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Blow-up directions at space infinity
for solutions of semilinear heat equations

Yoshikazu Giga and Noriaki Umeda

ABSTRACT: A blowing up solution of the semilinear heat equation us = Au+ f(u)
with f satisfying liminf f(u)/uP > 0 for some p > 1 is considered when initial data
ug satisfies ug < M, up # M and limm, o infrep,, uo(x) = M with sequence of
ball { By, } whose radius diverging to infinity. It is shown that the solution blows up
only at space infinity. A notion of blow-up direction is introduced. A characteriza-
tion for blow-up direction is also established.

Key Words: nonlinear heat equation, blow-up at space infinity, blow-up di-
rection.
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1. Introduction and main theorems

We are interested in solutions of semilinear heat equations which blow up at
space infinity.
In [8] we considered a nonnegative blowing up solution of

u=Au+u? xeR"t>0
with initial data ug satisfying

0<wg(x) <M, wyzMand lim wug(x)=M,

x| —o0

where p > 1 and M > 0 is a constant. We proved in [§] that the solution u blows
up exactly at the blow-up time for the spatially constant solution with initial data
M. We moreover proved that u blows up only at the space infinity. In this paper
we would like to generalize this result in following two directions.

(i) (Initial data) We consider more general initial data 4o which may not converge
to M for some direction of z, for example ug — M as |z| — oo only for z in some
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10 Y. GicA AND N. UMEDA

sector. It is convenient to introduce a notion of blow up direction at the space
infinity, We are able to give necessary and sufficient conditions so that particular
direction is a blow-up direction.
(ii) (Nonlinear term) We extend a class of nonlinear term. It includes e* and u?4u?
for p, ¢ > 1.

We consider solutions of the initial value problem for the equation

ur = Au + f(u), zeR"t>0, 1
u(z,0) = ugp(z), x e R" (1)

The nonlinear term f is assumed to be locally Lipschitz in R with the properly
that

liminij) >0 forsomep>1, f >0. (2)

§—00 S

We take two constants M and N satisfying M + N > 0 and
f(M) > 0. 3)
The initial data ug is assumed to be a measureable function in R" satisfying
—N<uy <M a.e. and wug# M a.e. (4)

We are interested in initial data such that ug — M as |z| — oo for x in some sector
of R". We assume that

essinfyep, (uo(r) — My) >0 for m=1,2,..., (5)
where
By = By, () (6)
with a sequence {r,,} and a sequence of constants M,, satisfying

lim r,, =00, lim |M — M,|=0,
m—0o0 m—0o0
and {x,, }5°_; is some sequence of vectors. Here B, (x) denotes the closed ball of
radius r centered at z. (In fact, it follows from (4) that |z,,| — oo as m — 0.)
Problem (1) has a unique bounded solution at least locally in time. However, the
solution may blow up in finite time. For a given initial value ug and nonlinear term
flet T* = T*(ug, f) be the maximal existence time of the solution. If T* = oo,
the solution exists globally in time. If T < oo, we say that the solution blows up
in finite time. It is well known that

limsup [lu(-,)[|oc = o0, (7)
t—T*

where || - ||oo denotes the L>°-norm in space variables.
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In this paper, we are interested in behavior of a blowing up solution near space
infinity as well as location of blow-up directions defined below. A point zpy € R"
is called a blow-up point (with value £00) if there exists a sequence {(@m, tm) }50_,
such that

tm 1T, om—xpy and  w(xpy,,t,) — oo as  m — oo.
If there exists a sequence {(zm,tm)}2_; such that
tn 1T, |xm| — o0 and  w(zpy,tm) — too as  m — oo,

then we say that the solution blows up to oo at space infinity.

A direction 1 € S™7! is called a blow-up direction for the value +oo if there
exists a sequence {(Tpm,tm)}oo_; with z,, € R™ and t, € (0,7*) such that
WXy ty) — 00 (as m — o0) and

%Hd) as  m — o0. (8)
T,

We consider the solution v(t) of an ordinary differential equation

{ vy = f(v),. t>0, )

Let T, = T*(M, f) be the maximal existence time of solutions of (9), i. e.,
[ ds
v f(s)

We are now in position to state our main results.

T,

Theorem 1. Assume that f is locally Lipschitz in R and satisfies (2) and (3).
Let ug be a continuous function satisfying (4) and (5)), and T, < T*(—N, f). Then
there exists a subsequence of {x;,}5°_, (still denote by {x,,}, independent of t)
such that

lim w(zy,,t) = v(t).

m—00

The convergence is uniform in every compact subset of {t : 0 <t < T,}. Moreover,
the solution blows up at T, .

