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Stability and topological conjugacy for affine differential equations

Fritz Colonius & Alexandre J. Santana

ABSTRACT: This paper discusses stability properties of affine autonomous ordinary
differential equations and generalizes a classical result on topological conjugacy for
hyperbolic linear autonomous equations to the affine case.
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1. Introduction

For linear autonomous differential equations, stability theory and classification
with respect to topological conjugacy are classical topics in the theory of differential
equations; see e.g. Robinson [7], Hirsch, Smale, and Devaney [6] or the recent
lecture notes [1]. It is the purpose of this paper to expose analogous results for
affine autonomous differential equations of the form

= Ax + a, (1)

where A € gl(d,R) and a € A. We characterize different stability notions for a
corresponding equilibrium, which here, in contrast to the homogenous case a = 0,
is, in general, different from the origin. Furthermore, we characterize when for two
systems of the form (1) the associated affine flows are topologically conjugate. For
hyperbolic matrices A (i.e., there are no eigenvalues on the imaginary axis) this is
the case, iff the dimensions of the stable subspaces coincide.

In Section 2, we discuss basic properties of affine differential equations and via
transformation to Jordan canonical form, their stability properties in relation to
their eigenvalues. Section 3 characterizes topological conjugacy under the assump-
tion that the matrix A is hyperbolic.
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2. Affine differential equation

In this section we prove that the real part of the eigenvectors determines the
exponential behavior of the solutions of an affine differential equation, described
by the Lyapunov exponents.

We begin by recalling some facts about affine differential equations. A dif-
ferentiable function z : R — R such that #(t) = Axz(t) + a for all t € R is
called a solution of (1). The initial value problem for a linear differential equation
# = Ax + a consists in finding, for a given initial value zo € R?, a solution (-, z)
such that x(0, z¢) = xo.

It is well known (see, e.g., Lecture 16 of Agarwal and Gupta [1]) that for each
initial value problem given by (4,a) € gl(d,R) x R? and zy, € R?, the solution
x(+, ) is unique and given by

t
x(t, xg) = et —|—/ eA=%) g ds.
0
The distinct eigenvalues of A € gl(d,R) will be denoted by w1, us2,...,u. € C.
The real versions of the generalized eigenspaces are denoted by E(A, uy) C R? or
simply Ey for k=1,...,r <d. A matrix A € gl(d,R) is similar to a matrix in real
Jordan form denoted by J%. This means that there exists a matrix T € Gl(d, R)
such that A = T-1JRT and J% is a block diagonal matrix,

J = blockdiag(Jy, ..., J;),

with real Jordan blocks given for a real eigenvalue A by

A0 . . .0
1 A
Jl': )
. A0
0 1 A

and for a complex conjugate pair p, i = A + v, v > 0, of eigenvalues by

A -V

Y 0 .. . 0

1 0 A -V

0 1 VoA

J; =
A —v
VoA 0
1 0 A -V
0 0 1 vooA

See e.g. [1].
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Note that for A =T"1JET and a € R? one has
¢
et —|—/ eAt=)ads =T 1e/AlT 4 fot T=1e AT . T-1e73(=9)Tq ds
0

— T-1elatT + fot T-1eTat=9)Tq ds.

We illustrate this result by looking at the following example. Consider a Jordan
block B of dimension 2m associated with the complex eigenvalue pair p, i = A£iv
of a matrix A € gl(d,R). Let

A -V 1 0 - cosvt —sinvt
<1/ A )’[<0 1>andD<sinut cosvt )

Then for
A~ ~ A~ m—1 ~
D I D tD %D D
B = S one has ePt = M tz. .
. . . . ?;\D
I . tD
D D

More explicitly, consider the solution y(¢,yo) of
y(t) = By(t) + b, y(0) = yo,

where Yo = [ylazh s aym7z7n]t € E(A,,u,ﬂ) and b = [a'labla s 7a"rn7b’m] .
Then for j =1,...,m the j-th components given by

y;i(t, yo) =My ; %(ykcosyt — zgsinvt)
+ft Alt=s) 5~ i (t(; o [akcosu(t — 8) — bsinv(t — s)]ds
and
2 (t,y0) =My ; %(chosyt + ypsinvt)

