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absorption term on a lattice

Diabate Nabongo and Théodore K. Boni

ABSTRACT: In this paper, we consider the following initial value problem

{ Ui (t) = Y ep Jimj(Uj(t) = Us(t)) — UP(t), t>0, i€ B,
U;(0) =¢; >0, i€ B,

where B is a bounded subset of Z¢, p > 1, J, = (J;)iep is a kernel which is
nonnegative, symmetric, bounded and Ejezd Jj = 1. We describe the asymptotic
behavior of the solution of the above problem.
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1. Introduction

Consider the following initial value problem

Ui(t) = > Jiej(Us (1) = Us(t)) = UP(t), t>0, i€ B,

JjEB

UZ(O):()0$>O7 ZEB,

Up = /RN J(x —y)(u(y,t) —u(x,t))dy
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(1)

(2)

where B is a bounded subset of Z¢ p > 1, J, = (J;)iep is a kernel which is
nonnegative, symmetric, bounded and 3 jezd Jj = 1. Recently, nonlocal diffusion
problems have been the subject of investigations of many authors (see [1], [2], [4]-
[7], [13]-[18], [21], [22], [24], [31], [32] and the references cited therein). Nonlocal
evolution equations of the form

and variations of it have been used by many authors to model diffusion processes
(see [4]-6], [13], [21]) and neuronal activity (see [19], [23], [28], [29]). Let us notice
that certain nonlocal problems are described by discrete equations (see [5], [13])
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and it is also important to have informations about the asymptotic behavior of
continuous solutions if we have a continuous nonlocal problems or discrete solutions
if the problems are represented by discrete equations. The solution w(z,t) can be
interpreted as the density of a single population at the point x at time ¢ and J(z—y)
as the probability distribution of jurnping from location y to location x. Then the
convolution (J*u) = [on J(y—2)u(y, t)dy is the rate at Which individuals are
arriving to pos1t10n T frorn all other places and —u(z,t) = — [on J( Yu(x, t)dy
is the rate at which they are leaving location x to travel to all other sites (see [21]).
For the discrete case

Ui (t) = (J * U)i(t) = Us(t), t>0, ieZl,

where (J*U); = Y cza Ji—;jUj, the component of the solution U (t) = (U;(t))jen
in 4, namely U;(¢) can be interpreted as the density of a single population at the
point ¢ at time ¢t and J;_; can be interpreted as the probability distribution of
jumping from location 4 to location j. Then the convolution (J % U);(t) is the rate
at which individuals are arriving to position ¢ from all other places and —U,(t) is
the rate at which they are leaving location i to travel to all other sites (see [21]).
In this paper, we are interested in the asymptotic behavior of the solution of (1)
(2). For local diffusion problems, the asymptotic behavior of solutions has been
the subject of investigations of several authors (see [3], [9]-[12], [26], [27] and the
references cited therein). For nonlocal problems, in the continuous case, the authors
in [14] and [31] have studied the asymptotic behavior of solutions. For our problem,
in the case where there is no absorption term, the authors in [25] have studied
the asymptotic behavior of the solution when B = Z?. Our paper is written in
the following manner. In the next section, we prove the local existence and the
uniqueness of the solution. Finally in the last section, we show that the solution
Uy, of (1)—(2) tends to zero as t approaches infinity and describe its asymptotic
behavior as t — +o0.

2. Local existence and uniqueness

In this section, we shall establish the existence and the uniqueness of the solu-
tion Up(t) of (1)—(2) on (0,T) for small T
Let to > 0 be fixed and define the function space Y;, = {Uy; U, € C([0,t0],Z%)}
equipped with the norm defined by [|Uylly,, = maxo<i<i, U)o for Uy € Yy,
where ||Up(t)|loo = sup;ep |Ui(t)]. It is easy to see that Y;, is a Banach space.
Introduce the set Xy, = {Un; Un € Yy, ||ully,, < bo}, where by = 2[|¢p o + 1. We
observe that X, is a nonempty bounded closed convex subset of Y;,. Define the
map R as follows

R . Xto — Xtoa

R(Vp); = / Z Ji—j( —Vi(s)))ds —/0 VP(s)ds, i€ B.

JEB
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Theorem 2.1. Assume that pn, € Yy,. Then R maps Xy, into X, and R is strictly
contractive if to is appropriately small relative to ||@n||oo-

Proof. A straightforward computation reveals that
[R(Va)i(t) — @il < 2l[Vallvi,t+ [Vally, t,

which implies that | R(Vi)ly,, < l¢nllee + 2to + boto- If

bO_HQOh“oo
ty < 0 I¥hlloo 3
0= "2py+0h (3)

then
[R(Vi)llv, < bo-

Therefore if (3) holds, then R maps Xy, into X, .
Now, we are going to prove that the map R is strictly contractive. Let Vi, Z), € X, .
Setting ap = Vi, — Zj, we discover that

t
(ROVA):() = R0 <1 [ (X Jimslas(s) = o))
0 jem
t
+ [ v7Gs) - 22l
0
Use Taylor’s expansion to obtain
(R(VA)i(t) = R(Zn)i(D)] < 2llanllviy t + tVi = Znllvi, pllBall37,
where (3; is an intermediate value between V; and Z;. We deduce that
|1R(Vi) = R(Zn)llvsy < 2llanlly, to + tol| Vi — ZthOpHﬁhHZla
which implies that
IR(Vi) = R(Zn)lva,, < (2to + topbl ) [|Vi = Zallys, -

