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On some low separation axioms in bitopological spaces
M. Caldas, S. Jafari, S. A. Ponmani and M. L. Thivagar

ABSTRACT: Recently, in 2003, Caldas et al. [I] introduced the notions of As-T;
and As-R; topological spaces for i = 1,2 as a version of the known notions of T;
and R; (i = 1,2) topological spaces [8] and [2]. In this paper, we extend As-T; and
As-R; to bitopological spaces for ¢ = 1,2 and define the notions of pairwise Ag-T;
and As-R; bitopological spaces for ¢ = 1,2. In this context, we study some of the
fundamental properties of such spaces. Moreover, we investigate their relationship
to some other known separation axioms.
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1. Introduction

The concept of bitopological spaces was introduced by Kelly [3] in 1963. In
1943, Shanin [§] introduced the separation axioms Ry and R; in topological spaces.
Murdeshwar and Naimpally [[5], Definition 6.9 and Definition 6.11] offered the no-
tions pairwise Ry and pairwise R; bitopological spaces. Recently, Caldas et al.
[1] introduced the notions of As-Ty, As-T1, As-Ro and As-R; topological spaces as
a version of the known notions of Ry and R; topological spaces. In this paper,
we offer the pairwise versions of As-Ty, As-T1, Ag-Ry and As-Ry in bitopological
spaces and investigate their fundamental properties.

Throughout the present paper, the space (X, 71, 72) always means a bitopologi-
cal space on which no separation axioms are assumed unless explicitly stated. For
a subset A of a bitopological space (X, 71, 72), 7;-CI(A) (resp. 7;-Int(A)) denotes
the closure (resp. interior) of A with respect to 7; for ¢ = 1,2. The complement of
A is denoted by A¢(= X \ A).
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2. (7;,7j)-(A,0)-open sets and associated separation
axioms

Definition 1. A subset A of a space (X, 71,72) is said to be 7;-As-set if A = 7;-
As(A) where 7;-As(A) =N{G € §(X,r)/AC G}, i=1,2.
In what follows, by a space we mean a bitopological space.

Definition 2. Let A be a subset of a space (X, 71,72).

(i) A is called a (75, 7;)-(A,0)-closed set if A = T NC, where T is a 7;,-As-set
and C is a Tj-0-closed set where i,5 = 1,2 and © # j. The complement of a
(1i,75)-(A, 6)-closed set is called (7;,7;)-(A,d)-open. We denoted the collection of
all (1;,7;)-(A, 0)-open sets (resp. (7i,7;)-(A, 6)-closed sets) by AsO(X, 1, 7;) (resp.
by A(;C(X, TZ',T]‘)).

(i1) A point x € (X, 71,72) is called a (1;,7;)-(A, 6)-cluster point of A if for every
(73, 75)-(A, 6)-open set U of (X, 11,72) containing x, ANU # (0. The set of all
(1i,75)-(A, §)-cluster points is called the (1;,7;)-(A, d)-closure of A and is denoted
by A7),

Lemma 2.1. Let A and B be subsets of a space (X, 71, 72). For the (1;,7;)-(A,6)-
closure where i,7 = 1,2 and i # j , the following properties hold.

(1) A c ANOTiT),

(2) AMDT) = \[F/ACF and F is (1;,7;)-(A, §)-closed}.

(3) If A C B, then AX(Tims) ¢ BAO(Tim),

(4) A is (1i,7;)-(A, 8)-closed if and only if A = ANO(TiTs),

(5) AT s (1, 75)~(A, §)-closed.

Lemma 2.2. Let A be a subset of a space (X, 71,72). Then the following hold.
(1) If Ay is (13, 75)-(A, )-closed for each k € I, then NierAy is (13, 7;)-(A, 6)-
closed where i,j = 1,2 and i # j.
(2) If Ay is (15,7;)-(A, 0)-open for each k € I, then UgerAsx is (75, 7;)-(A, 6)-
open, where i,5 =1,2 and i # j.