+ f(;f A=) > (t; o *agcosv(t — s) + bysinv(t — s)]ds.
For a better illustration we take m = 2. Then
y1(t,yo) = eM[yicosvt — zisinvt) + t(yacosvt — zosinvt))
+ fg eMt=3)[aycosv(t — s) — bysinv(t — s)]ds
+ fg eME=3) (t — s)[agcosv(t — s) — bosinu(t — s)]ds
and
21(t, o) =M [ylcosyt + zysinvt + t(yzcosvt + zosinvt)]
+ f $)aycosv(t — s) 4 bysiny(t — s)|ds
+ [5 9 (t — s)[azcosv(t — 5) + bosinw(t — s)]ds.
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Similarly,
¢
ya(t,y0) = eM[yacosvt — zpsinut] + / M) [agcosy(t — 5) — bosinv(t — s)]ds
0
and

¢
29(t, o) = eM[yacosvt + zosinvt) + / A=) [yycosv(t — s) + zgsinv(t — s)]ds.
0

Then using mathematical software or direct computation, we get

vityo) = M) +tgl (1) +CY,
z(tyo) = eM(fE() +tgi(t) + CF,
ya(t,yo) = eMfIt) + CF,
z2(t, o) M f5(t) + Cs;

here for ¢ = 1,2, the functions f/, g/, f{, g7 are bounded R and CY, f7 are constants.
We proceed to analyze stability properties.

Definition 2.1 A point ey € R? is a fized point of the affine differential equation
z(t) = Ax(t) + a if z(t,eq) = eg for all t € R.

Recall that for the linear equation & = Az, every solution tends for ¢ — oo
to the origin, if the spectrum o(A) is contained in the negative complex halfplane
C_ :={z € C,Rez < 0}, i.e,, if all eigenvalues of A have negative real parts. The
following proposition gives an analogous result for affine differential equations.

Proposition 2.1 Suppose A stable, that is, ReA <0 for all A € 0(A). Then
i) There exists a unique fized point for z(t) = Ax(t) + a,
i) For all zg € RY, x(t,z0) — eg if t — 00.

Proof: Since 0 ¢ o(A), the matrix A is invertible and the equation 0 = Aey + a
has the unique solution eg = —A~'a. Since ey = e?tey + fg eAlt=9)qds, it follows
for all zy € RY that

(2, z0) — eo|
= [leAtxo + fot eAt=5)qds — eAtey — fot eAt=5)ads||

= [[e**(z0 — eo)| — 0O
if t — oo. O

Next we discuss, how fast the solutions approach the equilibrium and define
Lyapunov exponents, which measure exponential growth rates.
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Definition 2.2 Let x(-,x0) be a solution of the affine differential equation i(t) =
Az(t) + a. Suppose that A is invertible and hence A has a unique fized point eg.
The Lyapunov exponent for xg is defined as

. 1
Azp) = lim Suptﬂooglnﬂx(t, Zo) — egl|-

The Lyapunov exponents are determined by the Jordan structure of the matrix A.

Theorem 2.1 Suppose that A is invertible and denote by eq its unique fixed point.
Define L(\;) as the sum of the real generalized eigenspaces for all eigenvalues of
A with real parts equal to X;. Then the Lyapunov exponent A(zo) of a solution
z(-,wo) of &(t) = Ax(t) + a satisfies A(wo) = limy—1 oo tIn||z(t,20) — €0 = A; if
and only if xo — ep € L(A;).

Proof: Recall that for any matrix A there is a matrix T" € Gl(d,R) such that
A = T7YJRT, where J% is the real Jordan canonical form of A. Hence we can
consider A in the real Jordan form. Then the assertions of the theorem follow from
the solution formulas. We give an idea of these computations for a Jordan block
corresponding to a complex-conjugate pair of eigenvalues with m = 2, as in the
above. Take the above solutions y1 (¢, o), 21 (¢, yo), y2(t, ¥o), 22(t, yo) and note that

lytt o)l = \fv? + 22 + 92 + 23 =

V(U tg!)+CY 2+ (X(f7 +g7) + O )2+ (X412 + O+ (eM f5+C5)2.

