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Enriched Type Contractions in Convex Generalized Super Metric Spaces

Amit Gangwar, Shivam Rawat∗ and R.C. Dimri

abstract: In this paper, we present the concept of a generalized super metric space. We then define a
generalized enriched contraction within the framework of a convex generalized super metric space and propose
several fixed point theorems for this new type of contraction. Additionally, we extend the Dass and Gupta
rational contraction in the context of our newly introduced space. To illustrate our findings, we include
examples. Finally, we apply our results to solve a fractional differential equation.
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1. Introduction and preliminaries

Fréchet pioneered metric space theory in 1906 [12], laying its foundational concepts. Subsequently,
numerous scholars have extended the concept of a metric space (MS) by relaxing certain conditions and
adjusting the metric function, as evidenced by various works (refer to [4,9,20,14] for examples). In 1922,
Banach demonstrated a significant result in fixed point theory, now known as the Banach contraction
principle, proving that a contraction self-mapping on a complete MS possesses a unique fixed point.
Due to its broad relevance, this principle has been further developed and generalized in various contexts
(refer to [13,21,24,25] and references therein). In 1993, Czerwik introduced the concept of a b-MS as a
generalization of MS.

Definition 1.1 Let A ̸= ϕ and d : A×A → [0,+∞) be a mapping. If for all a, b, c ∈ A

1. 0 ≤ d(a, b) and d(a, b) = 0 if and only if a = b;

2. d(a, b) = d(b, a);

3. there exists s ≥ 1 such that

d(a, b) ≤ s(d(a, c) + d(b, c)).

Then, (A, d) is said to be a b-metric space.

To enlarge the notion of b-MS, Kamran et al. [16] proposed the concept of an extended b-MS in 2017.

Definition 1.2 Let A ̸= ϕ and d : A×A → [0,+∞) be a mapping. If for a, b, c ∈ A

1. 0 ≤ d(a, b) and d(a, b) = 0 if and only if a = b;

2. d(a, b) = d(b, a);

3. there exists a function ϕ : A×A → [1,+∞) such that

d(a, b) ≤ ϕ(a, b)(d(a, c) + d(b, c)).

∗ Corresponding author

Submitted May 09, 2024. Published May 28, 2025
2010 Mathematics Subject Classification: 47H09, 47H10, 54H25.

1
Typeset by BSPMstyle.
© Soc. Paran. de Mat.

www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.72159


D
R
A
FT

2 A. Gangwar, S. Rawat and R.C. Dimri

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

Then, (A, d) is said to be an extended b-metric space.

In 2019, Berinde expanded the scope of contractive mappings in Banach spaces by introducing enrichment,
defining an enriched contraction or (b, θ)-enriched contraction for a self-mapping T on X. Here, the terms
“enriched contraction” or “(b, θ)-enriched contraction” imply the existence of two constants, b ∈ [0,+∞)
and θ ∈ [0, b+ 1), such that for all x, y ∈ X, the following inequality holds:

∥b(x− y) + Tx− Ty∥ ≤ θ∥x− y∥.∥b(x− y) + Tx− Ty∥ ≤ θ∥x− y∥.

Recent years have seen an increasing interest in expanding the theory of enriched type contractions [22,23].
In 2022, Karapınar and Khojasteh [17] introduced a new generalization of metric space as follows.

Definition 1.3 [17] Let A ̸= ϕ and d : A×A → [0,+∞) be a mapping. If for a, b, c ∈ A

1. 0 ≤ d(a, b) and d(a, b) = 0 if and only if a = b;

2. d(a, b) = d(b, a);

3. for distinct sequences {an}, {bn} ∈ A such that lim
n→+∞

d(an, bn) = 0, there

exists s ≥ 1 such that

lim
n→+∞

sup d(an, c) ≤ s lim
n→+∞

sup d(bn, c),

for all c ∈ A.

Then, (A, d) is said to be a super metric space (SMS).

Karapinar and Fulga [18] investigated contractions represented in a rational form within the framework
of SMS. They introduced definitions for convergence and Cauchy sequences in a SMS a follows.

Definition 1.4 [17] Let {an} be a sequence in a SMS (A, d). Then

1. the sequence {an} is Cauchy if and only if lim
n→+∞

sup{d(an, am),m > n} = 0.

