < ¢(a*) lim supd(a™,ay).

n—-+oo n—-+oo

This gives a* = T,a™, i.e., a* is a fixed point of T, and hence of T
Uniqueness: Let a,b € Fiz(T). Then a = Tya and b = Tgb. From equation (2), we obtain

d(a,b) < 0 d(a,b),

which holds only if d(a,b) = 0, that is @ =®b. Hence the fixed point is unique. O

Example 2.3 Let A = [1,2] and define the mapping d: A x A — [0,+00) as

Rt

Also, ¢ : A — [1,400) is defined as ¢p(a) = 1+ a. Clearly, d satisfies condition (1) and (2). Now

for condition (3), let {an} and {b,} be distinct sequences in A such that EIE d(an,b,) = 0, implies
n (o)

lim anpb, = 0. WLOG assume that lim a, =0 and lim b, = u for some u € A. Moreover, for

n—-+o0o n—-+oo n—-+oo

be A, we have

lim supd(b,,b) =0 < ¢(b) gr}rl sup d(an, b).

n——+00
Now we prove that (A,d, ¢) is convex. Let W(a,b;a)) = (1 — a)a+ ab, then if u # W(a,b; a)
d(u,W(a,b;a)) = (1 — a)a+ ab).u
=(1-a)au+abu
= (1 - a)d(u,a) + ad(u, b).
If u=W(a,b;a), then
0

(1 -a)au+ abu
1— a)d(u,a) + ad(u, b).

d(u, W(a,b;a))

IN
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Thus, (A,d,¢,W) is a conver GSMS. Now, define a self-map T on A such that Ta =2 — §.

In particular, taking a = 8 = % we get T, = Tg = %,Therefore, for all a,b € [1,2], we have

d(W (a,Ta,a), W (b,Th, 3)) =0

<0 (d(a,))" (

)

[1+ d(a, W (a, Ta, ))d(b, W (b, Tb, §))] ) o2
1+d(a,b)

for all 6,01,05 € [0,1) such that 61 + 02 < 1. By Theorem 2.1, T has a unique fized point, which is %.

Corollary 2.3 Let T be an («,0 )-enriched IDGRC on a complete conver GSMS (A,d,»,W). If for the
sequence {a,} defined as

ap41 = W(Cbn, Tay,, Oé),

ag € A, lirf o(ay,) exists. Then the sequence {a,} converges to the unique fized point of T.
n—-+0oo

Proof: Taking a = 8 and following the proof of Theorem 2.2, we obtain the desired result. O

Corollary 2.4 Let T be an IDGRC on a complete convex GSMS (A,d,d,W). If for a Picard sequence
{an}

An41 = Tay,

ag € A, ngrfoo @(a,) exists. Then the sequence {a,} converges to the unique fized point of T.

Proof: Taking a = 0 = 3 and following the proof of Theorem 2.2, we obtain the desired result. O

3. Application

Now, we show the existence and uniqueness of solution of a Caputo Atangana-Baleanu fractional
differential equation using fixed point results.

Dy f(t) = g(t, f(t)),t € I =[0,1]
f(0) =a. (3.1)
Here g : I x R — R and f: I — R are continuous functions satisfying ¢(0,z(0)) = 0, « € (0,1) and

a is a constant. Comnsider X = C(I,R) to be the space of continuous function on the interval I and
d(z,y) = sup |z(t) — y(t)|?, where ¢(z) = 2 + sup |z(t)|. Let the mapping W : X x X x [0,1] — X be
tel tel

defined as W(z,y; \) = Az + (1 — Ny, for all z,y € X. It is clear that (X,d, ¢, W) is a complete convex
GSMS.

Definition 3.1 [3,19,26] Consider f € H'(a,b) with a < b and o € [0,1]. The Caputo Atangana-
Baleanu fractional derivative of f of order « is defined by

D f(t) = % / ' @)E. [—a(t - x)a} dz.

11—«

Here B(«) is a normalizing positive function satisfying B(0) = B(1) = 1 and E, is the Mittage-Leffler
function defined by E.(y) = ::6 m Then, the associated fractional integral is defined as
1—«a «

ITf(t) = Wf(t) + thaf(t).

Here (I¢ is the left Riemann-Liouville fractional integral, which is defined as

20 = gy [ (=0 @)
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Proposition 3.1 [/ For0<a <1

«
11—«

13Dg f(z) = f(z) — f(a)Ea(Mz — a)¥) —
= f(z) = f(a).
Similarly, I8 D¢ f(x) = f(z) — £(b).
Theorem 3.1 Let X = C(I,R) and consider problem (3.1) as defined above. Suppose that

f(a)xanz’aJrl()‘(x —a)®)

B(a)(a) 1 1 -
1-A (((1—a>r<a>+1) 4)]fl<> fa(s)]-

for all f1,fo € C(I,R) and t € [0,1] and X € [0,1). Then, the problem (3.1) has a unique solution
ft) € C([0,1],R).

9(5, F1(5)) — g(s, fals))] < {

Proof: From Proposition 3.1, on operating the Atangana—Baleanu integral to both sides of (3.1), we
obtain

f(t) =a+ 179, f(#)):
Defining T': X — X by
(TH(E) = a+ I g(E, £(1))- (3.2)
Consider a mapping W : X x X x[0, 1] — X, which is defined as W (z, y; \) = Az+(1—-N)y, for allz,y € X.
We know that f is a solution of problem (3.1) if f € C([0, 1], R) is a fixed point of T
d(Txf1,Taf2) = sup (Tafu)(t) = (Daf2) ()

= Stlel? INL(E) (X =N (T f1)(#) — Ma2(t) — (1= N (Taf2) (1) ?
= sup (B = Fa (1 - M(TH)(0) - (L))

2
<51 [Am(t) — 2O+ (1= ) s (1)) - (sz)(t)l}
<up A1 (0) = £20)|+ (1= NIl £(5) — oo,

< sup ALf1(t) = f2(8)] + (1= N)

‘l—oz o

< sup A - (0] + (1~ )
L« B(a)I(e) CB@U@)
<B(a)> (((1—a)F(a)+1)(1—)\) 21— N )-fl( ) — f2(8)[+
L L ' —x a—1 i " 2
B(a) [r )/a(t ) gty f1(2) — g(t, f2())]d ”

(a
< sup Alfi(t) = f2(8)] + (1= N)

11—« B(a)(«) _ B(a)I'(«@) S £i(s
<B<a>> (((1—a>r<a>+1><1—A> FTERSY )'fl( R
o [ Lt e B()T ()
Bla) [F(a)/o (t-=) {(<<1—a>r<a>+1><1—x>

S I fz(S)Ider

19 (t, [1(1) — g(t, f2(1))]
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i.e.
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(1-a)(a) ) ( 1 )
< |\ 1—A
- [ +=4 {<((1 —aT@+D1-») T\ 6@ =@ + DI —»
(1—a)T(a) 1 2
1—a) 177
< {1 - % - 4} d(f1, f2)
LTI
=~ 5 Z 1, 2)'
Clearly, 6 = [5 + %]2 € (0,1), since a € (0,1). Therefore, by Corollary 2.1, T' has a unique fixed point,
, the fractional differential equation (3.1) has a unique solution. O
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