Then isolating (e**)? inside the root, the last expression can be written as

ly(t yo)ll =/ (eX)2 £ (2)-

Slly(t,wo)ll = 1y ()2 5(0) = Fny/(eM)2 + T/,

where 11Iny/f(t) — 0 for t — oc.

Therefore, limtﬁoo%lnﬂy(t, Yo)|| = A. By this computation, it is easy to see that
limy 400 $10[|y (¢, o) — €0l = A. U

Hence

With the next lemma, some of our results in affine differential equation will be
an immediate consequence of the correspondent result in the linear context.

Lemma 2.1 Let x(t,x0),t € R, be the solution of the system &(t) = Az(t)+a and
eg its fized point. Then x(t,xg) — eg,t € R, is a solution of ©(t) = Ax(t), that is,
%[z(t,xo) —eg] = Alz(t, o) — €]

Proof: Note that % [z(t, z9) —eg) = Az(t, zo)+a. On the other hand, 0 = Aeg+a.
Then a = —Aey. Hence Ax(t,xo) + a = Ax(t,z9) — Aeq = A[z(t, z0) — eo]. O

As in case of linear differential equation (see [1]), in the following result we
characterize asymptotic and exponential stability in terms of the eigenvalue of A.
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Theorem 2.2 For an affine differential equation i(t) = Az(t) + a in R? the fol-
lowing statements are equivalent:
i) The fived point ey € R? is asymptotically stable.
ii) The fived point ey € R? is exponentially stable.
i11) All Lyapunov exponents (hence all real parts of the eigenvalues) are negative.
iv) The stable subspace L™ satisfies L~ = R%.

Proof: Take ® as solution of the system #(t) = Axz(t) + a. By above lemma,
®(t,yp) — e is a solution of the linear system & (t) = Az(t), where x — eq is the
initial value of the solution ®(t,y9) — eg. Then this theorem is an immediate
consequence of Theorem 2.15 in [4]. O

3. Conjugacy for affine differential equations

In this section we study the affine differential equation z(t) = Az(t) 4+ a, with
(A, a) € gl(d,R) x R, from the point of view of dynamical systems, or flows in R9.
First we introduce the affine flow associated to this differential equation.

Lemma 3.1 For A € gl(d,R) and a € RY, the solutions of i(t) = Ax(t) + a form

a continuous dynamical system with time set R and state space M = R?,

Proof: The map ® : R x R? — R? defined by
t
O(t,z) = z(t,z) = eMa —I—/ A=) ads
0

has, as claimed, the following properties:
(i) ®(0,z) = x, for all z € RY,
(i) ®(u +t,7) = ®(u, ®(t,2)) for all u,t € R and x € R?. In fact,

t u
®(u, d(t, ) = AW+ —|—/ et =) s —|—/ e qds.
0 0

u u+t
/ A=) qds = / eAUtt=s) g ds.
0 0

In fact, call t — s = —v then s = t + v. Hence ds = dv and, if s = ¢t then v = 0,
and, if s = v + ¢ then v = u. This implies fouH eAlutt=s) s — fou eAlw=v)qdv and
therefore
O(u+t,z) =P(u, D(t,x)).
(iii) ®(¢,x) is continuous by its definition. a
Recall that two C* flows ® and ¥, k > 0, are C* conjugate if there is a C*
map h with C* inverse such that for ¢t € R

ho®(t,) = U(t, h(")).

The flows are called topologically conjugate if kK = 0, and they are called linearly
conjugate, if the conjugation map h is linear.
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Theorem 3.1 Consider the dynamical systems ® and ¥ associated with ©(t) =
Az(t) + a and (t) = Bx(t) + b, respectively, where A, B € gl(d,R) and a,b € R%.
Assume that A and B are invertible, hence there are unique equilibria e4 and ep,
respectively. Then the following statements are equivalent:

(i) the flows ® and ¥ are C* conjugate for k > 1;

(ii) the flows ® and ¥ are linearly conjugate;

(iii) the flows ® and W are affinely similar, that is, A = TBT~! and Ta = b
for some T € Gl(d,R).