2. the sequence {an} converges to a ∈ A if and only if lim
n→+∞

d(an, a) = 0.

We say (A, d) is a complete SMS if and only if every Cauchy sequence converges in A.

In 1970, Takahashi [27] introduced the convexity structure on normed linear spaces, which has been very
useful in the context of fixed point theory. Now, we give some basic preliminaries regarding convex metric
spaces.

Definition 1.5 [27] Let (A, d) be a MS. A continuous function W : A × A × [0, 1] → A is said to be a
convex structure on A, if for all a, b ∈ A and α ∈ [0, 1], the following inequality holds.

d(u,W (a, b;α)) ≤ αd(u, a) + (1− α)d(u, b), for any u ∈ A. (1.1)

Any MS (A, d) along with a convex structure W is called a Takahashi CMS or simply a CMS and is
usually denoted by (A, d,W ).

The following lemmas present some basic properties of a CMS.

Lemma 1.1 [2] Let (A, d,W ) be a CMS. For each a, b ∈ A and α, α1, α2 ∈ [0, 1], the following are true.

1. W (a, a;α) = a;W (a, b; 0) = b and W (a, b; 1) = a.

2. |α1 − α2|d(a, b) ≤ d(W (a, b;α1),W (a, b;α2)).
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Lemma 1.2 [2] Let (A, d,W ) be a CMS and T : A → A be a self mapping. The mapping Tα : A → A
is defined by

Tαa = W (a, Ta;α), a ∈ A. (1.2)

Then, for any α ∈ [0, 1), we have Fix(T ) = Fix(Tα).

Definition 1.6 [18] A self-map T on a CMS (A, d,W ) is said to be (α, θ)-enriched contraction if there
exist α, θ ∈ [0, 1), such that

d(W (a, Ta, α),W (b, T b, α)) ≤ θ d(a, b),

for all a, b ∈ A.

Motivated by the above results, in this paper, we first generalize the notion of a SMS. Then, we define
a generalized (α, θ)-enriched type contraction in the setting of convex generalized super metric space
and propose some fixed point results for these introduced contractions. An example is also provided to
support our proposed results. In the end an application to fractional differential equations is provided.

2. Main results

We initiate by generalizing the notion of a SMS.

Definition 2.1 Let A ̸= ϕ and d : A×A → [0,+∞) be a mapping. If for a, b, c ∈ A

1. 0 ≤ d(a, b) and d(a, b) = 0 if and only if a = b;

2. d(a, b) = d(b, a);

3. for distinct sequences {an}, {bn} ∈ A such that lim
n→+∞

d(an, bn) = 0, there

exists a function ϕ : A → [1,+∞) so that

lim
n→+∞

sup d(an, c) ≤ ϕ(c) lim
n→+∞

sup d(bn, c)

for all c ∈ A.

Then, (A, d, ϕ) is said to be a generalized super metric space (GSMS).

Example 2.1 Let A = R and define d : A×A → [0,+∞) such that

d(a, b) = (a− b)2 for a, b ∈ R− {1},
d(1, b) = d(b, 1) = (1− b3)2 for b ∈ R,

and ϕ : R → [1,+∞) is defined as ϕ(a, b) = 1 + |a|.
Clearly, d satisfies condition 1 and 2 of Definition 2.1. Now for condition 3, let b ̸= 1, and {an}, {bn} be
two sequences in A such that lim

n→+∞
sup d(an, bn) = 0. This implies that lim

n→+∞
an = v = lim

n→+∞
bn, for

some v ∈ R. Then, we have

lim
n→+∞

sup d(an, c) = (v − c)2

≤ ϕ(c).(v − c)2

≤ ϕ(c) lim
n→+∞

sup d(bn, c)

for all c ∈ A. For b = 1, taking both the sequences {an} and {bn} to be same, we obtain the desired reult.
Thus, (A, d, ϕ) is a GSMS.

Remark 2.1 Clearly, if for all c ∈ A, ϕ(c) = s ≥ 1 , then (A, d, ϕ) is a SMS, which leads us to conclude
that every SMS is an GSMS.
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Lemma 2.1 Let {an} be a sequence in complete GSMS (A, d, ϕ). If lim
n→+∞

d(an, an+1) = 0 and

lim
n→+∞

ϕ(an) exists. Then the sequence {an} is Cauchy and converges in A.