Remark 1.1. Our assumption T, < T*(=N, f) says that the solution does not
blow up to minus infinity before it blows up to plus infinity. From the condition
(4), it follows that lim,, o |Tm| = o0.

This result in particular implies that

sup v (1) |Ju(-, )]l < 0. (10)
0<t<T*

When we set f(u) = |u|P~1u, such a blow-up rate estimate is known for subcritical
p; see e.g. [4], [6], [7] for general bounded initial data without assuming (4) and (5).
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Such a blow-up estimate is very fundamental to analyze the behavior of solution
near blow-up point as noted in [3]. However, for supercritical p such a blow-up rate
estimate (10) may not hold in general; see e.g. [I], [9]. If one considers only radial
solutions of (1) for supercritical p less than 1+ 4/(n — 4 — 2(n — 1)*/2) or n < 10,
then the estimate (10) holds [11]. We would like to emphasize that Theorem 1
requires no restriction on p.

Our second main result is on the location of blow-up points.

Theorem 2. Assume the same hypotheses of Theorem 1. Then the solution of (1))
has no blow-up points with +o0o in R™. (It blows up only at space infinity.)

There is a huge literature on location of blow-up points since the work of
Weissler [13] and Friedman-McLeod [2]. (We do not intend to list references ex-
haustively in this paper.) However, most results consider either bounded domains
or solutions decaying at space infinity; such a solution does not blow up at space
infinity [5].

As far as the authors know, before the result of [8] the only paper discussing
blow-up at space infinity is the work of Lacey [10]. He considered the Dirichlet
problem in a half line. He studied various nonlinear terms and proved that a
solution blows up only at space infinity.

In particular, his result implies that the solution of

Up = Ugy + fu), x> 0,t>0,
w(0,t) =1, t>0,
u(z,0) = up(z) > 1, x>0

blows up only at space infinity, where wug satisfies 0 < ug < M with M > 1, and
f(s) = sP and e®.

His method is based on construction of suitable subsolutions and supersolutions.
However, the construction heavily depends on the Dirichlet condition at x = 0 and
does not apply to the Cauchy problem even for the case n = 1.

As previously described, the authors [8] proved the statement of Theorems 1
and 2 assuming that lim,|_. uo(z) = M for positive solutions of u; = Au + uP.
Later, Simozyo [12] had the same results as in [8] by relaxing the assumptions of
initial data ug > 0 which is similar to that in the present paper. His approach
is a construction of a suitable supersolution which implies that a € R" is not a
blow-up point. Although he restricted himself for f(s) = sP, his idea works our f
under slightly strong assumption on ug. Here we give a different approach.

By Simozyo’s results [12] it is natural to consider a problem of “blow-up direc-
tion” defined in (8)). We next study this “blow-up direction” for the value +oo.
Our third result is on this blow-up direction. It is convenient to introduce the
function A,, defined by

1
An(s) = B /Bs(ym) ug(z)dz (11)

for a given sequence {y;,}5°_;. This A,,(s) represents the mean value of uy over
the ball Bs(ym).
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Theorem 3. Assume the same hypotheses of Theorem 1 and let {s,}5°_1 be a
sequence diverging to oo in R. For a given direction 1 € S™ 1, the following
alternatives hold.

(i) If there exists a sequence {Ym }5°_1 satisfying iy, oo Ym /|Ym| = ¥ such that

limsup inf A, (s) =M,

m—oo SE(L,sm)
then 1 is a blow-up direction.

(i) If there exists a constant s, € (1/(M + N),00) such that for any sequence
{ym }2°_1 satisfying limy, oo Ym/|Ym| = @ such that
. . 1
limsup inf A, (s) <M - —,

m—oo s€(1,s¢) Se
then 1 is not a blow-up direction.

This characterizes blow up directions by profiles of initial data. This is a new
result even if f(u) = |u|P~lu or n = 1.

Here are main ideas of the proofs . To prove Theorem 1 we construct a suitable
subsolution. To prove Theorem 2 we derive a non blow-up criterion. We do not
appeal any energy arguments for rescaled function as is done in our previous paper
[8]. Our argument consists of two parts. First we observe that

u(z,t) < ov(t)

near a point ¢ € R" with some § € (0,1) when ¢ is close to blow-up time. By a
bootstrap argument we derive that « is actually bounded near a when t is close to
the blow up time. To prove Theorem 3 we use comparison argument as in Theorems
1,2 and non blow-up criterion which is established in the proof of Theorem 2. We
also note that there is no situation which is not covered by assumption of (i) and
(ii) of Theorem 3.

