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Simultaneous observability of networks of beams and strings

Eszter Sikolya

ABSTRACT: In this paper we investigate a finite system of vibrating beams and
strings. We obtain results on simultaneous observability by observing a common

endpoint.
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1. Introduction

Consider a system of N vibrating beams with fixed endpoints, one of which is
common to all of them. Denoting by [; the lengths of the beams, we study the
following uncoupled system:

Uj 4t + Uj pgze = 0 in
u; (0,-) =wu; (l;,-) =0 in
Ujzw (0,7) =Uj e (j,) =0 in
uj (+,0) = ujo, uj¢ (,0) =uj1 in
j=1,...,N.

(0,1;) x R,
R,

R,

(O,lj s

)

Assume that we can measure the total force
N
F=2 uja(0,)
j=1

exerced on the beams at the common endpoint during some time. Investigating the
observability of the problem, our question is whether this information is sufficient
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in order to identify all initial data? This problem was first studied for vibrating
strings in the case N = 2 in [l and for arbitrary N in [, and for beams in [ in
the case N = 2.

Recall (see e.g. [19) that for every initial data

N
(ujOvujl);‘V:1 € H (I{(:)L (O’lj) x H™' (O’ZJ'))

j=1
in the natural energy space, there exists a unique solution satisfying
uj € C(R;Hy (0,1;))nCH (RyH™1(0,15)), j=1,...,N,
(well-posedness) and that

uj. € L. (R), 5=1,...,N,

(hidden regurality). See, e.g., Lasiecka and Triggiani [®] and [! for results of such
type. Moreover, the linear maps

(wjo, uj1) — w4 (0, )

are continuous with respect to these topologies. It follows that for every bounded
interval I there exists a constant ¢ such that

N
2 2 2
/I |f ()" dt < Cz; (HWO”H(}(o,lj) + ||Uj1||H71(o,z,.)) (2)
]:

for all initial data.
Now our question is whether the linear map

(wjo,ujn)jy — f 1 (3)

is one-to-one? If yes, we can ask whether the inverse linear map is also bounded,
that is, whether the inverse inequality to (2) holds true. It would mean that there
exists another constant ¢’ such that

N
S (Il )+ e Frvag) < ¢ [ 17 OF a (4)
j=1

for all initial data.

2. Statement of the theorem and starting idea of the proof

Let us begin with a simple but important observation: if there exist two beams
with commeasurable lengths, then the map (3) is not one-to-one for any interval
I. Indeed, if for example

h_p
lo q
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with two positive integers p and ¢, then the formulae

uy (x,t) == sin 77* exp (ip*m?t/13),
ug (z,1) := —sin T exp (ig?72t/13) ,
uj (x,t) =0, j :3,...,N,

define a nonzero solution of (1) with suitable initial data for which f vanishes
identically on R. Thus we cannot hope positive results unless

l;
l— is irrational for all j # k. (5)
k

Remark 1 The set of excluded N-tuples (l1,...,In), where at least one of the frac-

. I, . . .
tions 7= is rational, has zero measure. Consequently, the complement set of admis-

sible N-tuples is dense in (0,00)N.

The following result can be obtained.

Theorem 1 Let I be an arbitrarily short bounded interval and s < 1. Then for
almost all N-tuples (l1,...,ln) of positive real numbers statisfying (5) there exists
a constant ¢ = ¢ (|I|,s) such that

N
Z (HujOHf'{s(()Jj) + ||uj1||?15—2(071j)> < C/[ ‘f(t)|2dt (6)

for all initial data.

Corollary 1A The map (3) is one-to-one for almost all set of N-tuples (l1,...,In)
satisfying (5).