Proof: Let {an} be a sequence in A such that lim
n→+∞

d(an, an+1) = 0.

Two cases are considered:
Case (i) Suppose the sequence {an} is infinite. Using mathematical induction we show that

lim
p→+∞

d(ap, ap+k) = 0 for all k > 0.

WLOG, we assume that ap ̸= ap+k. For k = 1, we have lim
p→+∞

d(ap, ap+1) = 0. Letting k = 2, we have

lim
p→+∞

sup d(ap, ap+2) ≤ lim
p→+∞

ϕ(ap+2) lim
p→+∞

sup d(ap+1, ap+2) = 0.

This implies that lim
p→+∞

d(ap, ap+2) = 0. Now, we assume that lim
p→+∞

d(ap, ap+k) = 0, for k > 0.

Therefore, we have

lim
p→+∞

sup d(ap, ap+k+1) ≤ lim
p→+∞

ϕ(ap+k+1)d(ap, ap+k) = 0.

Consequently, we get

lim
p→+∞

{sup d(ap, am);m > p} = 0.

Case (ii) Suppose the sequence is finite. We need to find the pair (k, p), where k, p ∈ N∪ {0} and k > p
such that ap = ak. Picking (k0, p0), in such a way that N = k0 − p0 is minimum. We claim that for all
q ∈ N

ak0+Nq = ak0
. (2.1)

Indeed, for q = 0, ak0
= ap0

and for q = 1, we have

ak0+N = ap0 = ak0 .

Let us assume that the result is true for all q ∈ N. Also, we have

ak0+N(q+1) = ak0+N = ap0
= ak0

.

This proves our claim. Moreover, for q ∈ N and k ∈ {0, 1, 2, ..., N − 1}, we obtain

ak0+k+Nq = ak0+k.

If N = 1, we get k = 0. Also, ak0+q = ak0
for all q ≥ 0 implies an = w for all n ≥ k0. So w is a limit

point of the sequence {an}.
If N ≥ 2, then we have ak0+j ̸= ak0+l for all 0 ≤ j < l ≤ N − 1. Also, N was assumed to be the least
number so that (2.1) holds. In particular, taking l = j + 1, we have

2ϵ = min
0≤j≤N−1

d(ak0+j , ak0+j+1) > 0.

By hypothesis, for r0 ∈ N so that r0 ≥ k0, we have

d(ar0 , ar0+1) < ϵ.

If r0−k0 = +j0 mod N , then j0 ∈ {0, 1, 2, .., N −1}, there exists q ≥ 1 such that r0 = k0+ j0+Nq, also

ar0 = ak0+j0+Nq = ak0+j0 .
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Where k0 + j0 ∈ {k0, k0 + 1, .., k0 +N − 1}. Thus, similar as above we have

2ϵ = min
0≤j0≤N−1

d(ak0+j0 , ak0+j0+1) ≤ d(ak0+j0 , ak0+j0+1) < ϵ.

Which leads to a contradiction.
Thus, the sequence {an} is Cauchy. Since the GSMS (A, d, ϕ) is complete, there exists a∗ ∈ A such that
lim

n→+∞
d(an, a

∗) = 0. 2

Now, we define a generalized enriched contraction in the setting of convex GSMS.

Definition 2.2 Let T be a self-map on a convex GSMS (A, d, ϕ,W ). Then T is said to be generalized
enriched contration if for α ∈ [0, 1), there exists β ∈ [0, 1) such that

d(W (a, Ta, α),W (b, T b, β)) ≤ θ d(a, b), (2.2)

for all a ̸= b ∈ A and θ ∈ [0, 1).

If α = β and considering a = b also, a generalized enriched contration turns out to be an enriched
contraction.

Theorem 2.1 Let T be a generalized enriched contraction on a complete convex GSMS (A, d, ϕ,W ). For
a0 ∈ A, define the sequence {an} as

a2n+2 = W (a2n+1, Ta2n+1, α), a2n+1 = W (a2n, Ta2n, β). (2.3)

If lim
n→+∞

ϕ(an) exists, then the sequence {an} is convergent and converges to the unique fixed point of T .