If tp < W, then |R(Vh) — R(Zn)llv,, < 51V — Znlly,, -

Hence, we see that R(V},) is a strict contraction in Yz, and the proof is complete.
a

It follows from the contraction mapping principle that for appropriately chosen
to € (0,1), R has a unique fixed point Uy (t) € Y, which is a solution of (1)—(2).
To extend the solution to [0,00), we may take as initial data Uj(tg) € Z¢ and

obtain a solution in [0, 2¢9]. Iterating this procedure, we get a solution defined in
[0, 00).
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3. Asymptotic behavior of solutions

In this section, we show that the solution Up(t) of (1)-(2) tends to zero as t
approaches infinity. We also give its asymptotic behavior as ¢t — oo.
Before starting, let us prove the following lemma which is a version of the maximum
principle for discrete nonlocal problems.
Lemma 3.1. Let b, € C°([0,00),Z%) and let Uy, € C*(]0,00),Z%) satisfying the
following inequalities

ULt) = S T (Us(8) = Us() + b()Ui(t) 2 0, i€ B, >0,
jEB

U;(0)>0, i€ B.

Then, we have U;(t) >0, i€ B, t>0.

Proof. Let Ty < oo and let A be such that b;(t) — A > 0 for t € [0,Tp], ¢ € B.
Introduce the vector Z(t) = MUy (t) and let m = minge(o 7, | Zn(t)]/ine Where
1 Z5 () |lins = ming<;<r Z;(t). Then, there exists ¢ty € [0, Tp] such that m = Z;(to)
for a certain i € B. We get Z, (to) < Z;,(t) for t < tg and Z;,(to) < Z;(to) for
7 € B, which implies that

Zio(to) — Ziy(to — k)

Zi,(to) = limy <0, (4)
and
> Jig-i(Z;(to) — Ziy(to)) > 0. ()

jEB
Using the first inequality of the lemma, it is not hard to see that
Ziy(to) = Y Jig—(Z;(to) = Zi(t0)) + (bi (o) — N) Ziy (to) > 0. (6)
jeB
It follows from (4)—(6) that (b;,(to) — A\)Zi, (to) > 0, which implies that Z; (o) > 0
because b;, (to) — A > 0. We deduce that Up(t) > 0 for ¢ € [0, Tp], which leads us
to the result. O

Another version of the maximum principle for discrete nonlocal problems is the
following comparison lemma.

Lemma 3.2. Let Uy, V}, € C1([0,00),Z%) such that

U; (t) = > Jij(U;(t) — Us(t) + UL (1)
jeB
>V ()= i (Vi(t) = Vi) + VP(t), i€ B, t>0,
JjEB
U;(0) > V;(0), i€ B.
Then, we have U;(t) > V;(t), i€ B, t>0.
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Proof. Let Wy (t) = Un(t) — Vi(t) and let o be the first ¢ € (0,00) such that
Wi (t) > 0 for t € [0,t) but W, (to) = 0 for a certain iy € B. We have

> Tig—i(Wilto) = Wiy (t0)) = > Jig—iWi(to) > 0

JjEB JjEB

because W;(tg) > 0 for j € B and W (ty) # 0. Obviously

Wzo(to):%%WO( 0) ZI/ (0 )SO

It follows that

Wi (to) = > Jig—i(Wi(to) — Wi, (t)) + UF (to) — VE (to) < 0.
JEB

But, this contradicts the first strict differential inequality of the lemma and the
proof is complete. O

Remark 3.1. If we modify slightly the proof of Lemma 3.2, it is not hard to see
that Up(t) > 0 for t > 0 where Uy (t) is the solution of (1)-(2).

Introduce the function

w(x) = (Co+ )P — AMCo + x),

where Cy = (pil)fil and A = p%l, which is crucial for the asymptotic behavior
of solutions. We have u(0) = 0 and p/(0) = 1. We deduce that p(e) > 0 and
(=€) < 0 for £ small enough.

The lemma below shows that the solution U}, of the problem (1)-(2) tends to zero

as t approaches infinity.
Lemma 3.3. Let Up(t) be the solution of (1)-(2). Then, we have

lim U;(t) =0, i€ B.

Proof. Since ¢; > 0, i € B, Lemma 3.1 implies that U;(t) > 0, i € B, ¢t > 0.
Introduce the vector Z,(t) defined as follows Z;(t) = Cot™>, i € B, t > 1, where

A= plj and Cy = (pil )p%l A straightforward computation reveals that

Zi(t) =Y Jij(Zi(t) = Zi(t) + ZP(t) =0, t>1,
jeB
Zz(]-) = C(), i€ B.
Let k£ > 1 be so large that

kZL(l) =kCy > Ui(l), 1€ B.
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Obviously kZ? < (kZ;)? which implies that
KZy = Jij(kZi(t) — kZi(t)) + (kZi)? >0, i€B, t>1,
JjEB
kZ;(1) = kCy > U;(1), i€ B.