This paper is organized as follows. In section 2 we prove Theorem 1 by using
the Green kernel of the heat equation. The proof of Theorem 2 is given in section
3 by a priori estimate. In section 4 we show Theorem 3 using Theorems 1 and 2.

2. Behavior at space infinity

In this section, we prove Theorem 1. We may assume 7, < rp41 and M, <
M, 11 for m € N without loss of generality.

Proof of Theorem 1: Let G, (.)(x,y,t) be the Green kernel of the Dirichlet
problem of the heat equation in the domain Bg(z) and G(z,y,t) be that of R".
We set

_ GBR(ﬂf,y,t), ‘TGBR(Z)at>Oa
GR(x7y7t) - { 0, = Rn\BR(Z)
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It is easily seen that

Jim | Gty vy = | Gy tel)dy
— 00 R” R”
uniformly in B,(z) x [0, a] for any measureable function ¢(y) with any r and a
satisfying 0 < r < oo and 0 < a < 0.

For the m-th ball B,, defined in (0), let u,, be the subsolution of (1) satisfying

(!m)t :A!m+f(ﬂm)7 T € Byt >0,
u,, (2,0) = M, T € By,
Uy = W x € R"\By,,t > 0,

where w is the solution of

wt:f(w)a t>0a
{ w(0) = —N.

Our goal is to prove limy, o0 Uy, (Tm,t) = v(t). We set X,, = u,, — w and
observe that X,,, satisfies

(Xm)t = AXy + f( X +w) — f(w), x € By, t >0,
X (z,0) = M, — N, x € By,
Xn=0 x € R"\B,,,t > 0.

It is easily seen that X, < X,,4+1 for any m € N. It is well known that X,
satisfies the integral equation

Xm(xat) = Gm(xvyat)(Mm+N)dy

R
+ / o5, — )L F (X (5, 8) + w(s)) — F(w(s))}ds.
0 R™

when G,,(x,y,t) be the Green kernel of the Dirichlet problem of the heat equation
in the domain Bp, .

We shall prove that lim,, ,co X (Zm,t) = v(t) — w(t). Since v satisfies (9), we
have

v(t)—w(t) — X (Tm,t) = M + N — Gm(Tm,y,t) (M, + N)dz
R~
/ {f(v(s)) = f(w(s)) —/ {f(Xin(y, 5) +w(s)) — f(w(s)) }dy|ds.
0 R"
Since [g. G(x,y,t)dy = 1, we have
M+ N — G (Tm,y, t) (M, + N)dy)

R”

= Rn{G(xm,y,t) = Gm) @, 4, ) }(M + N) + G (T, y, t) (M — M,y,)dy
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and

FO(s) = 506D = [ {7 (Kinl9) +05) = Sy
-/ [{(Gum, Uot— ) — Co(mt — ) (F(0(5)) — F(w(s))
(o syt — () — FKom(yr5) + w(s))}] dy.

By the monotone convergence theorem we have

m— 00

lim {M+N — G (Tm, y, t) (M, JFN)dy)} =0

R”

and

i { [ [ Gt = 910 O5) + ()~ Fw5) s

= lim /0 /R" G (@, y,t — $){f(v(s)) — F(Xm(y, s) +w(s)) }dyds.
Thus we have

lim {v(t) — w(t) — X (@, 1)}

e i [ [ [ Gt = ) 0060) = F0n5) + () s
< tim [ [ 0(066) = wts) — Xt

for t € [0,Ty with To € (0,7*) and some constant C' = C(Tp). We set X(t) =
lim,,— 00 X (@m,t). The monotone convergence theorem yields

v(t) —w(t) — X (t) < /0 C(v(s) —w(s) — X(s))ds.