Proof: The flows are given by
O(t,z) = ela + /Ot e %) ds and W(t,z) = ePla + /Ot eBU=3)p ds.
Hence, for a conjugation map h satisfies for all ¢ and all
h(eMx + /Ot et =%q ds) = ePh(z) + /Ot eB=3)p ds.

Observe that (ii) obviously implies (i). Next we prove that (iii) implies (ii). Note
the equivalences

A=TBT ' & =Te!PT7! o 771! = P71 (2)

(here <= is seen by differentiating and evaluating in ¢ = 0). Then define a linear
map h : R? — R? as h(z) = T~'z. Then the conjugation property follows from

¢ ¢
h(eAts + / e ads) = T ez + / eAt=5)q, ds)
0 0

¢ ¢
= T leAty 471 / A=) g ds = BT + / T 1eAt=%)g ds
0 0

¢ ¢
= Birig —|—/ BTl ds = ePth(x) +/ eBU=)p ds.
0 0

Next, supposing (ii) we prove that (iii) holds. By (ii) there is a linear conjugacy h
such that for all ¢ and all

t t
h(e*tz +/ A=) ds) = eBth(x) +/ eBU=3)p ds. (3)
0 0
Differentiating with respect to x, we find for all ¢
t
Dh(e?tx +/ eAt=9g ds)et = P Dh(z). (4)
0

Observing that h is linear, we see with T~! := Dh(0)

T~ 'et = Dh(0)e = eB'Dh(0) = P71 (5)
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and hence, by (2),
A=TBT "

Inserting into (3), we find for all ¢ and all

¢ ¢
T ez +/ e =9q ds) = BT g +/ eBU=)p ds,
0 0

which, with (5), implies for all ¢
t t t
Tfl/ eAt=9)g ds = BT 1y — T 1Aty —|—/ eBt=9)p ds = / eBt=9)p ds.
0 0 0

Then using (5) again, one finds for all ¢

t t t t
eBt/ e Bsb ds = / eBU=9)p ds = Tﬁl/ eAt=5) g ds = TﬁleAt/ e 4%q ds
0 0 0 0

t t t
eBtr—1 / e %q ds = eBt/ T e g ds = eBt/ e BT g ds.
0 0 0

This implies that e~ B*b = e B*T1q for all t and hence b = T a.
Suppose that (i) holds. In order to show (iii), let h : R — R? be a C*-
conjugacy, k > 1. Thus for all z € R and ¢ > 0

h(®(t,z)) = h(ez) = eBlh(z) = U(h(z)).

Differentiating with respect to « we find as in (4)
¢
Dh(ez —|—/ et qds)et = B Dh(x).
0

Evaluating this at © = ey we get with H := Dh(ey)
He?t = B H for all t € R.

Differentiation with respect to ¢ in ¢ = 0 finally gives HA = BH. Then similar
computations as in the proof above yield (ii). Since h is a diffecomorphism, the
linear map H = Dh(0) is invertible and hence defines a linear conjugacy. O

In particular, Theorem 3.1, shows a conjugacy relation for the dynamical system
obtained when we replace the matrix A by its real Jordan matrix.

Corollary 3.1A Consider (t) = Ax(t) + a, with A € gl(d,R), and let ® its
associated dynamical system. Let U be the dynamical system for

&= Jhx 4+ T a,

where A = TJIHETl,T € Gl(d,R), is the associated matriz in real Jordan normal
form. Then there is a linear conjugacy h for ® and W.
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Proof: This follows from the equivalence of conditions (ii) and (iii) in Theorem
3.1. O

We note the following result on existence of an adapted norm.

Proposition 3.1 Denote the dynamical system associated to & = Ax +a, A €
gl(d,R),a € R?, by ®, and assume that A is invertible. Then there exists a unique
equilibrium eg = —A~'a and the following properties are equivalent:

(i) there are a norm | - ||, on R? and o > 0 such that for all x € R?

|®(t, ) — eol, < e ||z —eoll, for all t > 0;

(ii) for every norm || - || on R there are o > 0 and C > 0 such that for all
reR?
|@(t,z) — eo|| < Ce ||z — eql| for all t > 0;

(iii) for every eigenvalue A of A one has Re\ < 0.