The starting idea of the proof is the following. The solution of (1) is given by
the formulas

ik |k| w2t
Z bksmﬂ ! |12|7T , j=1,...,N,
0#£k€EZ J

with suitable complex coefficients depending on the initial data, and

N
:Z Z lmfjkex Zk%lﬁt Z bpent (7)

j=10#kezZ 7 n=—o00

into an increasing sequence (\,) and de-

by rearranging the exponents k |k| 7721;2

noting the corresponding coefficients kﬂ'bjklj_l by b,. It follows from (5) that

An # A if 1 m.
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A straightforward computation shows that the estimate (6) is equivalent to the
inequality

S Pl b < / @) dt. (8)

In the following section we present some results concerning this type of esti-
mates.

3. Preliminary results

Let (A,,) be a strictly increasing sequence of real numbers satisfying the following
uniform gap condition:

Iy >0Vn: Apr1 — A > 7. (9)
We have the following theorem due to Ingham 6,

Theorem 2 Assume (9). If I is a bounded interval of length |I| > 2m/~, then
there exist two positive constants c1 and co such that

qZ\bn\zS/‘anei’\"t
I

for all square summable sequences of complexr numbers b,,.

2
dt <) |by|? (10)

An optimal condition for the length of I satisfying the above inequalities was given
by Beurling. This is expressed by the so-called upper density of the sequence (\,),
a notion due to Pélya (see [11]).

Definition 3.1 Let us denote by n* (r) the mazimal possible number of elements
of (An) contained in an interval of length r > 0. Then the limit

+
lim n* (r)

r—00 '

exists and is equal to

D* = DH((A)) = inf )

r>0 7

We call D the upper density of the sequence (\,).

The result of Beurling ! is as follows.

Theorem 3 Assume (9) again.

(a) If I is a bounded interval of length |I| > 2w DY, then the inequalities (10) hold
true.

(b) If |I| < 2xD™, then the first inequality of (10) does mot hold true (with a
constant independent of the choice of (by)).
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In our original problem on the observability of beams we have

i

k|k| 72
{An}—{ || = :O#kEZ,j—l,...,N},
whence
Dt =o.

Indeed, for each fixed j, an interval of length 7 contains at least (y/rl3/7%) —1 and
at most (/713 /m?) 4 1 elements of the sequence (k |k| 7T2/ZJ2)kez' Hence

n' (r)

r

— 0 as r — oo.

It is thus tempting to apply Beurling’s theorem which would also yield the condition
|I| > 27D =0.

But there is a serious obstacle in our case: the uniform gap condition (9) is not
satisfied if N > 2. Therefore we have to generalize our condition.

Let ()\n):io_ again be a strictly increasing sequence of real numbers. The
following result in %!
and Beurling.

o0
establishes a connection between the assumptions of Ingham

Lemma 3.1 Let x be a positive number satisfying x > 2nDT. Then there exists a
real number v > 0 and an integer M > 1 such that

1’>7/

and
At — A = M~ for all n. (11)

Fixing such a+’ and M, we introduce the divided differences of the close exponential
functions.

Definition 3.2 Fiz a number 0 < ~" < v'. We say that Ap, . - ., Am+tk—1 18 a chain
of close exponents belonging to " if

Mgt — <y, mn=m,.... m+k—2,

but
A7n - )\m—l > ’YH and )\m-Hf: - /\m+k—1 > 'YN-

It follows from the property (11) and from the choice of 4" that k& < M, and that
every A, belongs to a unique chain.
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For each chain A\, ..., Amyk—1 let us denote by e, (¢),. .., emir—1 (t) the di-
vided differences of the exponential functions exp (iAn,t),...,exp ({Am1r—1t), de-
fined by the formula

oty [ / (12)

exp (7 (Sp—m * [An — An—1] 81 [Ama1 — Am] F Am) t) dSp—pm .. dsy

forn =m,...,m+k — 1. In particular we have e,, (t) = exp (i\pt). If Ay .o, An
are pairwise distinct, then we have the more familiar expressions

—1
n n

en) =D | TI Qo =2X)| exp(idpt). (13)
p=m |[g=m
q#p
We recall the following result of [3.