Definition 3. Let (X, 71,72) be a space, A C X. Then the (1;,7;)-As-kernel of A,
denoted by (1;,7;)-AsKer(A), is defined to be the set
(13, 75)-AsKer(A) = {G € AsO(X, 13, 7;) /A C G}. wherei,j =1,2 and i # j.

Lemma 2.3. For any two subsets A, B of a space (X, T1,72),

(1) A C B implies (1;,7;)-AsKer(A) C (1;,7;)-AsKer(B), where i,j = 1,2 and
14 7.

(2) (13, 715)-NsKer((;, 7j)-AsKer(A)) = (7, 7j)-AsKer(A), where i,j = 1,2 and
i # 3.

Lemma 2.4. For any two points x,y of a space (X, 71,72) , y € (7, 7j)-AsKer({z})
if and only if x € {y}YNDTT) where i, j = 1,2 and i # 7.

Proof. Let y ¢ (7;,7j)-AsKer({z}). Then there exists a (7;, 7j)-(A, §)-open set V'
containing x such that y ¢ V. Hence z ¢ {y}(*9(7:7) The converse is similarly
shown.
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Proposition 2.5. If (X, 71,72) is a space and A C X, then (7;,7j)-AsKer(A) =
{z € X/{x}ADTm) N A #£ 0}, whered,j = 1,2 and i # 7.

Proof. Let x € (1;,7j)-As Ker(A) and suppose that {2} (77N A = (). Then x ¢
X\{z}@Dm) which is a (7, 7;)-(A, §)-open set containing A. This is impossible,
since x € (1, 7j)-AsKer(A). Consequently, {z}*)(7:7) 0 A o£ ). Next, let z € X
such that {z}(*) ()N A = () and suppose that = ¢ (7;, 7;)-As Ker(A). Then there
exists a (7;,7;)-(A, §)-open set U containing Aand z ¢ U. Lety € {a}(A)(Tm)nA,
Hence U is a (73, 7;)-(A, 6)-neighourhood of y which does not contain z. By this
contradiction z € (7, 7;)AsKer(A).

Definition 4. A space (X, 11, 72) is called

(i) pairwise As-Ty if for each pair of distinct points in X, there is a (7, 7;)-(A,0)-
open set containing one of the points but not the other, where i,j = 1,2 and i # j.
(i) pairwise As-Ty if for each pair of distinct points x and y in X, there is a
(1i,75)-(A,8)-open U in X containing x but not y and a (7;,7;)-(A,6)-open set V
i X containing y but not x , where i,7 =1,2 and i # j.

(iii) pairwise As-Ts if for each pair of distinct points © and y in X, there exist a
(1i,75)-(A, 6)-open set U and (1, 7;)-(A,d)-open set V such that x € U, y € V and
UNV =0, wherei,j = 1,2 and i # j.

Remark 2.6. If a space (X, 71, 7T2) is pairwise As-T; , then it is pairwise As-T;_1,
1=1,2.

Theorem 2.7. A space (X, 71,72) is pairwise As-Ty if and only if for each pair of
distinct points x, y of X, {x} M0 Tms) £ LA M(T5.m) yphere i, j = 1,2 and i # j.

Proof. Sufficiency: Suppose that z,y € X, z # y and {2}(M0)(.75) oL £33 (A0)(75.7)
Let z be a point of X such that z € {x}*Tom) but 2 ¢ {y} @I Tm) . We
claim that = ¢ {y}A) ) For it, if 2 € {y}*9T7) then {2}M9)Tm)

yy A0 where i, j = 1,2 and i # j. And this contradicts the fact that z ¢
{y} N9 (5:7) - Consequently, = belongs to the (75, 7;)-(A, §)-open set [{y} A& (Timi)]e
to which y does not belong.

