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The Stefan problem with moving boundary *

M. A. Rincon & A. Scardua

ABSTRACT: A mathematical model of the linear thermodynamic equations with
moving ends, based on the Stefan Problem is considered. In this work, we are in-
terested in obtaining existence, uniqueness and regularity using the Faedo-Galerkin
method. For numerical solutions, we shall employ the finite element method to-
gether with the Crank-Nicolson method. A numerical experiment is presented to
show the moving boundary for the problem.

Key Words: Stefan Problem; Crank-Nicolson method; Moving Boundary; Fi-
nite Element Method.
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1. Introduction

One wide variety of problems with moving ends has been studied by many years.
The thermal equations with moving ends give origin to several physical problems,
such as, Stefan Problem, who can be interpreted as flame propagation problem,
study of atom movements, study of combustion theory. Flame propagation prob-
lems have been established in [2] that studied a mathematical formulation suitable
in the analyze for the theory of diffusion flames. Studies the mathematical model
of moving ends arising in combustion theory was developed by Schmidt-Lainé [1]
and [3]. The discharge or absorption of thermal energy during the change in atom
arrangement have been studied in [8] and [7]. We can also see the problem as
a model for certain processes involving chemical reactions. The objective of this
paper is to obtain existence and uniqueness of solutions and too we apply the finite
element method with a finite difference method in time to obtain an approximated
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92 M. A. RINCON & A. SCARDUA

numerical solution. Some numerical experiments are presented to show the effect
of moving boundary in the solutions of the linear thermodynamic, whose model is
based on the Stefan Problem, (see [11]) given by,

ou  0%u

u(x,0) = p(x), u(0,t) = (1),
u(s(t),t) = p(t), Vt >0
where u(z,t) is the temperature and s(¢) is the solution of equation:
—A(t)s'(t) + ua(s(t), 1) = h(t)
{ 5(0) = so,

must be determined and ¥, p, h, A, ¢, sg are initial date of the problem defined for
t >0 and ¢(x) for 0 <z < s0.

2. Formulation Problem

Our objective is study the approximated solutions of the following thermody-
namics system,

ou 0%u
E_ @:f($7t)7 (.’E,t)EQt

O wle®),t) =0, u@t)t)=0, VYae(a®),pt), viepr @O
u(z,0) = up(x), a(0) <z < 5(0)

where k£ > 0 is the thermal conductivity.
We consider the domain @Q; C IR? defined by

Q= {@ e Rx(0.1);a0) <z<50)]

and the horizontal length of the interval is defined by ~(t) = 5(t) — a(t) > 0.
Let us study the existence, uniqueness, and the approximated solution of the
Problem (4). For this we consider the following hypothesis:

H1: o,8€ C?*0,00) in 0<v <) <1, Vi >0,
H2: o,0 € L*>(0,0), vVt >0

where 79 and 7; are positive constants. Consider now the change of variable to
transform the domain @); in a cylindric domain @, given by

T:Q: — Q=1(0,1) x]0, T

T — a(t)’t)' (2)

(0 = 1) = (g
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Note that 7 € C?(Q;) and by inverse function Theorem, the application 7! also
is C%(Q) (see for instance [5,9]).
The change of variable v(y,t) = u(a(t) + v(t)y,t), implies that

—aft
u(z,t) = v <a:((;)()7 t). Using the application 7, we obtain the following cylindri-
Y
cal problem:
v’—a(t)a—%—b( t)@— (y,1) in @
8y2 y7 ay - g y» I
(ID 9 w(0,8)=0, w(1,£)=0, t>0 (3)

v(y,0) = vo(y), 0<y<l.
where a(t) = k/v%, b(y,t) = (¢’ +7'y)/7 and
9y, t) = f (T 1y, 1) = f(a,1),
vy, t) = u (T (y,1))

For convenience, we have also used the prime (') to denote the derivative with
respect to time ¢ and ((.)),(.), | . || and | . |, the scalar product and the norms
in H}(0,1) and L?(0, 1), respectively.

As our primary objective for this work is to present numerical results of the
problem. We shall show the existence and uniqueness from the solution of the
cylindrical Problem (3) who implies in the existence and uniqueness of the solution
of the noncylindrical Problem (4), since they are equivalent.

u(z,t).