Since v(t) > w(t) + X (¢), we have
v(t) —w(t)—X({t)=0 for te[0,Tp).
We thus obtain that

lim w,,(Tm,t) =v() for te€][0,Tp.

m—00
Since u,, (x,t) < u(z,t) < v(t), we conclude

Hm wpy,(Tm,t) =v(t) for  te€][0,To).

m—00
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Thus, since T, < T*(=N, f) and T, < T*(uo, f), we take

lim u(zy,,t)=v(t) for tel0,T,). (12)

m—0o0
It remains to prove that w blows up at ¢t = T,. For this purpose it suffices
to prove that lim,, oo 4(Zm,tm) = oo for some sequence t,, — T,. We argue by
contradiction. Suppose that lim,,—cc u(Zm, tm) < C for some C € [M,00). Then
we could take tg € (0,T),) satisfying v(to) > C and v.(t) > 0 for ¢t > to. By (12) we

have T T
t t )
lim u(mm, 0_; U):v(ozq>>c,

which yields a contradiction. We thus proved that lim,, oo w(Zm, tm) = 00, so that
u(x,t) blows up at T,. |

3. Non blow-up point in R"

In this section we prove Theorem 2. We may assume that f(ug(z)) > 0 for any
2z € R"™ without loss of generality.

Lemma 3.1. Let u and v be solutions of (1) and (9) with ug, M and f satisfying
2), (3) and (4). Then there exist 6 = 0(a,r,to,uo, f) € (0,1) such that for (z,t) €
B.(a) X [to, T*),

u(z,t) < ov(t)

with tg € [O,T*)

Proof: By (2) there exist My = M¢(f) > M and 65 = 6¢(f) € (0,1) satistying
for r > My and 6 € (dy,1),

f(or) <6£(r). (13)

Let Ty = To(uo, f) € (0,T*) such that v(To) = My. Since ug < M and ug # M,
we have u(z,Ty) < v(Tp). Note that u(z,t) < v(t) for ¢t € (0,Tp]. Let w be the
solution of

wy = Aw, xeR"te (Ty, T"),
w(x, Tp) = max{u(z, To)/v(Ty),0r}, reR".

Put w = vw. Then we have

= Au+wf(v), zeR" te (Ty, T,
u(x, Ty) = max{u(x, Tp), dpv(To)}, zeR".

Since w(z,t) € [6,1) and v(t) > My, we have
wf(v) = flwv) = f(u)

by (13)). This @ is supersolution of ().
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Since for any z € R", SUPye(7,,77) w(x,t) < 1, we can take 6 = d(a,r, Ty, uo, f) €
(0,1) satisfying w(z,t) < ¢ for (z,t) € By(a) x [T, T*). Thus, we obtain
u(z,t) < alz,t) = wx, t)v(t) < dv(t)
and Lemma 3.1 is proved. O

We consider the equation

i, = Ad, 2 € By,t>0,
a(x,0) = uo(z), x € By, (14)
a(x,t) < wv(t), x € 0By,

where B; = Bj(a) with some a € R", and v is the solution of (9) and T is maximum
existence time for v.

Lemma 3.2. Let @ be the solutions of (14) with a bounded continuous function
ug satisfying ug < v(0) and By = Bi(a) with some a € R". And let v = v(t) €
CL([0,T)) blow up at t = T. Then, for any € > 0 and ¢ € (0,1), there exist
r € (0, \/IT*) depending only on the space dimension, € and ( such that

sup a(z,t)/v(t) <e, (15)
(z,t)€Be X [T—r2,T)

where B; = B¢ (a).

Proof: We consider the function

w=v—1

Then, the function w satisfies
wy > Aw + vy, x € By,t >0,
w(z,0) = v(0) — up(z), x € By, (16)
w(z,t) =0, x € 0By,

or its integral form:
w(x,t) = [ Gi(z,y,t)(v(0) = uo(y))dy

By
t
+ / / Gl(‘ra y7t - S)’Ut(S)dde,
0 JB;

where G1(x,y,t) is the Green kernel of the Dirichlet problem of the heat equation
in the domain B1(0).
We take €; > 0 and e > 0 small enough such that

(1—e)(1—e) > (1—e). (17)
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For these €; and €s, and for any ¢ € (0, 1), we are able to take §; = 6(C,e2) > 0
and 09 = (52(51, 61) S (0,51) such that

inf Gi(z,y,8)dy > 1 — e (18)
fEBC B
s€1[0,61]
and
U(T—63) —’U(T—él) Z (1 —61)1}(T—53). (19)

for any 03 € (0, 62]. Then,
T—63
w(z, T — d3) > / Gi(2,y,T — 03 — s)vi(s)dyds
0 B
T—63
= / ve(8) Gi(z,y, T — 03 — s)dyds
0 B

T—53
> / wls) [ Gi(w,y,T - b — s)dyds.
T—61 By

Since inf,ep fj h(z,s)ds > f; infyep h(z, s)ds for any constants a, b satisfying
a < b, any integrable function h in [a, b] and any domain D, we have

T*(sz
inf T—67) > inf G T — 09 — s)dyds.
J}EHBC’LU(% 2) = /Té1 Ut(s)zlenB( /Bl 1(z,y, 2 — 5)dyds

From (18) we obtain

T—62
inf w(x,T—46)>(1- 62)/ ve(8)ds
z€B¢ -8

> (1—e)@W(T—¥8)—ov(T—0b1)).
From (19) and (17) we get
wienéc w(z, T — ) > (1 —ex)(1 — e1)v(T — d2)
> (1= e)v(T — da).