Necessity: Let (X, 71, 72) be a pairwise As-Tp space and x, y be any two distinct
points of X. There exists a (7;,7;)-(A,d)-open set G containing x or y, say «
but not y. Then G° is a (7, 7;)-(A, §)-closed set which does not contain z but
contains y. Since {y}**)(7:7) is the smallest (7, 7;)-(A,d)-closed set containing
y (Lemma 2.1), {y}*9m) < G¢ and so z ¢ {y}M9m)  Consequently,
{x} M0 (Tiomi) £ LA (A0)(T57) swhere 4,5 = 1,2 and i # j.

Theorem 2.8. A bitopological space (X, 11, 72) is patrwise As-T1 if and only if the
singletons are (1;,7;)-(A, 8)-closed sets, where i,j =1,2 and i # j.

Proof. Suppose that (X, 7y, 72) is pairwise As-T7 and x be any point of X. Let
y € {x}° Then z # y and so there exists a (7, 7j)-(A, §)-open set U, such that
y € U, but x¢ U,. Consequently, y € U, C {z}° i.e., {z}° = U{U,/y € {z}°}
which is (7, 7;)-(A, §)-open.
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Conversely, suppose that {p} is (7, 7;)-(A, d)-closed for every p € X, where
i,j=1,2and i # j. Let z,y € X with x # y . Now z # y implies y € {x}°.
Hence {z}° is a (74, 7j)-(A, §)-open set containing y but not containing =. Similarly
{y}¢is a (75, 7)-(A, 6)-open set containing x but not y. Therefore, X is a pairwise
As-Ty space.

Definition 5. A space (X, 71,72) is pairwise As-symmetric if for x and y in X,
z € {y} MO implies y € {x} X T0m) where i, = 1,2 and i # j.

Definition 6. A subset A of a space (X, 71,72) is called a (7;,7;)-As-generalized
closed set (briefly (1i,7;)-Ag-g-closed) if AN C U whenever A C U and U
is (13, 7;)-(A, 6)-open, where i,j =1,2 and i # j.

Lemma 2.9. Every (1;,7;)-(A, d)-closed set is (1;, 7j)-As-g-closed, wherei,j =1,2
and i # j.

Remark 2.10. The converse of Lemma 2.9 is not true as shown in the following
example.

Example 2.11. Let X = {a,b,c,d}, 11 ={0,{a}, {b},{a,b},{a,b,c},{a,b,d}, X}
and 7o = {0,{a},{b},{a,b}, X}. Then {c} is (11, 72)-As-g-closed but not (1, 72)-
(A, §)-closed.

Theorem 2.12. A space (X, 71, 7T2) is pairwise As-symmetric if and only if {x} is
(73, 75)-As-g-closed for each x € X, where i,j =1,2 and i # j.

Proof. Assume that z € {y}*9(T:m) but y ¢ {x}ND7) - This implies that
the complement of {z}*®)(7:7i) contains y. Therefore, the set {y} is a subset of
the complement of {x}"9)(&:m)  This implies that {y}"9(7:7) is a subset of
the complement of {z}(*)(::7) Now the complement of {x}(A:9)(7:7i) contains =
which is a contradiction.

Conversely, suppose that {z} C D € AsO(X,7;,7;), but {2} is not
a subset of D. This means that {z}®®(:7) and the complement of D are not
disjoint. Let y € {x}(A9)m) 0 (X \ D). Now we have x € {y}N9(75:7) which is
a subset of the complement of D and 2 ¢ D. But this is a contradiction.

Corollary 2.13. If a space (X, 71,7T2) is pairwise As-T1 space, then it is pairwise
As-symmetric.

Proof. In a pairwise A;-T} space singleton sets are (7;, 7;)-(A, §)-closed by Theorem
2.8, and therefore, (7;, 7;)-As-g-closed by Lemma 2.9. By Theorem 2.12, the space
is pairwise As-symmetric.

Remark 2.14. The converse of Corollary 2.183 is not true as shown in the following
example.

Example 2.15. Let X = {a,b,c}, 1 ={0,{a,b}, X} and o = {0,{b,c}, X}. Then
X is pairwise Ag-symmetric but not pairwise As-T1 since X and O are the only
(1i,75)-(A, 6)-open sets fori,5 =1,2 and i # j.
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Corollary 2.16. For a space (X, 71,72) the following are equivalent:
(1) (X, 71,72) is pairwise As-symmetric and pairwise As-To;
(2) (X, 71,72) is pairwise As-T1.