3. Existence and Uniqueness

We will investigate global existence and uniqueness solution for Problem(3)
and consequently for Problem (4). For this, consider the notation = (0,1),

Q= (at),5(t)) and Qo = (a(0), 5(0)).

Theorem 3.1 Under the hypotheses (H1) and (H2) and the initial data vy €
HYQ) and g € LY(0,00; L2(Q)) N L?(0,T; L*(Q)), there exists only one strong
solution v : Q — IR of the problem (II), that is,

0%v ov

v — a(t)(ny2 - b(y,t)afy =g(y,t) in L*(0,T;L*(Q)),

satisfying the following conditions:
(i) v e L*(0,T; Hy () N H(Q)) N L>(0,T; Hy(2)),
(ii) v € L?(0,T; L*()).

And consequently we obtain the following result,
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Theorem 3.2 Under the hypotheses (H1) and (H2) and the initial data ug €
H} () and f € LY0,00; L%(Q:) N L?(0,00; L*(Q)) , there exists only one
strong solution u : Q¢ — IR of the problem (1), that is,

0%u

UI - k@ = f(l',t) m L2(O, 6 o L2(Qt))

satisfying the following conditions:
(ii) v’ € L%(0,00; L*()).

The details of the demonstration can be found in [10]. In this work we are omitting
the calculations and will find just the idea of the demonstration.

Proof: We introduce the approximate solutions. Let T" > 0 and denote by V,,

the subspace spanned by {wy,ws, ..., w,, }, where {w,; v =1,---m} are the first m
2

Wy

0x2

eigenvectors of the space HE (), solution of the spectral problem - = \w;.

If v,,(t) € Vi, then it can be represented by

Um(y,t) = Z Gom ()wy (y),

where v, is the solution of the system of ordinary differential equations
Ovy, Ow v
/7 t(imai)_<b 7t7ma )Z ) ) Vw eV,
m(0) = vom —> vo in HE (),
The system (4) has local solution in the interval (0,7,,), by Carathéodory

Theorem. To extend the local solution to the interval (0,7") independent of m the
following a priori estimate is needed.

FEstimate I: Taking w = vy, € Vi, in (4), we obtain

Ovy, Ov v
/ s Um t (77”’ 7”) - (b ,t 77”’ m) - sy vYm ). 5
(U v) + alt) (G ) = (bl ) G2 0) = (9:00) (5)

Integrating the third term of (5), by parts and using the boundary conditions,
we have,

/

! ) Lo 1
b 7t7mm = - —( 7t m)Um = —35 m2- 6
[ o520 == [ 206 0umom = —5 L lond ©)

Using the norma equivalence of norms in Hg (£2), Holder inequality (6) and substi-
tuting into (5), we have

1d 1+ 9
Z— L <
2 dt [vm]

1
ol + a(®)fvml? + 5 2 oml? < 519l + o 2).
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Integrating from [0,t), with ¢ € [0,T,,,), we get

1 2 ! 2 1 2, L 9 /tl Y 2
7mt t m <7m0 a 7<1 ) mj -
5vm ()] +a()/0||v [ 2Iv()l+2lgl+02 +’7|\v|

From the hypotheses (H1) and (H2), 7/ € L'(0, 00), then

t / i / t
1( Y 2 /1 Y 2 2
—1+—)vm < 7<1+—)vm < cf |vml|”
/02 |’Y‘| | 0 2 ”YO|| | o| |

where c is a positive constant. Let ¢; = min{3, a(¢)}, then

t T
1 1 c
U (D)2 v2<—v02—2—/v2.
on®F + [ lonll? < glonOF + 5ol + = [ fonl

By the use of Gronwall’s Lemma in the last inequality, we obtain the following

estimates
vm  is bounded in  L*(0,T; L*(Q)), 1)
vy is bounded in  L2(0,T; HE()).

