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On Convex Hull of Orthogonal Scalar Spectral Functions of a
Carleman Operator

S. M. Bahri

ABSTRACT: In this paper we describe the closed convex hull of orthogonal resolvents
of an abstract symmetric operator of defect indices (1,1), then we study the convex
hull of orthogonal spectral functions of a Carleman operator in the Hilbert space
L2 (X, p).
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1. Introduction

Let H be a (separable) Hilbert space and let A be a symmetric operator in
H with defect indices (1,1). It is well known that the set W (A) of all general-
ized spectral functions of A is both convex and closed (in some natural topology).
Consider the following problem:

Describe a convex hull Wy (A) of orthogonal spectral functions of A.

This problem has been solved by I.M. Glazman [7] for jacobi matrices corre-
sponding to Hamburger moment problem. To explain his result let us recall that
according to the Krein-Naimark formula for generalized resolvents of A the set
W (A) is described as follows: E; € W (A) if and only if

QEL ) DoV o)+ Dy (V)
I S Gemran PN M

where D;,C; (i = 1,2) are entries of the resolvent matrix of A and f is a ”scale”
vector and N stands for the Nevanlinna class of functions holomorphic in C; with
non-negative imaginary parts [9].

Glazman [7] proved that E, € Wy (A) if and only if ¢ in (1) admits a represen-
tation

PN =" (CL(N)/Co(N), ¢"€N. (2)

Though Glazman proved this result for Jacobi matrices, it remains valid for
any symmetric operator A with defect indices (1, 1) . This result may be found in
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[2,5,14]. However, the orthogonal resolvents and the orthogonal spectral functions,
which are those of the selfadjoint extensions in the same space, play a central
role. We start by describing the closed convex hull of orthogonal resolvents of
an abstract symmetric operator of defect indices (1,1), then we study the convex
hull of orthogonal spectral functions of a Carleman operator in the Hilbert space
L? (X,p). Let us notice that the same problem for the differential operator of
second order on (0, 00) was considered in [8].

2. Resolvents of a symmetric operator of defect indices (1.1)

We begin by introducing the following sets:
® the set of the analytical functions ¢ (z) on the unit disc K = {z € C: |z| < 1}
such that |¢ ()] <1, z € K
M the set of all functions ¢ (z) € ¢ admitting the representation
o2 it
o fO (lfze“)dS (t) 3
o () = 9= 3)
Jo" e dS ()

where S () is a monotonic nondecreasing function with total variation equal to
. 2m
one, ie. [;7dS(t)=1;
My the set of all functions ¢ (z) € M with S (¢) a step function with a finite
number of jumps.

Lemma 2.1. 1. M s closed under pointwise convergence and My is dense in
M.
2. M= .
Proof:

1. We assume that for all z € K

lim @, (2) = ¢ (2),

with ) .

Jo” e dSe (1)
2

fO ﬁdsn (t)

According to a theorem by Helly [10], there exists a nondecreasing function
S (t) with total variation equal to 1 and a subsequence nj, such that

lim S,, (t) =S (t)
E— 00

on (2) =

n

in each point of continuity of S (¢). Thus we have

2 it
i (2) = p(2) = B 0 )

nj—00 f027r u_lTLt)dS (t)

€M,

and the ensity of MMy in M is then straightforward.
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2. Now, we introduce two other sets :

®T the set of all functions f()\) analytic in the upper half-plane 1T =
{A € C: S\ > 0} with positive imaginary part, i.e. Sf (A) > 0, and IM™ the
set of functions 7 (A\) € ®T having the following representation

T()\):—<>\+Fi)\)),

[T du(t)
rov= [

1 (t) being a nondecreasing function with total variation equal to to one.

with
— 00

It is easy to see that the homographic transformation

L= 3= g

establishes a bijection between the sets ® and ®T. Indeed if, f (\) € ®T, then

ee=r @) -2(r(3)) :Me@

il—2z

and, reciprocally, if ¢ (2) € @, then
F) =L (e(L(V)) € ™.

We can also see that (4) establishes the same bijection enters 9 and 9.
Indeed, we have for 7 (\) € M+

1 1 f+oo tdpu(t)
_ _ J—oo t—A
) (” F<A>> B (H 12 d”“)) R

—oo t—A —0o t—A

And making in the formula (5) the following change of variables

— 2o

=z A=1 'Y = -
A+ 1—2’ t+i

we will have
. 2T 14t
1 1 e dS ()
_ /\+ ) - _ OTr e ‘z :f 2),
( F) JEm e 4S (o) )

A—i 1 t—i 1+ ei
! s A=1 e = Z-t—i +e. :—cotg,
1—e@ 2

where S (a) = pu (— cot §) . Thus

@) =i iy s (e)

fla)+i 2722 49 ()

0 eic—z

But we know [3] that 9T is dense in ®*, consequently 90 is dense in ®
for pointwise convergence. As 9 is closed for this convergence then 9t =&.
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O

Let A be a closed symmetric operator defined in a Hilbert space H with the
scalar product (.,.). Its domain of definition D (A) is assumed to be dense in H.
For A € C, {SX\ #0 we set