Proof. By Corollary 2.13 and Remark 2.6, it suffices to prove only (1) = (2). Let
x # y and by pairwise As-Tp, we may assume that x € G; C {y}° for some G; €
AsO(X,7;,7;). Then x ¢ {y}A)(T:m) Therefore, we have y ¢ {x}A)(Tm),
There exists a G2 € AsO(X, 75, 7;) such that y € G2 C {«}°. Therefore, (X, 71, 72)
is a pairwise As-T; space.

Theorem 2.17. For a pairwise As-symmetric space (X, m1,72) the following are
equivalent:

(1) (X, 71,72) is pairwise As-Tp;

(2) (X, 71,72) is pairwise As-T1.

Proof. (1) = (2) : Follows from Corollary 2.16.
(2) = (1) : Follows from Remark 2.6.

3. Pairwise As-Ry spaces

Definition 7. A space (X, 71,72) is pairwise Ry [J] if for each T;-open set G,
x € G implies 7;-Cl({z}) C G, wherei,j =1,2 and i # j.

Definition 8. A space (X, 11, 72) is a pairwise As-Ry if for each (7, 7;)-(A, 6)-open
set G, x € G implies {x} M9 Tm) © G, where i,j = 1,2 and i # j.

Proposition 3.1. In a space (X, 11, 72) the following statements are equivalent:
(1) (X, 71,72) is pairwise As-Ro;

(2) for any (1i,7;)-(A,6)-closed set F and a point x ¢ F, there exists U €
AsO(X, 15, 1;) such that x ¢ U and F C U fori,j =1,2 and i # j;

(8) for any (1;,7;)-(A, 0)-closed set F and x ¢ F, then {x}(3)(:m) 0 F =0, for
i,j=1,2 and i # j.

Proof. (1) = (2): Let F be a (1;,7;)-(A,0)-closed set and & ¢ F. Then by (1),
{x} A7) ¢ X\ F, whered,j = 1,2 and i # j. Let U = X \ {x}(*9)(75:7)  then
UeAO(X,7j,7;) and also F CU and z ¢ U.

(2) = (3): Let F be a (7, 7j)-(A, d)-closed set and a point = ¢ F. Then by (2),
there exists U € A;O(X,7;,7;) such that F C U and = ¢ U, where ¢,j = 1,2 and
i # j. Since U € AsO(X, 75, 7;), Un{z}Ad(75m) = . Then Fn{x}A0)mm) =,
where 7,5 = 1,2 and i # j.

(3) = (1): Let G € AsO(X,7;,7;) and € G. Now X \ G is (7, 7;)-(A, 0)-closed
and = ¢ X \ G. By (3), {z}*95:7) 0 (X \ G) = 0 and hence {z}M) 7)) @G,
where 4, j = 1,2 and i # j. Therefore, the space (X, 7y, 72) is pairwise As-Ryg.

Proposition 3.2. A space (X, 71, 72) is pairwise As-Ro if and only if for each
pair z,y of distinct points in X, {x}AO(m2) 0 LA AO(m) — o {z, y} C
{x}(A’a)(Tlﬂb) M {y}(Ava)(TQle)'
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Proof. Let (X, 71, 72) be pairwise As-Ry. Suppose that {z}X9)(T1.m2)n {3/1(A.8)(72,71)
# () and {x, y} is not a subset of {2} (T1.72)N {1 (A (T271)  Tet 5 € {2} (T1m2)N
{y}(A,zS)(TQ;rl) and z ¢ {z}(l\,é)(n,m) N {y}(A,é)('rz,n). Then = ¢ {y}(A,ﬁ)(m,n) and
r€ X\ {y}dD=m) € AsO(X, 72, m1). But {2}*9(71:72) is not a subset of X \
{y}(A"s)(Tz’Tl) since this is a contradiction. Hence for each pair z, y of distinct points
in X, {x}(A,é)(n,m) ) {y}(A,é)(rg,n) =0 or {x,y} C {.,L.}_(A,(S)(Tl,Tz) N {y}(A,é)(m,n).
Conversely, let U be a (1, 72)-(A, §)-open set and = € U. Suppose that {2} (*9)(72,71)
is not a subset of U. So there is a point y € {z}(*%)(27) such that y ¢ U and
{y}AO)(mm2) A7 = (). Since X \ U is (11, 72)-(A, §)-closed and y € X \ U. Hence
{x,y} is not a subset of {y}M(Tm2) A L1 (A (m2.m) and thus {y}AO(m2) A
{x}(/\ﬁ)(ﬁ,ﬁ) £ 0.