FEstimate II: Taking w = v/, in (4), we obtain

vy, OV,

(st + a0 (Gt G2) = (o002 v) = g 0). Vol € Vo (8)

The second term on left hand side in (8) implies that

Qv O\ alt)d,
at)( G0 ) =5 g loml® (9)

by equivalence of norms in Hg (). For the third term in (8) can be estimated as,
I [+ 1]

b ,t’ ' vl | < V|| V0, - 10

W, 1)] =, | 1vm] oy omll ol (10)

Substituting (9),(10) in the equation (8), we get

a(t) d o/ + 1]
al? + S22 < ol [l + o] fe. ()
0
From elementary inequality
o[ + 7] o/ + 1 1
o om0l gl oful < 4(FT Yllom? + 219l + 5100, P

Therefore,

Lo e, alt)d 2 o/ + 1P 2 2

s Oy < o(IEEIEY e

2|Um| + 2 dtHUTn” — |70|2 ||Um|| + |g|
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We observe that, from the hypothesis (H1), v(t) < 1, Vt € [0,T].
Integrating in 0 < t < T,y,, using the hypothesis (H1) and the definition a(t),
we obtain

I ko[td TP+ g
—/ o= [ o2 < 4/ %HUMHZH/ 9P
2 Jo 291 Jo dt 0 vl 0

Note that, from hypothesis (H2),

T 112 112 T
a'|”+ |y ~
[ e < [ e
0 |’Y\ 0

where ¢ is a positive constant.
Then, there is a positive constant ¢, such that

t T
[ 1P +lon@I < et [ fonl?.
0 0

By Gronwall inequality we have

vy is bounded in  L*°(0,T; HL(Q)),

o is bounded in  L2(0,T; L2(9)). (12)
. . v .
Estimate III: Taking w = “ 2 in (4) and after to integrate the second term by
Y

parts we have

~ (vt Ty ot (G B + (bt S, Sy = - (0. 5. 19

The first term on left hand side in (13) implies that

2 1
_(U,,(') vm): ovl, Ovy, 1 d ; (14)
™ Oy? dy Oy 2dt
The second term on left hand side in (13) give us
0%v,, 03%v,, k| 0%v,, |2
Zom oz Tm) s |2 Tmy
(5,5 5,5 ) = 77 5y (15)
As 0 < y < 1 and from the hypothesis (H1), we have
/ / 2 /
((a +7y)8vm7 9} vm> < <|a|+|’y |>“ m”‘ﬁ U |
gl dy "~ Oy?
Then
o' + |’Y | Pvm | _ 497 (1| + ] 2, k Py |2
e L | o s ) ol + 2| (16)
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Similarly we have

- (. 5) <|o] 5] < ol + 2|
Doy )= a2 1= Tk 19 Tzl e |

Substituting (14), (15), (16) and (17) in the equation (13), we obtain

1d
2 dt

v 12 42 ||+ 1]\ 2 4?2
Ry (A T

el + 5
" 27i 1 oy? k Yo

Denoting Cy by
Cy = ﬁ(m’l + |V'|)2.
k 7o
We have then

02, |2 82
o] <20 oml + FE g < Clllom P +1aP?).

L ol + 2|
ek
e " A7

where C' = max {201, %}

Integrating from 0 to ¢t < T, and as g € L?(0,T;L?*(Q)) and v,,(0) — vp in
H}(Q) we have that

t T

8%v,, N

lon®I + [ 15552 <T+T [ fonl?.
0 0

By Gronwall inequality we conclude that

vm  is bounded in  L>(0,T; H} ()

v . ) )
B2 8 bounded in L*(0,T; L*(92)).
Y

(18)

The estimates obtained in (7), (12) and (18), permit us to pass the limits in the
approximate system (4) in the Faedo-Galerkin method, see for instance ( [5,9]) and
hence, we have proved the existence of solutions v(y,t) in the sense defined in
Theorem 3.1. O

Uniqueness: The uniqueness of solution is made by contradiction and does
not prove that work.[
Hence, now we can to prove the Theorem 3.2:

Proof: Let v the solution of the Problem (3), with the following initial data

vo(y) = uo(a(0) +(0)y).

Consider the function u(z,t) = v(y,t), where x = «(t) + v(t)y. To verify that
u(x,t), under the hypotheses of Theorem 3.2, is the solution of Problem 1, it is



98 M. A. RINCON & A. SCARDUA

sufficient to observe that the mapping 7 : Q; — Q is of class C2. Since the Prob-
lems 1 and 3 are equivalently, then wu satisfy the Problem 1.0

In the next theorem, we shall also prove the following regularity result, under
further requirements of initial conditions and the regularity for «(¢) and §(t), given
by

H3: o, € WF>(0,T), 0<vy <7(t) <71, Vt>O0.
So we establish the following regularity result, whose proof can be found in [10]:

Theorem 3.3 Under the hypotheses (H2) and (H3) and given the initial data

dk
d?fg)) € (H)0,1) N H?*(0,1)) and g € H*(0,T;H*(0,1)), then there exists a

unique solution v : Q — IR, of the problem (II), satisfying the following conditions

v e L2(0,T; H¥ 1 (0,1) n H*2(0,1)), for k=0,1,---.