Proof: The assertion for eg is immediate. Item (i) implies (ii), since all norms on
R? are equivalent. Items (ii) and (iii) are equivalent by Theorem 2.2. It remains to
show that (ii) implies (i). Clearly, ®(t,zo) —eg is the solution of the linear equation
#(t) = Axz(t) with initial condition 2(0) = xg — ep. Hence Proposition 3.17 in [4]
shows that there exist a norm || - ||, on R? and a > 0 satisfying (i). ]

Next we prove existence of topological conjugacies for stable affine systems.

Proposition 3.2 Consider the dynamical systems ® and U associated with &(t) =
Az(t) + a and (t) = Bx(t) + b, respectively, where A, B € gl(d,R) and a,b € R%.
If all eigenvalues of A and of B have negative real parts, then the flows ® and ¥
are topologically conjugate.

Proof: Recall that the flows ® and ¥ are given by
t t
d(t,z) = etz +/ e ads and U(t,z) = Pl —|—/ eBU=)pds.
0 0

If all eigenvalues of A and B have negative real parts, then by Proposition 3.19
in [4] there exists a homeomorphism A with h(e*x) = eBth(z) for all ¢ and all z.
Furthermore, there are unique equilibria e4 and ep, respectively.

Note that ®(t,z) — e is the solution of &(t) = Axz(t) with initial value z — ey4;
analogously, U(¢,z) — ep is the solution of &(t) = Bx(t) with initial value x — ep
and it follows that

O(t,z) —ea = eM(x —ea) and U(t,z) —ep = eBl(z — ep). (6)
The conjugation property of h implies that

h(et(z —en)) = ePth(z — eq) = P (h(x —eq) + ep —eB).
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Using (6) we can write this as
h(®(t,z) —ea) =V (t,h(x —es) +ep) —ep. (7)

Define H(z) = h(x —ea) + ep. Then by (7) this map satisfies the conjugation
property H(®(t,z)) = U(t, H(x)).

Since h is bijective, continuous, invertible and with continuous inverse, the same
is true for H. Therefore H is a topological conjugacy. O

The next theorem presents the main result of this paper. It shows that for
affine differential equations with hyperbolic matrices having the same dimension of
the stable subspace, topological conjugacy follows.

Theorem 3.2 Consider the dynamical systems ® and ¥ associated with & = Ax+a
and @ = Bx + b, respectively, where A, B € gl(d,R) and a,b € R%. Suppose A
and B are hyperbolic. Then ® and ¥ are topologically conjugate if and only if
the dimensions of the stable subspaces (and hence the dimensions of the unstable
subspaces) of A and B agree.

Proof: If A and B are hyperbolic then A and B has no eigenvalues with zero real
part. Then we can decompose R? as R? = E% @ E% and R? = E§ @ E%; here E5
and EY denote the stable and unstable subspace associated with A and analogously
for B. Denote the natural projections by 7% : R¢ — E% and 7% : R? — EY and
analogously for B.

These stable and unstable subspaces are invariant under e
tively. Consider the affine differential equations

T=A

t Bt

and e”", respec-

S 3 S o u 3 u
e @+ maa in By, & = Alg, x+ e in Ej, (8)

and
=B

E%erﬂfgb inE%, &= B|E%x+ﬂ'j“3b in EY (9)

Note that solutions of # = Az + a can uniquely be written as the sum of solutions
of the equations in (8) and analogously for B.

As the stable subspaces have the same dimension, by Proposition 3.2 there is a
conjugation for the stable systems

H?:E5 — E3.
Inverting time one also finds a conjugation for the unstable systems
H":EY — E%.
Hence we define a topological conjugation of ® and ¥ as
H(z) = H*(n®(x)) + H*(n%(z)).
O
Note that topological conjugacy of affine equations ¢ = Az + a is determined
by the matrix A € gl(n,R); it is independent of the affine term a € R?. As in case

of linear differential equation, if A € gl(n,R) is hyperbolic and B is close enough
to A, then the corresponding affine flows are topologically conjugate.
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