Theorem 3.3. In a space (X, 71, 7T2), the following statements are equivalent:

(1) (X, 71,72) is pairwise As-Ro;

(2) For any x € X, {x}M)T0m) = (1 1))-AsKer({z}, fori,j = 1,2 and i # j;

(8) For any x € X, {x}M0(Tim) (Tj ) AsKer({z}, fori,j=1,2 and i # j;

(4) For any z,y € X, y € {x}®9Tom) if and only if x € {y} (A0)(m55m) - for
i,j=1,2 and i # j;

(5) For any (7;,7;)-(A, 6)-closed set F', F = N{G/Gisa(t;, 7;)-(A, §)-open set and

F CGY, fori,j=1,2 and i # j;

(6) For any (1;,7;)-(A,6)-open set G, G = U{F/F is a (7;,71;)-(A,d)-closed

set and F C G}, fori,j=1,2 and i # j;

(7) For every A # 0 and each G € AsO(X, 1;,7;) such that ANG # 0, there exists

a (15,7)-(A,0)-closed set F' such that F C G and ANF # 0.

Proof. (1) = (2): Let z,y € X. Then by Lemma 2.4 and Proposition 3.2, y €
(1j,7i)-AsKer({z}) & z € {y}A)m) oy € {2} AOTm) | Hence {x}(A9)(7e:m)
= (15, 7)-AsKer({z}), where i,j = 1,2 and i # j.

(2) = (3): Straightforward.

(3) = (4): For any z,y € X, if y € {x}MIT7) then y € (15, 7:)-AsKer({z}) by
(3). Then by Lemma 2.4, z € {y}*9(%5:7) for i, j = 1,2 and i # j. The converse
follows by the same token.

(4) = (5): Let F be a (1;,7;)-(A,0)-closed set and H = N{G/G is a (75,7T:)-
(A,6)-open set and F C G}. Clearly FF C H. Let ¢ ¢ F. Then for any y € F,
we have that {y}»9(:7) © F. Hence follows that 2 ¢ {y}(»9)(:m) Now by
(4), z ¢ {y}*Im) implies y ¢ {2}M9)(757) There exists a (7, 7:)-(A, §)-open
set Gy such that y € Gy and « ¢ Gy. Let G = U, cp{Gy/Gy is (75,7i)-(A,6)-
open,y € Gy and x ¢ G,}. Thus, there exists a (7, 7;)-(A, d)-open set G such
that x ¢ G and F C G. Hence, ¢ H. Therefore, F' = H.

(5) = (6): Straightforward.

(6) = (7): Let A # 0 and G be a (7;,7;)-(A,d)-open set and 2 € ANG. By
(6), G =U{F/ is (mi,75)-(A,d)-closed and F C G}. It follows that there is a
(75, 75)-(A, 6)-closed set F' such that € ' C G. Hence ANF # .

(7) = (1): Let G bea (7;,7;)-(A, §)-open set and z € G, then {x}NG # 0. Therefore
by (7), there exists a (7, 7;)-(A, §)-closed F such that x € F C G and {z} N F # 0,
which implies {z}*9)(%.7) ¢ G, where i,j = 1,2 and i # j. Therefore, (X, 11, 72)
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is pairwise As-Rg.