M ZZ(XX—-AI)l)(fD7 Ny = HoOMy;

where I is the identity operator in H. We recall that D (A) and the defect subspaces
Ny and N5 are linearly independent.
In the sequel we suppose the operator A with defect indices (1,1), i.e.

dim Ny = dim 95 = 1.
We now state the formula of generalized resolvents R, (A) of the operator A

obtained in [2] and [4]

e 1-w()  (fien)
Bo ) f= Ao =A) 2 f =R+ Co5 G0 =1 vt ) (o 00)

2% (6)

o o -1 o
where R () = (A — A > is the resolvent of the selfadjoint extension A of the

operator A, w(A) an analytical function in IT* such that |w(\)] < 1, () >
o o o -1
0,00 €Ny, o =Unipi = (A—if) (A—)\I> @i € Ny [9] and

A (o, P—i)
C = 3 o

the characteristic function of A checking for A, A > 0: |C' (V)] < 1.

The generalized resolvent defined by (6) is a resolvent of a selfadjoint extension
of A if and only if w(X) = 3 = const, |»%| = 1.We will call it orthogonal ( or
canonical ) resolvent.

Every generalized resolvent R, () is connected with the generalized spectral
function £ by the relation

+oo 1
= —_— Ew
R = [ =an 7)
As the set of the generalized spectral functions is convex [2], then the set of gen-

eralized resolvent is also.
Let o be the convex set of the orthogonal resolvents R,., (\) (j = 1,2,...,n),
corresponding to the constants s, || =1, (j =1,2,...,n), ie.

Ro=1{ Ro(N) =Y ajR, (\), a; >0, Y ;=1
j=1 j=1
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Thus we have for an R, (A\) € Ro and f € H

ReWVF = BO)F= Y0y Db ) () 03

- &(A)f—mh@) (f. %) ex,
with
h(A) = [(A+1) (x,00)] L.
As
1—w() &~ -3
1—w\)C (N _;%Jl—xjc(k)’
we obtain

n [ 27 it
() = Yisimem _ o st(w:ﬂ()()\))
Yiamtsiew o otgerdS (1) ’

where ¢ (z) € My. o
Let us denote by R = Ry the closed convex hull of orthogonal resolvents in
strong topology.

Theorem 2.1. The closed convex hull R is characterized by the formula (6), with
w(A) = (C(N) and ¢ (2) is an arbitrary function from 9.

Proof: If R, (A\) € Ry, then w(A) = p(C(N)), ¢(z) € My. We assume that
R, (A\) € R and R, (\) ¢ Roy. Therefore, there is a sequence R, () convergent to
R, (A),as n — oo, R, (A\) € Ry for strong topology, i.e.

Ro, W F = ROV = =l

h(X) (f,¢x) e,
with wy, (A) = ©,C (N), on (2) € M.
As
lim R, (A) = R, (}\)

n—oo

it follows that

lim [1—w, WL =wa N CA] T =1 —wW)]LI-w) W]

n—oo

for all A, A > 0. Finally, according to the lemmal

lim w, (A) = lim g, (C (V) =w (A) = 9 (C(N),

n—oo
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v (z) € M. O

Let Et%j7 j = 1,2,...,n be the orthogonal spectral functions connected with
the orthogonal resolvents R,., (A\) by (7). We denote by &, the convex hull of
orthogonal spectral functions

n n
&y = E;J:ZOéjEthj,Oéj>0, Zajzl
j=1 j=1

and ¢ = &, for strong topology. It is obvious that each E¥ € €& defines by (7)
a generalized resolvent R, (A) € R and, reciprocally, each generalized resolvent
R, (\) € R defines by (7) a generalized spectral function Ey € €.

3. Orthogonal scalar spectral functions of a Carleman operator

Let X be an arbitrary set, u a o-finite measure on X, Lo (X, 1) the Hilbert space
of square integrable functions defined on X, {9, (x )}OQ , an orthonormal sequence

in Ly (X, ), {7p},—, a sequence of real numbers such that vawp( ) = 0 for
p=1
almost all z € X, K (x,y) a Carleman kernel

T,y) = Zapz/}p () ¥y (),
p=0

where {ap};il is a sequence of real numbers.
We assume that for almost all x € X

Z |apty ($)|2 < o0, Z |tp (2) ?
p=0 p=0

and

>

p=0

ap —
With these conditions, the symmetric operator A = (A*)* admits the defect indices

(1,1) [31,
A f(z) = Zap(fva)wp( ),

D(4) = {f € L2 (X.10): Xay (£.)h (w) € L2 (X, m} |

and moreover, we have

o0

ox(z) = > e p (@) ENL, ANEC, AN #ap, k=1,2,...
p=0"

Pay (2) = Vi () -
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oo

We denote by £y, the sub-space of Ly (X, 1) generated by the sequence {¥}, ()}, .
As £ is reduced by A, we consider Aon £,. Then, we have for all f € £, [4]

f(x)= _+:Oo %dp (o) for almost all z € X,

2_ oo (el g
1P = I G lireaydn ),

with
o = Pi
el

and

1 T ltw(t+ir)C(t+ir)
=—1 dt
p(o) ™ ot o §R1—w(t+iT)C(t+iT> ’

9)

w (A) is an analytical function on IT* with |[w ()] < 1,(SA > 0) . We call the
function p (o) scalar spectral function of the operator A.