Lemma 3.2 implies that

0<U;(t) <kZit), ieB, t>1.
Hence, we have

0<U(t) <kCot™, ieB, t>1.
We deduce that

lim U;(t)=0, i€ B,

t——+o0

and the proof is complete. O
Now, let us give the asymptotic behavior of the solution Uj. We have the following
result.

Theorem 3.1. Let Up(t) be the solution of (1)-(2). Then, we have
Ui(t) = Cot (14 0(1)), i€B as t— oo,

H)ﬁ and A = 1.

p—1

where Cy = (==

The proof of the above theorem is based on the following lemmas.

Lemma 3.4. Let Up(t) be the solution of (1)-(2). Then, for any € > 0 small
enough, there exist two times 7 > T > 1 such that

Ul(t+7) < (Co+e)t+T) ™+t +T) 1 ieB, t>0.
Proof. Introduce the vector W), defined as follows
Wi(t) = (Co+e)t >+t ieB, t>1.
A direct calculation yields

Wi(t) = D T (Wi(t) = Wilt)) + WE(1)
JjEB
A (=MCo+e) = A+ DY) + P (Co+e+ P
Due to the fact that pA = XA + 1, we arrive at
Wilt) — Y T (W) = Walt)) + WE(1)
jeB
= t M (=ANCo+e)— A+ Dt 4+ (Co+e+t)P).
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Applying Taylor’s expansion, we get (Co+¢e+t~1)P = (Cy+¢)? + M (t)t~1, where
M (t) is a bounded function for ¢t > 1. Hence, for t > 1, we find that

W) — > T (Wy(t) — Wi(t) + WE(t)
JjEB
= 2 N ule) - AN+ Dt M),

Since € > 0, we discover that u(e) > 0. Therefore, there exists a positive time
T > 1 such that

Wi(t) =" Jij(Wi(t) = Wi(t)) + WP(t) >0, i€B, t>T.
JjEB

Since U;(t) goes to zero as t approaches infinity for ¢ € B, owing to Lemma 3.3,
there exists 7 > T such that

Ui(t) < Wi(T), i€ B.
Setting Z;(t) = U;(t + 7 — T), we easily see that
Zi(t) =Y Jioj(Zi(t) — Zi(t)) + ZP(t) =0, i€ B, t>T,
JjEB
Z(T) =Ui(t) < Wi(T), i€B.
Comparison Lemma 3.2 implies that
Zi(t) <W;(t), i€B, t>T.
Hence
U(t+7-T)< (Co+e)t >+t ieB, t>T.
We deduce that
Ult+7) < (Co+e)t+T) ™+t +T)" 1 ieB, t>0,
and the proof is complete. O

Lemma 3.5. Let Up(t) be the solution of (1)-(2). Then, for any € > 0 small
enough, there exists a time 7 > 1 such that

Uit+1) > (Co+e)(t+1) +(t+7)"*, ieB, t>0.

Proof. From Remark 3.1, we know that U, (¢) > 0 for ¢ > 0. Introduce the vector
W, (t) such that

Wit+1)=(Co—e)t ™ > +t>71 iecB, t>1.
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As in the proof of Lemma 3.4, we find that

Wi (t) = > Ji i (Wi(t) — Wi(t)) + WP (t)
JjEB
=t (=) — A+ Dt M)t

where M(t) is a bounded function for ¢ > 1. Since —e < 0, we discover that
u(—e) < 0. Consequently, there exists a positive time 7' > 1 such that

Wi (t) = > Jij(Wi(t) = Wi(t)) + WP(t) <0, i€B, t>T.
JjEB

Since lim; .o W;(t) =0, i € B, there exists a time 7 > T such that
Wi(r) < Ui(1), i€ B.
Setting Z,;(t) = W;(t+ 1 — 1), i € B, it is not difficult to see that
Zi(t) =Y Jij(Zi(t) — Zi(t)) + ZP(t) <0, i€B, t>1,
jEB
Z;(1) = Wi(r) < Us(1), i€ B.
It follows from Comparison Lemma 3.2 that
Z:(t) <Ui(t), ieB, t>1,
which implies that
Ui(t) > (Co—e)(t+7— 1)+ (t+7-1)"*1 ieB, t>1.
We deduce that
U(t+1)> (Co—e)t+7) 2+ (t+7)">L, ieB, t>0

and the proof is complete. O

Now, we are in a position to prove the main result of this section.

Proof of Theorem 3.1. It follows from Lemmas 3.4 and 3.5 that
U;(t) Ui (t)

e tim i Zi) Ui(t)
Co Eftlirgomf(tA)fthmsup( =

- —00

)SCO—FE?

which gives the desired result. O
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