Proof: If a2n = a2n+1 for some n ≥ 1, then from equation (2), we have

d(a2n+1, a2n+2) = d(Tαa2n, Tβa2n+1)

≤ θ d(a2n, a2n+1)

= 0.

From this we get a2n = a2n+1 = a2n+2, which further implies a2n = Tαa2n = Tβa2n. Thus, a2n is a
common fixed point of Tα and Tβ , and hence a fixed point of T .
Now, suppose a2n ̸= a2n+1, so we have

d(a2n+1, a2n+2) = d(Tαa2n, Tβa2n+1)

≤ θ d(a2n, a2n+1)

≤ θ2 d(a2n−1, a2n)

≤ .

.

.

≤ θ2nd(a0, a1).

Thus, we get lim
n→+∞

d(a2n+1, a2n+2) = 0. From Lemma 2.1, {an} is a Cauchy sequence and hence converges

in A, say to a∗. Again from equation (4), we have

d(Tαa
∗, a2n+1) = d(Tαa

∗, Tβa2n)

≤ θ d(a∗, a2n).

Letting n → +∞, we get lim
n→+∞

d(Tαa
∗, a2n+1) = 0. Taking bn = Tαa

∗, for all n ∈ N, then from definition

of GSMS, we have

lim
n→+∞

sup d(a∗, Tαa
∗) ≤ ϕ(a∗) lim

n→+∞
sup d(a∗, an).
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This implies a∗ = Tαa
∗, i.e., a∗ is a fixed point of Tα and hence of T .

Uniqueness: Let a, b ∈ Fix(T ), then a = Tαa and b = Tβb. From equation (2), we have

d(a, b) ≤ θ d(a, b),

which holds only if d(a, b) = 0, i.e., a = b. 2

Example 2.2 Let A = [0, 1] and define a mapping d : A×A → [0,+∞) by

d(a, b) = ab if a, b ∈ (0, 1)

d(a, b) = 0 if and only if a = b.

d(a, 0) = d(0, a) = a for all a ∈ (0, 1)

d(a, 1) = d(1, a) = 1− a

2
for all a ∈ (0, 1).

Also, ϕ : A → [1,+∞) is defined as ϕ(a) = 1 + a. Clearly, (A, d, ϕ) is a GSMS.
Now, we define a convex structure in the space. For α ∈ [0, 1], take W (a, b, α) = (1−α)a+αb. Let u ∈ A
be arbitrary.
Case(i) If a, b ∈ (0, 1), then clearly W (a, b, α) ∈ (0, 1). For u ∈ (0, 1)

d(u,W (a, b, α)) = u.((1− α)a+ αb)

= (1− α)u.a+ α.b

= (1− α)d(u, a) + αd(u, b).

Case(ii) If a = 0, b ∈ (0, 1), then W (a, b, α) = αb ∈ [0, 1). Suppose W (a, b, α) = 0, then for u ∈ (0, 1)

d(u,W (a, b, α)) = u

≤ (1− 0)d(u, 0) + 0.d(u, b).

Suppose W (a, b, α) = α.b ∈ (0, 1), then for u ∈ (0, 1)

d(u,W (a, b, α)) = u.α.b

≤ (1− α)d(u, a) + αd(u, b).

Case(iii) If b = 0, a ∈ (0, 1), then W (a, b, α) = (1 − α)a ∈ [0, 1). Suppose W (a, b, α) = 0, then for
u ∈ (0, 1)

d(u,W (a, b, α)) = u

≤ (1− 1)d(u, 0) + 1.d(u, 0).

Case(iv) If a = 1, b ∈ (0, 1), then W (a, b, α) = (1 − α) + αb ∈ (0, 1]. Suppose W (a, b, α) = 1, then for
u ∈ (0, 1)

d(u,W (a, b, α)) = 1− u

2
≤ (1− 0)d(u, 1) + 0.d(u, b).

Suppose W (a, b, α) = (1− α) + αb ∈ (0, 1), then for u ∈ (0, 1)

d(u,W (a, b, α)) = ((1− α) + αb).u

≤ (1− α)d(u, 1) + α.d(u, b).