Let us designate by B, the set of the functions defined by (9) with w (\) analytic
in IT" and |w (\)| < 1. As the set of the spectral functions of a symmetric operator
is convex thus P is too . Subsequently we will assume that p () € P is normalized
by continuity on the left, i.e. p(o) = p(c —0). In P, we consider pointwise
convergence, i.e one says that p,, (t) — p(t), pn (£) € B, n — oo if lim, 00 pp, (t) =
p (t) for each continuity point of p (¢) .

Theorem 3.1. The setPis closed for pointwise convergence.

Proof: Let’s p, (t) € B and p, (0) — p (0), n — oo. It is suffice to establish
the possibility of the passage to the limit under the integral sign :

o [ el
1=/ ()

as n tends to oco.
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However, for all f € D(A) and for all b >0

F (€05 | A Y I SN 11" W
/b (02+1)‘(<pg,<5i)2 P /b ‘72(02+1) (cpg,s;¢> o
L e [ A @U”Q o
o A (%,ggi)””"”
_ d/+OO -Afﬂpaﬂ
(02 +1) (‘Pm‘Pi)

/ - dpn (o)
2 n
b 02 + 1 ((poa 901)

IN

3 Pb (0)

IN

b—z |Af]| — 0, as b — +oo.

In the same way, we show that :

/_a (F:00)l” 5dpn (0) — 0 as a — +o0.
(0?2 +1) ‘(@mtﬂoi)

By applying the modified theorem of Helly [10], we have for all f € D (A)

e el el ]
112 = /m (02+1)’<%"5i>2dpn() /m (0_“1)’(%&)2%( ),

as n — 00,0r
+oo 2
Hf||2 — / [(f, #0)ll - ~dp (o)
- (02 + 1) ‘(900, Qoz)

As D (A) = £y, this equality is true for all f € £,. O

We will call p,, (c) = p (o) € P orthogonal scalar spectral function if it corre-
sponds to a constant s, |»| = 1.

Let’s pse,, || = 1,2, ...,n be orthogonal scalar spectral functions corresponding
to the constants scq, s, ....5¢,

We denote by &, the convex hull of these functions :

By = {p(a) = Zakp,{k, o > 0, Zak = 1}
k=1 k=1

and & = & for the cenvergence in each point of continuity.
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For any function p (0) € ¢ we have :

l+w(t+ir)C(t+ir)

l—w(t+ir)C(t+ir)
(10)

where w () is the analytical function corresponding to p (o) € . From where we

finds easily :

dt

1
p(o) == lim

T T—00

Xn: 1+ 54.C (t+ i7)
kl—%kC’ (t+1ir)

dtzllim §R[
0

T T—00

D k=11 ;;,1386(,\)
Z] 11— Ikc( )

I3 =EayedS ()
= el =0 (C(),

J2o metyerdS (t)

with ¢ (2) € M.

Theorem 3.2. The closed conver hull & of orthogonal scalar spectral functions,
is described by (9) where w(X) is of the form w(A) = ¢ (C (X)) and ¢ (z) is an
arbitrary function of M.

Proof: Let p(t) € & , then according to (11) w (A) which corresponds to p (t) has
the form w (A) = ¢ (C' () with ¢ (2) € My .

We suppose, now, that p(t) € & and p(t) ¢ Go , there is then a sequence
pn (t) € Bg which converges to p(t) in each point of continuity of p(¢). Each
function py, (t) € &g corresponds to a function wy, (A) = ¢, (C (A)) with ¢, () €
93?0. As

L+ ¢, (C(N) C(t+ir)
11—, (C(N) C(t+ir)

by applying the inversion formula of Stieltjes [1], we will have :

Z.1+<pn(C(/\)) (t+i7) /
1—on(C(N) C(t+ir)

>0 (SA>0),

T dPn (1) (12)

And while making tend n to oo , it is followed from there :

14+p(CN) C(t+ir)
"T—p(CO) Clt+ir) / w

As ¢, (2) € My and My = M then ¢ (z) € M.

Reciprocally, let w (X)) = ¢ (C (X)) with ¢ (z) € 9. The function w (A) corre-
sponds to a spectral function p (¢). Let us show that p(t) € &. Let us choose a
sequence of functions ¢ (z) € M convergent in each point z (|z| < 1) to ¢ (z) and
©n (2) is represented by (3) where S, (t) have only a finished number of jumps.
Each function ¢, (C (X)) corresponds to a spectral function p, (t) € . Owing to
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the fact that & = B , there is thus a sub-sequence py, (t) which converges in each
point of continuity towards a function p (t). As

1+9(C(N) C(t+ir) _/+°° 1

T CO) Ctrir) i)

— 00

and pp, (t) and p,, (C (X)) are connected by (12), while making tend ny — oo we
will have :

Py () = P (t) = p(1),
thus p (t) € &. O
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