The regularity of v(y, t) given by Theorem (3.3), implies the regularity of u(x,t)
solution of the Problem (4) and the uniqueness of solutions of the Problem (4) is
a direct consequence of uniqueness of the Problem (3). O

4. Approximate Solution

Our goal in this section is the numerical implementation of approximate solu-
tions. To obtain the numerical approximate solutions we will use both finite element
method and finite difference method. Moreover, some numerical experiments will
be presented to analyze the effect of the moving boundary in the thermodynamics
system (4).

For convenience, our numerical analysis using finite element method approx-
imation will be based on the equivalent problem (3) in the rectangular domain,
instead of the problem (4), for which the domain depends on time. The variational
formulation of the problem (3), is given by

(o w) + a(t)(%, ‘Z—Z) - <b<y,t>g;,w> — (g(y,1), w), Vuw € H(0,1)

v(0,8) =0, v(1,t) =0,  Vte[0,T] (19)

(v(0), w) = (vo, w).

4.1. FAEDO-GALERKIN METHOD AND APPROXIMATION. Let V,, the subspace
spanned by {¢1, @2, ..., ©m+1}, where {¢,; v =1,--- ,m+ 1} are the first m + 1
bases vectors of the space V = HE(Q). If v"*(y,t) € V,,,, then it can be represented
by
m—+1
V(g t) =Y al)eily), ©i(y) € Vin. (20)

i=1
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Restricting the equation (19) in the subspace V;,, and taking v in (20) we find
that

1 m+l 1 ma1
dp;\ Ow
/ ) 4 i\ dw
/0 (; Ci(t)%(y)>w dy + a(t)/o (; i(t) 3 ) 5 dy
1 m+1 91 L (21)
_/O b(ynﬁ)( ; ¢i(t) By )w dy = /0 g(y, t)w dy.
Taking, in particular, w = ¢;(y) € Vi, j=1,2,...,m in (21) one gets
m+1 1 )
0p; Oy,
> {Cé(t) / Pi(y)pi(y)dy + ci(t)a(t) i 95 gy
i=1 0 o Oy Oy (22)

1

1 a ;
—alt) [ w05 edr} = [ 9w 00,0 d
0 Y 0
We define

[N 0pily) 9p;(y) ! 0¢i(y)
A= [ 2050 0 = [ o250 a

D=/0 ei(y)e;(y) dy, G(lf)=/0 9(y: 1) p;(y) dy,

where A, B(t) and D are m x m square matrix and G is a vector known m x 1.
Substituting the matrices in (22), we obtain the following ordinary differential
system,

DE(t) + (a(t)A - B(t))c(t) =G(t), V>0

23
c(0) = 0. (23)

t

where ¢ = [¢1, ¢a, ..., ¢ ] is a m X 1 ¢ is the vector to be determined in each discrete

time.

4.2. FINITE DIFFERENCE METHOD. In order to solve the system (23) in each
discrete time, we will apply the numerical method due to Crank-Nicolson (see, for
instance, Hugles [0] ).

For T > 0, N a given positive integer, we define the time step At and let
¢"™ = ¢(t,) be the approximate solution of the exact solution ¢(t) of (23), where we
denote the discrete time in the interval [0, 7] by ¢, = nAt, n=0,1--- N, and the
values of W at the discrete time ¢t by W™.

Consider the following approximation for the function c¢(t), using difference

finite method in the discrete time n =0,1,--- , N
d(tn) = €L (C”H - c") and c(t,) = 1(c" + C"H) (24)
Y )

Setting ¢ = t,, in (23), using (24) and after multiplying the equation by At, we
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obtain the iterative method
(D+ 4t @ a—Bm)ertt = (D= 8t a— B"))en + 4 (G + Gn)

for n=0,1,---,N.
(25)
Suppose that the matrices, D = D;;, A = A;; and B = B;; are known, then the
iterative method (25) can be easily implemented. From initial conditions, ¢ is
known. Then taking ¢ = 0 into (25) yields,

At At At
(D + 5 (A - BO))cl - (D - S(atA - BO))CO +5 (G1 + GO). (26)
Solving the linear system then get the vector ¢! = (cf,c},---,cl). Then for
n=1,2--- N we have the same procedure and the values of ¢ = (¢}, 5, -+ ,cl),

are determined with an iterative process in each instant of time ¢, = nAt.