Case(v) If b = 1, a ∈ (0, 1), then W (a, b, α) = (1 − α)a + α ∈ (0, 1]. Suppose W (a, b, α) = 1, then for
u ∈ (0, 1)

d(u, (a, b, α)) = 1− u

2
≤ (1− 0)d(u, 1) + 0.d(u, b).
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Suppose W (a, b, α) = (1− α)a+ α ∈ (0, 1), then for u ∈ (0, 1)

d(u,W (a, b, α)) = (1− α)a.u+ α.u

≤ (1− 0)d(u, a) + 0.d(u, 1).

Similarly, we can prove for u = 0 and u = 1. Thus, (A, d, ϕ,W ) is a convex GSMS. Now, define
T : A → A as Ta = a

2 . In particular, taking α = 1
2 and β = 1

4 , we obtain Tαa = W (a, Ta;α) = 3a
4 and

Tβa = W (a, Ta;β) = 5a
8 .

Case(i) If a, b ∈ (0, 1), then d(a, b) = ab and d(Tαa, Tβb) =
15a
32 , so we have

d(Tαa, Tβb) ≤ θd(a, b),

for 15
32 ≤ θ ≤ 1.

Case(ii) If a = 0, b ∈ (0, 1), then d(a, b) = b and d(Tαa, Tβb) = d(0, 5b
8 ) =

5b
8 , so we have

d(Tαa, Tβb) ≤ θd(a, b),

for 5
8 ≤ θ ≤ 1.

Case(iii) If b = 0, a ∈ (0, 1), then d(a, b) = a and d(Tαa, Tβb) = d( 3a4 , 0) = 3a
4 , so we have

d(Tαa, Tβb) ≤ θd(a, b),

for 3
4 ≤ θ ≤ 1.

Case(iv) If a = 1, b ∈ (0, 1), then d(a, b) = 1− b
2 ≥ b

2 and d(Tαa, Tβb) = d( 34 ,
5b
8 ) =

15b
32 , so we have

d(Tαa, Tβb) ≤ θd(a, b),

for 30
32 ≤ θ ≤ 1.

Case(v) If b = 1, a ∈ (0, 1), then d(a, b) = 1− a
2 ≥ a

2 and d(Tαa, Tβb) = d( 3a4 , 5
8 ) =

15a
32 , so we have

d(Tαa, Tβb) ≤ θd(a, b),

for 30
32 ≤ θ ≤ 1.

We see that for max{ 15
32 ,

5
8 ,

3
4 ,

30
32} = 30

32 ≤ θ < 1, T satisfies all the postulates of Theorem 2.1. Hence T
has a unique fixed point, which is 0.

Corollary 2.1 Let T be a (α, θ)-enriched contraction on complete convex GSMS (A, d, ϕ,W ). If for any
sequence {an} defined as

an+1 = W (an, Tan, α),

for a0 ∈ A, lim
n→+∞

ϕ(an) exists. Then the sequence {an} converges to the unique fixed point of T .

Corollary 2.2 Let T be a self-map on a complete GSMS (A, d, ϕ). Suppose θ ∈ [0, 1), such that

d(Tx, Ty) ≤ θ d(x, y), (2.4)

for all x, y ∈ A. Then T has a unique fixed point in A.

Proof: Using contraction condition (4), T is continuous and Tα = T = Tβ . Following the proof of
Theorem 2.1, we obtain that T has a unique fixed point.

2
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Definition 2.3 Let (A, d, ϕ) be a GSMS. A self-map T on A is said to be an interpolative Dass and
Gupta rational contraction (IDGRC) if there exist α ∈ [0, 1) and θ1, θ2 ∈ [0, 1) for which θ1+ θ2 < 1 such
that

d(Ta, Tb) ≤ θ (d(a, b))θ1
(
[1 + d(a, Ta)d(b, T b)]

1 + d(a, b)

)θ2

,

for all a, b ∈ A.

Definition 2.4 Let (A, d, ϕ) be a convex GSMS. A self-map T on A is said to be (α,θ)-enriched IDGRC
if there exists α, θ ∈ [0, 1) and θ1, θ2 ∈ [0, 1) for which θ1 + θ2 < 1 such that

d(W (a, Ta, α),W (b, T b, α)) ≤ θ (d(a, b))θ1
(
[1 + d(a,W (a, Ta, α))d(b,W (b, T b, α))]

1 + d(a, b)

)θ2

,

for all a, b ∈ A.