Remark 3.4. Let (X,71,7) be a space. Then for each x € X, let bi-{x}*9)
={x} AT O [ A0 (2m) and bi-AsKer({x}) = (11, 72)-AsKer({z})N (72, 11)-
AsKer({z}).

Proposition 3.5. If a space (X, 11, 72) is pairwise As-Ry then for each pair of dis-
tinct points x,y € X, either bi-{z}™9) = bi-{y} (A9 or bi-{z} M) Nbi-{3y} (A0 = ).

Proof. Let (X, 71,72) be a pairwise As-Ry space. Suppose that bi-{z}M9) =£ bi-
{y} X9 and bi-{x} ™) N bi-{y} A9 £ 0. Let s € bi-{z}M N bi-{y} N9 and
z ¢ bi-{y}A0) = {HAO L) A LA A0(2m) | Then 2 ¢ {y} (M) (7:75) where
i,j=1,2and i # j. and z € X \ {y}ND0m) € AsO(X, 73, 7;), where i,j = 1,2
and i # j. But {2}*7) i not a subset of X \ {y}9(T7) since s € bi-
{x} N9 M bi-{y} A9, Thus (X, 71, 72) is not a pairwise As-Ro space which is a
contradiction to our assumption. Hence we have either bi-{z}(%9) = bi-{y}(49) or
bi-{z}(A0) N bi-{y} (A0 = ¢,

Theorem 3.6. In a space (X, 71,72), the following properties are equivalent:

(1) (X, 71,72) is pairwise As-Ro;

(2) For any (1;,7;)-(A, 6)-closed set F C X, F = (15, 1;)-AsKer(F), where i,j =
1,2 and i # j;

(8) For any (1;,7;)-(A, 6)-closed set F C X and x € F, (1j,7;)-AsKer({z}) C F,
where i, = 1,2 and i # j;

(4) For any x € X, (1j,7;)-AsKer({z}) C {a}MDT0m)  where i,j = 1,2 and
it

Proof. (1) = (2): Let F be (13, 7;)-(A, §)-closed and = ¢ F'. Then X \ F' is (7, 75)-
(A, §)-open containing . Since (X, 71, 7o) is pairwise As-Ry, {x}*(7:m) ¢ X\ F,
where 4,5 = 1,2 and i # j. Therefore, {x}(*9)(7:7) N F' = () and by Proposition
2.5, ¢ ¢ (15, 7)-AsKer(F). Hence F = (1, 7;)-AsKer(F), where i,j = 1,2 and
S

(2) = (3): Let F be a (1, 7;)-(A,d)-closed set containing . Then {z} C F
and (75, 7;)-AsKer({z}) C (15, 7)-AsKer(F). From (2), it follows that (7;,7;)-
AsKer({z}) C F, where i, = 1,2 and i # j.

(3) = (4): Since x € {x}*I:7) and {z}AD7) i (15, 7;)-(A, 6)-closed in X,
by (3) it follows that (7, 7;)-AsKer(F) C {x}M0)0m) where i, j = 1,2 and i # j.
(4) = (1): It follows from Theorem 3.3.

4. Pairwise As;-R; spaces

Definition 9. A space (X, 71, 72) is said to be pairwise As-Ry if for each z,y € X,
{a}yWO)(Temi) o£ Lyt (ANO(T57) there exist disjoint sets U € AsO(X, 1;,7;) and V €
AsO(X, 7y, 1) such that {x}ADEom) C U and {y}MOm) €V, whered,j = 1,2
and i # j.

Proposition 4.1. If (X, 11, 72) is pairwise As-Ry , then it is pairwise As-Ryo.
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Proof. Suppose that (X, 71, 72) is pairwise As-R; . Let U be a (7, 7;)-(A, §)-open
set and x € U. Then for each point y € X \ U, {x}M)(T5:m) £ L33 (A0)(7im),
Since (X, 71, 72) is pairwise As-Ry, there exists a (7, 7;)-(A, §)-open set U, and a
(7j,7:)-(A, &)-open set Vj, such that {x}A)Tm) c U, {y}*Dm) ¢V, and
U,NV, =0, where i,j = 1,2 and ¢ # j. Let A = J{V, |y € X \U}. Then
X\UCA, v¢ Aand Ais a (15,7:)-(A,§)-open set. Therefore, {x}4)(7.7))
X\ A CU. Hence (X, 71, 72) is pairwise As-Rp.