Note that the matrix D and A are positive definite and symmetric, and the B
matrix is anti-symmetric. In addition, the matrix of coefficients (D + (At/2)(a™ A—
B™)) of the system (25) is not singular for each instant of time.

4.3. FINITE ELEMENT APPROXIMATION. To calculate the matrices of linear sys-
tem (25), we need to introduce the basis function ¢; € V,,,. In finite element
method, the bases functions are piecewise polynomials of some degree in €2 and
vanish on 9Q (see, for instance, [1]). More specifically, in this work, we have
used the hat function, i.e, piecewise linear functions, as the basis function of V,,
subspace, defined in the following way

Y—Yi—1

h ) Vye [yiflvyi]
vily) = % Vy € [yi, yisi] (27)
0, Yy & [Yi-1, Yit]
where we are considering the uniform mesh, h = h; = y;41 —y;, i =1,2,...,m in

the discretization in m-parts, with 0 = y; < y2 < -+ < ym+1 = 1. Note that, if
li —j| > 2, then (¢;,¢;) =0, and (9p;/dy, Dp;/0y) = 0. Hence all the matrices of
system (25) are tridiagonal.

Note that we can interpolate the function g(y,t) in €2, using the base function
vi(y), i.e, we take

m—+1
9(y,t) = Z gi(t)pi(y), with gi(t) = g(vi,t).

Thus, the function G(¢) can be rewritten as follows:

m—+1

1
G =3 /0 gi()pi; dy = Diygilt),
=1
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and for discrete time, we have G(t,,) = G™ = Dg", where D is the matrix defined
before.

5. Numerical Simulation

In this section, attention is turned to implementation of approximate solutions,
whose programs were developed in the thesis [12]. A numerical experiments will be
given to analyze the effect of the moving ends of 2;. The goal is to obtain exact so-
lutions to compare with the approximate numerical one, which are obtained by the
iterative method (25). For this, we introduce an appropriate external force f(z,t)
sufficiently regular on the right-hand side of the original Problem (1). Therefore,
the exact solution is known for suitable choice of f(x,t), which allow us to get the
numerical simulation for Problem(1) or Problem (3). The error estimates, in the
semi-discrete or fully discrete, can be found [10]. This will be the procedure for
analysis of the convergence. Notice that, for problem (1) the equivalent external
force acting in the equation (3); would be a function ¢(y,t) defined from f via the
diffeomorphism 7, defined in (2). This way, we will work with the system (3).

Example -. Let
1
v(y,t) = — sin(my)cos(mt)
T

be a exact solution of the o Problem (3) for suitable choice of g(y,t). Then, the
initial and boundary conditions read, respectively

v(y,0) = %sin(ﬂ'y), v(0,t) = v(1,t) = 0.

Considering the ends functions of Q; define by
t 2t +1 3t+1
t) = ——— d t) = th t)=p0() —alt) = .
o) =~ and () = 0 dhen () = A1) - al) = T

From this one has

tlim aft) = -1, tlim B(t) =2 and tlim ~(t) =3.
Moreover, «(t) is increasing, b(y,t) and a(t) defined in the Problem (3) are given
by

(a(t) + 7' 0)) 21 By (1)
by 1) = D) B O R F T

Numerical Error -. In the norm L°(0,7T; L?(€;)) the numerical error between the
approximate up(z,t) and exact u(x,t) solution is calculated by :

ELQC(07T;L2(Qt)) = tHEIE[)(,)Xl] (\u(x,tn) — Uh(x,tn)|L2(Qt))

B(t) 1/2
=  max (/ \u(xi,tn)fuh(sci,tn)\zd:c) :

tn€[0,1] (t)
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for i=1,---,mand n=1,---,N.