Definition 2.5 Let (A, d, ϕ) be a convex GSMS. A self-map T on A is said to be generalized (α,β,θ)-
enriched IDGRC if for α, θ ∈ [0, 1), there exists β ∈ [0, 1) and θ1, θ2 ∈ [0, 1) for which θ1 + θ2 < 1 such
that

d(W (a, Ta, α),W (b, T b, β)) ≤ θ (d(a, b))θ1
(
[1 + d(a,W (a, Ta, α))d(b,W (b, T b, β))]

1 + d(a, b)

)θ2

, (2.5)

for all a ̸= b ∈ A \ FixT .

If α = β and considering a = b, then a generalized enriched IDGRC turns out to be enriched IDGRC .

Theorem 2.2 Let T be a generalized enriched IDGRC on a complete convex GSMS (A, d, ϕ,W ). For
a0 ∈ A, define the sequence {an} as

a2n+2 = W (a2n+1, Ta2n+1, α), a2n+1 = W (a2n, Ta2n, β).

Consider lim
n→+∞

ϕ(an) exists, then the sequence {an} is convergent and converges to a unique fixed point

of T .

Proof: If a2n = a2n+1 for some n ≥ 1, then from (2.5), we have

d(a2n+1, a2n+2) = d(Tαa2n, Tβa2n+1)

≤ θ d(a2n, a2n+1)
θ1

(
[1 + d(a2n, a2n+1)].d(a2n+1, a2n+2)

1 + d(a2n, a2n+1)

)θ2

= 0.

From this we obtain a2n = a2n+1 = a2n+2, which implies a2n = Tαa2n = Tβa2n. Thus a2n is a common
fixed point of Tα and Tβ and hence of T .
Suppose a2n ̸= a2n+1, then we have

d(a2n+1, a2n+2) = d(Tαa2n, Tβa2n+1)

≤ θ d(a2n, a2n+1)
θ1

(
[1 + d(a2n, a2n+1)].d(a2n+1, a2n+2)

1 + d(a2n, a2n+1)

)θ2

= θ d(a2n, a2n+1)
θ1 .d(a2n+1, a2n+2)

θ2 .

Since θ1 + θ2 < 1, we have

(d(a2n+1, a2n+2))
1−θ2 ≤ θ d(a2n, a2n+1)

θ1 ≤ θ d(a2n, a2n+1)
1−θ2 .
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This implies that

d(a2n+1, a2n+2) ≤ θ
1

1−θ2 d(a2n, a2n+1)

≤ θ d(a2n, a2n+1)

.

.

≤ θ2n d(a0, a1).

Letting n → +∞, we obtain d(a2n+1, a2n+2) → 0. From Lemma 2.1, the sequence {an} is Cauchy and
converges in A, say to a∗.
Again from equation (4), we have

d(Tαa
∗, a2n+1) = d(Tαa

∗, Tβa2n)

≤ θ d(a∗, a2n)
θ1

(
[1 + d(a2n, a2n+1)].d(a2n+1, a2n+2)

1 + d(a2n, a2n+1)

)θ2

.

Letting n → +∞, we get lim
n→+∞

d(Tαa
∗, a2n+1) = 0. Let bn = Tαa

∗, for all n ∈ N, then from the definition

of GSMS, we have

lim
n→+∞

sup d(a∗, Tαa
∗) ≤ ϕ(a∗) lim

n→+∞
sup d(a∗, an).

This gives a∗ = Tαa
∗, i.e., a∗ is a fixed point of Tα and hence of T .

Uniqueness: Let a, b ∈ Fix(T ). Then a = Tαa and b = Tβb. From equation (2), we obtain

d(a, b) ≤ θ d(a, b),

which holds only if d(a, b) = 0, that is a = b. Hence the fixed point is unique. 2

Example 2.3 Let A = [1, 2] and define the mapping d : A×A → [0,+∞) as

d(a, b) =

{
ab if a ̸= b

0 if a = b.