Proposition 4.2. A space (X,71,72) is pairwise As-Ry if and only if for every
pair of points x and y of X such that {x} N (T7i) oL LA AT there exists a
(1i,75)-(A, 6)-open set U and (1, 7;)-(A,6)-open set V such that x € V, y € U and
UNV =0, wherei,j =1,2 and i # j.

Proof. Suppose that (X, 71,72) is pairwise As-R;. Let z,y be points of X such
that {z}MO(Tm) £ LA A0(7) - where 4,5 = 1,2 and @ # j. Then there
exist a (7;,7;)-(A,0)-open set U and a (7, 7;)-(A, d)-open set V such that = €
{x}ADTm) C Voand y € {y}*9(77) € U. On the other hand, suppose that
there exists a (7;,7;)-(A, d)-open set U and (7;,7;)-(A,d)-open set V' such that
ze€V,yeUand UNV = 0, where 4,5 = 1,2 and ¢ # j. Since every pairwise
As-Ry space is pairwise As-Rg, {2}(9)07) € V oand {y}*)(757) € U. Hence
the claim.

Proposition 4.3. A pairwise As-Rg space (X, 71, 7T2) is pairwise As-Ry if for each
pair of points x and y of X such that {x}M9)(Tem) 0 Ly} AO(Tm) = () there exist
disjoint sets U € AsO(X, 13, 7;) and V € AsO(X, 75, 7;) such thatx € U andy € V,
where 1,7 =1,2 and i # j.

Proof. Tt follows directly from Definition 8 and Proposition 3.5.

Theorem 4.4. In a space (X, 71,72), the following statements are equivalent:

(1) (X, 71,72) is pairwise As-Ry;

(2) For any two distinct points v,y € X, {x}M0)Tmi) o£ LA (A0)(75:7i) implies that
there exist a (1;,7;)-(A, d)-closed set Fy and a (7;,7;)-(A, §)-closed set Fy such that
xEF,yeF, x¢ Fy,y¢ Fy and X = Fy U Fy, where i,j =1,2 and i # j.

Proof. (1) = (2): Suppose that (X, 7, 72) is pairwise As-R;. Let z,y € X such
that {x}(MO(Tm) £ {1 (A0)(75.m) - By Proposition 4.2, there exist disjoint sets
V e AsO(X, 13, 15) and U € AsO(X, 1, 7;) such that € U and y € V, where
i,j=1,2and ¢ # j. Then Fy = X\ V is a (7, 7j)-(A, §)-closed set and Fy = X \U
is a (7j,7;)-(A,d)-closed set such that @ € Fi, © ¢ Fb, y ¢ Fi, y € F, and
X =F,UF,, where i,j =1,2 and i # j.

(2) = (1): Let 2,y € X such that {z}®9m) £ LA where 4,7 =
1,2 and i # j. Hence for any two distinct points z,y of X, {x}(A9)(.7) 0
{yy A0 (Tm) = () where 4, j = 1,2 and i # j. Then by Proposition 3.2, (X, 71, 7)
is pairwise As-Ro. By (2), there exists a (7, 7;)-(A, §)-closed set Fy and a (75, 7;)-
(A, §)-closed set Fy such that X = FyUFy, ¢ € Fi,y € Fy, x ¢ Fy and y ¢ F).
Therefore, v € X \ Fo =U € AsO(X,7j,7) andy € X \ F} =V € A;O(X, 73, 75)
which implies that {z}(M)0m) ¢ U, {y}0D7) ¢ Voand U NV = (), where
1,7 =1,2 and i # j. Hence (X, 11, 72) is pairwise As-Rp.
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