The table that follow, is shown the errors obtained between exact and approx-
imate solutions to the problem (1) when the step time is fixed At = 0.01 and
for several sizes of mesh h = 0.1;0.05;0.02;0.01;0.001 that represent respectively
m = 10; 20; 50; 100; 1000 nodes of the interval [«(t), S(t)]. For this case were made
100 iterations in the iterative method (25).

Table

At | h | Er~rr2@)

0.01 | 0.1 0.005747
0.01 | 0.05 0.005723
0.01 | 0.02 0.005717
0.01 | 0.01 0.005688

0.01 | 0.001 0.005652

Note that each error depends algebraically on h. That is, the error Erec (o 7;1.2(0,))
decrease as the mesh size h decrease, as expected, albeit slowly.

The results in the table of error, encourages us that the numerical method used
is good, thus, employing the same procedure to determine the numerical solution of
the problem with zero external force, g(y,t) = 0 in the problem (3), i.e, f(z,t) =0
the original problem (1). Moreover, when f(z,¢t) = 0 we have the exponential
decay of energy, which is dependent on the thermal conductivity k as shown in the
following theorem:

Asymptotic behavior of the energy -. The goal in this section is to establish a rate
decay for the energy of system (1). Therefore, the asymptotic behavior, as t — oo,

of the natural energy

B(#) = a0, (25)

will be obtained inside of the time dependent domain ;. Thus, we can state

Theorem 5.1 Assuming the hypotheses of Theorem 3.2, then the energy E(t) as-
sociated with the global weak solution of system (1) satisfies

E(t) < BE(0)e 2k/% vt > 0.

where 1 is a positive real constant, given in (H1).

In order to prove the Theorem 5.1 one needs to establish the Poincare inequality
in €;. Thus one has.

Lemma 5.1 If u € H} () then the Poicaré inequality

u(t)[Z2(0,) < V2 (0)|ua(t)|720,)- (29)
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Proof: In fact, from the fundamental theorem of calculus one has
0

—u
a() 98

From this and Cauchy-Schwartz inequality one has

u(z,t) = (&,t) dE.

lu(z,t)|% < ’Y(t)|uz(t)‘%2(ﬂt)'

Integrating in €2; one gets

[u(®)[Z2(0,) <72 (O)ue(t)2(q,)

Proof: Multiplying both sides of (1); by u(z,t) and integrating on €; yields
B(t)
/ {ut(:zr, t) — kugs(z, t)}u (x,t)dz = 0. (30)
a(t)

Applying the Leibnitz rule in each term of (30) one has

B(t) 1d [B® ) 1
/ u(z,t)ug (z,t) de = o — lu (@, t)]" doe — Su? (B (1), 1) B/ (t) + Su® (a(t) 1) o' (t).
From this and boundary conditions imply that

B(t) 1d 9

/ sty (,0) do = L (1) (31)
a(t)
Integrating by parts and using the boundary conditions, in the second term yield
B(t) )

/ a0 = O (32)

Inserting (31) and (32) in (30) one has

1d 2 2
2t [u(®)z2(0,) = =k lue ()20, -

From Lemma 5.1 and hypothesis (H1) one gets

2 2
u ()12, < Vi lug 220, -

Therefore,

1d 2 k )
- lu(t < ——|u(t for all ¢ > 0. 33
2 dt [u ()220, < 2 lu(®)r2q,) fora = (33)
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k=171—
0.1 k=086 -—---
k=0012-----
0.05 - k=0.0038 -
St
3
0.05F
015 ] ] ] ]

Figure 1 - Asymptotic decay of energy

From (28) and (33) one gets

d
< {e%f/vf E (t)} <0. (34)
dt

Integrating from 0 to ¢ we conclude the demonstration of Theorem 5.1 O

In the following, we show graphically the asymptotic decay of energy for differ-
ent k, representing the materials, that are inserted in the table:

Material | k(em?/s)
Silver 1.71
Aluminum 0.86
Iron 0.12
Clay 0.0038

The Fig. 1, represents, for fixed = 0.5, the same problem for different values
of k (thermal conductivity) data contained in the table . We can see that the rate
of decay of energy depends on the value of k, as expected.
f = 0 in the Problema 1 and taking
k = 1,71 (silver). That is, the effect of the moving boundary in the thermodynamics
system (1). One can see the decline of the solution when the time ¢ is increasing.

The Fig.2, depicts the solution when
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