Then we have

sup u(z, T — d3) < ev(T — 03)
r€B¢

for any d3 € (0, da].
We take r = 5§/2, and observe that

sup a(z,t)/v(t) < e
(z,t)EBe X [T—12,T)
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Proposition 3.3. Forp > 1,4 € (0,1) and €, > 0 (m = 1,2,...,1) with1 >0,
let {am}2°_, be a sequence defined by

ag =6 +e, am=d,_ | +en1, (M=23,...1),

m—1
Then for any e >0, p > 1 and § € (0,1), there existl and €, >0 (m =1,2,...,1)
satisfying a; < €.
Proof: First, we take 6; = 6®~1/2 and €; = 616 — 67 > 0 to get
a1 =616 and 6, € (51)717 ].)

Next, we take 0y = (915)(1”1)/2 and €3 = 61020 — (915)(1”1)/2. Then 6, and ey
satisfy
ag = aIf + €3 = 01026 and 0> € ((915)17—1, 1).

By repeating these arguments, we have
a; = (9192 L. 91_15)p +e =60105...0,0

and Hn S ((9192 - Qn_l)p‘l, 1)
Then it is shown that €, (m =1,2,...,n) satisfy

p=1 2oL (1-1)+1 251 (1-2)+1 =141 p=1
a = 010,...0,0 =" 1 7 (T DR g AL gt

Take [ large enough satisfying 5%+ < €. Then we have a; < €. a

Lemma 3.4. Assume that f satisfies (2)) and (3). Let u and v be the solutions of

(
up = Au+ f(u), x € By,t >0,
u(z,0) = up(z), x € By

and (9). Assume that there exists a 0 € (0,1) satisfying u < év in By X [to, T) with
some to € (0,T). Then, for any € >0 and ¢ € (0,1), there exists r depending only
on the space dimension such that

sup u(z,t)/v(t) <e.
(z,t)€Bex[T—r2,T)

Proof: By (2)), one can take some ¢ € (1,p), dg = do(f) and by = bo(f,dp) such
that for any 01 € (do, 1), v > by and u < 70,

fu) <67f(v). (20)

And from Lemma 3.1, for any a € R", we can take § = d(uo, f,a,7) > do = do(f)
such that u(z,t) < dv(t) for t > 7 € (0,T) and = € By(a). Put & = u — 4, where
4 is solution of (L6)). Then by (20), we have

Wy = up — Uy = Au — At + f(u) = A + f(u).
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We define 7 = min{t : v(s) > by for any s > t} and observe that

t

i) = [ [ Gyt =) futy. 9)dyds
B¢
<[ [ Gt s)ids
t

400 [ Glat = s)1(w(s)duds

B¢

< / PO [ Gyt = s)dus

¢
+ 5‘1/ flu(s)) G(z,y,t — s)dyds.
T B¢

Since
lim v(¢) = lim / fv

t—T t—T
there exist r; = r1(e1) > 0 small enough such that for t € [T — 72, T),

/ fl G(m,y,t — 8)dyds
+ 5‘1/ flu(s)) G(z,y,t — s)dyds
T B¢

< <6q + %) /Tt f(v(s)) . G(z,y,t — s)dyds

with some €; satisfying 47 4+ ¢; < 1. Then, from Lemma 3.2, we have
sup u(z,t) < sup

z€B; z€B; { 5q 61 / £L’ Y, T f('U(S))dde} + %U(t)