Also, ϕ : A → [1,+∞) is defined as ϕ(a) = 1 + a. Clearly, d satisfies condition (1) and (2). Now
for condition (3), let {an} and {bn} be distinct sequences in A such that lim

n→+∞
d(an, bn) = 0, implies

lim
n→+∞

anbn = 0. WLOG assume that lim
n→+∞

an = 0 and lim
n→+∞

bn = u for some u ∈ A. Moreover, for

b ∈ A, we have

lim
n→+∞

sup d(bn, b) = 0 ≤ ϕ(b) lim
n→+∞

sup d(an, b).

Now we prove that (A, d, ϕ) is convex. Let W (a, b;α) = (1− α)a+ αb, then if u ̸= W (a, b;α)

d(u,W (a, b;α)) = (1− α)a+ αb).u

= (1− α)a.u+ αb.u

= (1− α)d(u, a) + αd(u, b).

If u = W (a, b;α), then

d(u,W (a, b;α)) = 0

≤ (1− α)a.u+ αb.u

= (1− α)d(u, a) + αd(u, b).
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Thus, (A, d, ϕ,W ) is a convex GSMS. Now, define a self-map T on A such that Ta = 2− a
2 .

In particular, taking α = β = 1
3 we get Tα = Tβ = 4

3 .Therefore, for all a, b ∈ [1, 2], we have

d(W (a, Ta, α),W (b, T b, β)) = 0

≤ θ (d(a, b))θ1
(
[1 + d(a,W (a, Ta, α))d(b,W (b, T b, β))]

1 + d(a, b)

)θ2

,

for all θ, θ1, θ2 ∈ [0, 1) such that θ1 + θ2 < 1. By Theorem 2.1, T has a unique fixed point, which is 4
3 .

Corollary 2.3 Let T be an (α,θ)-enriched IDGRC on a complete convex GSMS (A, d, ϕ,W ). If for the
sequence {an} defined as

an+1 = W (an, Tan, α),

a0 ∈ A, lim
n→+∞

ϕ(an) exists. Then the sequence {an} converges to the unique fixed point of T .

Proof: Taking α = β and following the proof of Theorem 2.2, we obtain the desired result. 2

Corollary 2.4 Let T be an IDGRC on a complete convex GSMS (A, d, ϕ,W ). If for a Picard sequence
{an}

an+1 = Tan,

a0 ∈ A, lim
n→+∞

ϕ(an) exists. Then the sequence {an} converges to the unique fixed point of T .

Proof: Taking α = 0 = β and following the proof of Theorem 2.2, we obtain the desired result. 2

3. Application

Now, we show the existence and uniqueness of solution of a Caputo Atangana-Baleanu fractional
differential equation using fixed point results.

Dα
t f(t) = g(t, f(t)), t ∈ I = [0, 1]

f(0) = a. (3.1)

Here g : I × R → R and f : I → R are continuous functions satisfying g(0, x(0)) = 0, α ∈ (0, 1) and
a is a constant. Consider X = C(I,R) to be the space of continuous function on the interval I and
d(x, y) = sup

t∈I
|x(t) − y(t)|2, where ϕ(x) = 2 + sup

t∈I
|x(t)|. Let the mapping W : X × X × [0, 1] → X be

defined as W (x, y;λ) = λx+ (1− λ)y, for all x, y ∈ X. It is clear that (X, d, ϕ,W ) is a complete convex
GSMS.

Definition 3.1 [3,19,26] Consider f ∈ H1(a, b) with a < b and α ∈ [0, 1]. The Caputo Atangana-
Baleanu fractional derivative of f of order α is defined by

Dα
t f(t) =

B(α)

1− α

∫ t

a

f ′(x)Eα

[
−α

(t− x)α

1− α

]
dx.

Here B(α) is a normalizing positive function satisfying B(0) = B(1) = 1 and Eα is the Mittage-Leffler

function defined by Eα(y) =
∑+∞

n=0
yn

Γ(αn+1) . Then, the associated fractional integral is defined as

Iαt f(t) =
1− α

B(α)
f(t) +

α

B(α)
tI

αf(t).