< (87 + €1)v(t) = arv(t)
m=1,2,...1) is defined

for t € [T —7%,T) with some f > 0 and 71 < 71, where a,, (

in Proposition 3.3.
Next, by using the solution % of the equation of

i, = A, z € B;t >0,
'I]((E,O) = UO(x)v T e Béa
a(x, t) = (67 + e1)v(t), z € 0B;,

and w = u — @, and by using the same argument of proof of Lemma 3.2 and above

we have
sup u(z,t) < agv(t)
IGBc'z



BLOW-UP DIRECTIONS AT SPACE INFINITY 21

for t € [T — 7373, T) with some 75 and 5.
Iterating these arguments, we have

sup u(z,t) < ao(t)
xeBél

for t € [T — 7273 ...72,T) with some 7; and ¢; (i = 3,4,...,n). Put { = ¢'/" and
r = 7179 ...7n. Then by Proposition 3.3, we have

u(z,t)
sup <e.
(z)eBex[T—r2,1) V(1)

O

Proposition 3.5. Let v be solution of (9) with f and M satisfying (2) and (3),
f(s) = Ci(s + C2)? = f(s) with some C; > 0 and Cy > 0 for large s, and
T (M, f)=T*(M, f). Then

v(t) < C(T —t)~1/ @1
with some ¢ = q(f) > 1 and C = C(C1, ¢, M, f) > 0, where T =T*(M, f).

Proof: From the assumption it follows

T—t= mﬁ</m7d8
v f(S) e Cl(s+02)q

and
—1/(g—1)
o(t) < (C’l(ql—l)(T - t)) + O

for t € (0,T) satisfying that T —t is small enough. This yields the desired estimate.
O

Lemma 3.6. Assume that ug satisfies (4) and (5), and f satisfies (2) and (3).
Let a be a point in R". Then a is not a blow-up point, and

limsup u(a,t) < C
t—T

with some C' = C(h,ug, f) < 0o for a € By(0) (see [J, LemmaZ2.1)).

Proof: From Lemma 3.4, it follows that u(z,t) < ev(t) in B, (a) x [T}, —72,T) with
some r = r(a,n, ¢, ug, f). By assumption we have |f(s)/s| is nondecreasing function
for |s| > sg, and |f(es)| < €| f(s)]| for |s| > so/e with to = to(f,q) ¢ = (p+ 1)/2.
From Lemma 3.4, it also follows that |u(x,t)| < €|v(t)|. Then we have

‘f(U) fv)

< et

v

<[l
€V

(21)
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for (z,t) € By(a) x [T —r3,T), where
ro =sup {7 € (0,r] : (T — %) > s0/2} .
with r defined in Lemma 3.4.
We argue a kind of a local bootstrap argument for u to get a bound. Let ¢,, be
a C?—function supported on B,m (a) such that ¢, =1 on Bymii and 0 < ¢y, < 1.

(Note that since n € (0,1), ¢m > Pm41 for m € N.) We consider a cutoff of u
defined by w,, = ¢,,u. Then this w,, satisfies

(wm)t = Awy, = (bmf(u) + 9m
with g, = 2Vu - Vé,,, + ule,,. We observe that
W (z, 1) :e(tf(Tfﬁ))Agbm(x)u(:r, T—7rd)
t
b [ (00 f(ul9) + gl ) .
T—T'S

Since [|e?®hloo < ||2]|oo and [|e"A VAo < Ct~/2?||h||s for a measurable function
h, we have

t t
/ 6tAgm(x, s)ds < C’/ (t— 5)71/2”'(1,”[/00(3” ) ds
Tfrg T*Tg '

with B, ,;, = Bym (a). We estimate the integral involving ¢, f to get t € [T'—r3,T)

| Ionfatlixs, . ds

T—rg

t
= / 2 ”w('as)”L‘x’(Bmm)

T—rg

S(u(,5)) .
‘ u(-, s) L= (By,m) !

cat [ s, | )

2
T—rg

ds.

From these estimates it follows that for t € [T' — r¢, T) we estimate L°°-norm of
wi:
¢

Jur ol <7 = )t [ ne 9l

-1

t
+C’e/ (t— )2 u, )] e, ds.

2
0

3

By Gronwall’s inequality (see [5, Lemma2.3]) we have

t
[[w1 (-5 8)]loo < [Ilw1(~»T—7’§)oo+/ Ct=)" 2 ul 8l s,.0

T—rg
-
X exp —/ . ela=1
T—rg

g—1
€ t
do dr | exp eqfl/
Tf'r‘g

fv(o)
v(o)

s ).
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Since vy = f(v) by (9)), we have

o) ol [

< exp (" (log |v(t)| — log[v(T — r§)]))

oty |
o(T —13)

<Cv" (1)

Since f(s) > Cs? for large s, by Proposition 3.5 we have
[l )l LB, ) < v(t) < CT =)~/ @D

and
wy(z,t) < CL(T — t)*(1+6q_1)/(q71)+1/2.

We thus conclude that
w(z,t) < Cy(T — )=+ D/ @=D+12 5y By 5 [T — 12, 7).
By repeating the argument we have
u(z,t) < wolw, t) < Co(T — )~ 2 /@D iy By x [T — 12, T).
By repeating these calculations m times, we obtain
W@, t) = Wy (2, 8) < Cpp (T — ¢)~Hm D/ @=D4m/2 40y B [T =12, T),

where m and e satisfy —(1 +me?=1) /(g — 1) + m/2 € (0,1/2 — €1 1/(q — 1)] and
me (2/(q—1—2e171),2/(qg — 1 — 2¢971) + 1]. We now conclude that

lu(z,t)| = |wmt1(z,t)] < C in Bymsz x [T — 13, T]

with some C' > 0 by repeating the procedure once more. This implies that a is not
a blow-up point. O

Proof of Theorem 2: Put 4 satisfying (4)), (5) and
to(z) > ug(x) and f(uo(x)) = 0

for z € R™. Then by comparison we may assume that g = ug without loss of
generality. Since a € R" is arbitrary in Lemma 3.6, there is no blow-up point in
R". O

From Lemma 3.4, Proposition 3.5 and the proof of Lemma 3.6, we have a
sufficient condition for non blow-up point.
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Theorem 3.7. (Non blow-up criterion) Let v be a solution of (9)) with f satisfying
(2) and (3). If there exists 6 € (0,1) such that & satisfies

= Au+ f(
{ a(z,t) < dv(t

), (z,t) € Bi(a) x (T —¢,T),
), (x,t) € Bi(a) x (T —¢,T).

with some € > 0, then
<D (x,t) € By(a) x (T —¢,T)
with r € (0,1) and D = D(0,7,€) < oco.
4. On blow-up direction

We shall prove Theorem 3 which gives a condition for blow-up direction.

Proof of Theorem 3: We first prove the case (i). By assumption we obtain
that wuo(x) satisfies (5) with some sequences {r,,}°_; and {x,,}S°_; satisfying
lim,,— 00 " = 00 and limy, o0 T /|Tm| = ¥. Then, from Theorem 1 it follows
that

lm w(xm,tm) = 0o

m—00

with the sequence {t,, }°°_; satisfying lim, o0 tm = Ty. Since limy,— oo T /|Tm| =
1 by the assumption we obtain that 1 is a blow-up direction.

We next show the case (ii). We take the sequence {z,,}S°_, satisfying
lim,,— o0 T /|Tm| = ¥ and {r,, }$°_; satisfying lim,, o 7m = 00.

We set

_ N U (gj), T € Bsc(xm)7
Um,o(z) = { ]\2, r € R"\B;_ (vm),

and consider the equation

(Um)t = AT, + f (W), reR™t>0,
Hm(l‘,O) = ﬂm,O(x)7 zeR™

By comparison we obtain u(z,t) < @, (x,t) for any m € N. By assumption there
exist mg > 0 and sequence {cy, }p—,,, satisfying 0 < ¢, < g1 and limy, oo ¢ =
1/s. such that for any m > my,

inf A, (r) <M —cp, (22)

re(l,s.)

where A,,(r) is defined in (I1). Since the solution of (I)) satisfies the integral
equation

u(z,t) = e*tug(z) + /t eA=9) fu(x, s))ds,
0

we have

u(z,t) < ePtug(z) +/ f(u(s)ds = v(t) — M + e®tug(x)
0
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for (¢t,z) € [0,T*) x R™.
Let My, 6y and Tp be the same as proof of Lemma 3.1. We consider the solution
w of

wy = Aw, zeR"t e (Th, T"),
w(z, Tp) = max{{v(Ty) — M + eATOuO(x)}/v(TO)ﬁf}, z e R".

We now introduce @ = vw. From the proof of Lemma 3.1, it follows that 4 > w for
(x,t) € R" x [Ty, T*). Then we have

u(z, t) < o(t)er ) max{{v(Ty) — M + e~ Toug(z)}/v(Ty), 07}

for (z,t) € R"™ x [Ty, T*). By (22) it follows that for each z € B, with r € [1, s.]
there is z, € B, which is farest from z such that

eAtUO(x) < (etA(M - Cm|BT|5(' - Zz))(x)

where ¢ is the Dirac delta function. Thus

1 2
At —|x— 4t
¢ UO(I) S ZSG%E)F{ (47Tt)n/2 /1:{" ‘ o (M - Cm|Bl|6(y - Z))dy}

Since |z — z| < 25, for any x € B,_, it follows that

Cm‘Bl| —s2/t

eAtuO(x) <M - W

in  Bs, (zm) x[0,TF).