Here tI
α is the left Riemann-Liouville fractional integral, which is defined as

tI
αf(t) =

1

Γ(α)

∫ t

a

(t− x)α−1f(x)dx.
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Proposition 3.1 [1] For 0 < α < 1

Iαa D
α
a f(x) = f(x)− f(a)Eα(λ(x− a)α)− α

1− α
f(a)xαEα,α+1(λ(x− a)α)

= f(x)− f(a).

Similarly, Iαb D
α
b f(x) = f(x)− f(b).

Theorem 3.1 Let X = C(I,R) and consider problem (3.1) as defined above. Suppose that

|g(s, f1(s))− g(s, f2(s))| ≤
[
B(α)Γ(α)

1− λ

(
1

((1− α)Γ(α) + 1)
− 1

4

)]
.|f1(s)− f2(s)|.

for all f1, f2 ∈ C(I,R) and t ∈ [0, 1] and λ ∈ [0, 1). Then, the problem (3.1) has a unique solution
f(t) ∈ C([0, 1],R).

Proof: From Proposition 3.1, on operating the Atangana–Baleanu integral to both sides of (3.1), we
obtain

f(t) = a+ Iαt g(t, f(t)).

Defining T : X → X by
(Tf)(t) = a+ Iαt g(t, f(t)). (3.2)

Consider a mappingW : X×X×[0, 1] → X, which is defined asW (x, y;λ) = λx+(1−λ)y, for all x, y ∈ X.
We know that f is a solution of problem (3.1) if f ∈ C([0, 1],R) is a fixed point of T .

d(Tλf1, Tλf2) = sup
t∈I

|(Tλf1)(t)− (Tλf2)(t)|2

= sup
t∈I

|λf1(t) + (1− λ)(Tf1)(t)− λf2(t)− (1− λ)(Tλf2)(t)|2

= sup
t∈I

|λ(f1(t)− f2(t)) + (1− λ)((Tf1)(t)− (Tf2)(t))|2

≤ sup
t∈I

[
λ|f1(t)− f2(t)|+ (1− λ) sup

t∈I
|(Tf1)(t)− (Tf2)(t)|

]2
≤ sup

t∈I
[λ|f1(t)− f2(t)|+ (1− λ)|Iαt [g(s, f1(s))− g(s, f2(s))]|]2

≤ sup
t∈I

[λ|f1(t)− f2(t)|+ (1− λ)∣∣∣∣1− α

B(α)
[g(t, f1(t))− g(t, f2(t))] +

α

B(α)
tI

α[g(t, f1(t))− g(t, f2(t))]

∣∣∣∣]2
≤ sup

t∈I
[λ|f1(t)− f2(t)|+ (1− λ)(
1− α

B(α)

)(
B(α)Γ(α)

((1− α)Γ(α) + 1)(1− λ)
− B(α)Γ(α)

4(1− λ)

)
.|f1(s)− f2(s)|+

α

B(α)

[
1

Γ(α)

∫ t

a

(t− x)α−1[g(t, f1(t))− g(t, f2(t))]dx

]]2
≤ sup

t∈I
[λ|f1(t)− f2(t)|+ (1− λ)(
1− α

B(α)

)(
B(α)Γ(α)

((1− α)Γ(α) + 1)(1− λ)
− B(α)Γ(α)

4(1− λ)

)
.|f1(s)− f2(s)|+

α

B(α)

[
1

Γ(α)

∫ t

0

(t− x)α−1

{(
B(α)Γ(α)

((1− α)Γ(α) + 1)(1− λ)

−B(α)Γ(α)

4(1− λ)

)
.|f1(s)− f2(s)|dx

}]]2
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≤
[
λ+ (1− λ)

{(
(1− α)Γ(α)

((1− α)Γ(α) + 1)(1− λ)

)
+

(
1

6((1− α)Γ(α) + 1)(1− λ)

)
− (1− α)Γ(α)

4(1− λ)
− 1

4(1− λ)

}]2
d(f1, f2)

≤
[
1− (1− α)

4
− 1

4

]2
d(f1, f2)

≤
[
1

2
+

α

4

]2
d(f1, f2).

Clearly, θ =
[
1
2 + α

4

]2 ∈ (0, 1), since α ∈ (0, 1). Therefore, by Corollary 2.1, T has a unique fixed point,
i.e., the fractional differential equation (3.1) has a unique solution. 2
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