We thus obtain

w(z,t) < v(t)e2=T0) max { (U(TO) + mesi/%) /v(TO), 5f} .

for (z,t) € Bs, x [Ty, T*). We set

Cp, B _s?
Om = 210 max { (v(TO) + (47r|t)7j/|26 C/T(’) /U(To), 6f} ,

and note that J,, € (0,1) satisfies d,, > ;1 for m € N. From Lemma 3.6 and
comparison it follows that there exist the sequence {1 }os—m, = {7m(Cm, S, ) Fonmmy
satisfying 0 < 741 < 7 < 00 such that

li < M-

g, wl@ms ) < 1

Since the sequence {x.,, }2°_; is arbitrary, we obtain that 1) is not blow-up direction.
Finally, we should show that the conditions of ¢ in (i) and (ii) cover all of S™~!

exclusively. Let {sp,}5°_; be the sequence satisfying lim,, oo Sm = 00. We set

D =(1,00)N[1/(M + N),0) and the set of sequence

1- ym
m ——-
m=00 Y|

5(0) = { oo

— 3, lim fym]| = oo}.



26 Y. GicA AND N. UMEDA

Let U* and W, be the sets of directions of the form

U* = U*(ug) = {1/} e gt

Hym ey € S(¥),limsup inf A, (s) = M}

m—oo SE€(1,5m)

U, = U, (ug) = {1/} e S" ! 3s. € D,

V{ym}tro_1 € S(¥),limsup inf A, (s) <M — 1}.

m—oo sE€(1,s¢) Se

Here, ¥* and W, are the sets of all 1 € S"~! satisfying, respectively, (i) and (ii)
of Theorem 3. We have

() = {p € "Wy}, € S@),limsup _inf A (s) < M},

m—oo SE(1,8m)

Note that A,,(s) € [-N, M], we have

V{ym}oo_q € S(¥),limsup inf A, (s) <M

m—oo SE(1,5m)

V{ymto_q € S(),Ic € D,limsup inf A, (s) <M — 1

m— o0 36(175771) C
We define another set
U = U (yg) = {zp € S"'3ce D,
1
Vum ¥ € S lmsupinf A(s) <01,
m—oo SE€(l,8m C

It is easily seen that W# C (U*)¢. Moreover,

(TH)e = {w € S"tvee D,
1
Hymloo_q € S(¥),limsup inf A, (s) > M — }
m—oo s€(1,8m) c
Let j € NN D. Then we have
(U9 {w e s"llvj e NN D,

. . 1
Iyl Y5, € S()lmsup inf Al (s) > M — }

m—o00 SE(l,Sm) (&

where
. 1
Al (s) = ———  ug(z)dz.
|Bs(ym)| J B.(win)
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Take the subsequence {m;}32, € N satisfying lim; .o m; = oo, m; < mj 1,
;oo [y, | — 00, 20y, | < [yd,, [ and [y, | < |yt |, where a = min{b|b €
N N D}. Then we have

) . 1
Hyin, }i2a € S(¥),limsup inf  AJ (s) > M — j}’

m—oo SE€E(1,5m,;)

(TH)e {¢ e st

where Sy, ; = Sm,. We thus obtain (U#)° C ((¥*))¢ and (¥*)° C W% Since
Uk C (U*)°, we have U# = (U*)°,
It remains to show that U# = ¥,. It is easily seen that Ul > T,. We see that

Ui = {w € S" 13 € D,V{ym}>_, € S(¥),

1
Jmg > 0,Vm > mg, inf Am(s)SM/},
s€(1,8m) C

where we take ¢ > ¢. Take ¢’ = [max{sym,, '} + 1], where [] is largest integer less
than 6. We thus obtain that

1
Ul = {w € S" N3 € D,V {ym}_, € S(v),¥m >, i(nf )Am(s) <M - //}
se(l,e” c
1
=3¢ e S" I € DV{yn }5_, € S(),limsup inf A, (s) <M — — ;.
m—oo SE€(1,c") c’
By replacing ¢” to s., we have U C ¥,. Then we obtain ¥ = U,
Thus, we get (¥*)¢ = U, and the proof is now complete. 0O
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