Theorem 4 If |I| > 27Dt and (\,),2° . satisfies (11), then there exist two

n=—oo
constants c¢1 and co such that, using the above notation, we have

clz|an|2S/‘Zanen(t)‘2dt§022|an|2
I

—+o0

for every sequence (an), 2> . of complex numbers.

4. Proof of the theorem

Let us consider the sequence (A,,) in our problem, defined in (7). We know from
the previous section that D+ = 0. By Lemma 3.1, for every bounded interval there
exist an integer M > 1 and a positive number ' such that the sequence satisfies
the “generalized uniform gap condition” (11). Let us now fix a number 0 < 7" < 4/
and a chain of close exponents, Ay, - .., Am1x—1 belonging to v”. Define

A = =dpmyg—r:=min{|Ap, — Ay :m<p<g<m+k—1}. (14)

Using the definition of the divided differences, since the elements of the sequence
(A\n) are pairwise distinct, one can show by (13) that

m+k—1 m+k—1
Z bernt = Z anen (t)
n=m n=m
for suitable coefficients a,,,n =m,...,m+k — 1. Moreover, by (14) there exists a

constant ¢ such that
12 an—l < clan|

for all m < n < m+k—1. Therefore, applying Theorem 4, we obtain the inequality

2
S bafFaz 2 < £ / (1) dt.
C1 I
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In order to obtain the estimate (8), it suffices to show the existence of a constant
¢’ such that

¢l < diN (15)
for all n € Z.

For this we need some classical results on Diophantine approximation (see 51,
Chapter VIIL., Theorem 1).

Theorem 5 Let ¢ (q) be a decreasing function of the integer variable ¢ > 0 with
0 < ¢(q) <1/2. Then the set of inequalities

labkll < ¢ (q), 1<k<mn,

(the ,,norm” is the distance from the set Z) has infinitely many integer solutions
g > 0 for almost no or for almost all n-tuples (01, ...,0,) of real numbers according

to whether
> (e(@)"

converges or diverges.

Let € > 0, and ¢ (q) := ¢~ '17°. Then by Theorem 5 for almost all choices of the
lengths /; and for all € > 0 we can find ¢, > 0 such that

l:
‘kz—r; >cor e forallr =1,2,... (16)

Let p,q € {m,...,m+ k — 1} arbitrary, A, := %, Ag 1= T’jf (for simplicity we
J 3

k2n?  r?x?
pi pi
I I

assume that k,r > 0). Since (N —1)~" >

k = r if k can be estimated by r multiplied by a constant and vice versa). Hence
it follows that

, we have k < r. (We write

- - .2 _ .2
Ap X Ag X kT =< e,

Thus for all € > 0 there exists ¢, such that

E2r2 r2g2 krn rmw|lkr rw
[l e el e |
j i J i j i
= k—rl—j -r (7
= I
>er i T p=cr®

Since all the integers belonging to the lambda’s of the chain are equivalent (see the
above meaning of <), we have

diNiz 2 (CET7€)2N72 Z C/E |)\n|7€(N71)

for all n € Z and for every positive e. Taking e = (1 — s)/(N — 1), inequality (15)
and hence Theorem 1 follows.
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5. Network of strings and beams

Consider a vibrating system containing strings as well as beams with fixed
endpoints, one common to all of them. That is, we have the following system:

Uj it — Ujpw =0 in (0,;) xR,

u; (0,)) =wu; (l;,") =0 in R,

u; (-,0) = ujo,uje (,0) =ujn in (0,4),

j=1,..., Ny,

Ujtt + Uj zage = 0 in (0,;) xR, (18)
u; (0,)) =wu; (l;,") =0 in R,

Ujzz (0,°) = Uj gz (I;,-) =0 in R,

u; (,0) = ujo,uje (,0) =ujn in (0,4),

j=Ni+1,...,N.

In order to have an observability estimate, we need again the hypothesis as in
(5) for the system of strings and for the system of beams.

L
li is irrational for j # k, j, ke {l,...,N1} or j,ke {Ny+1,....,N}. (19)
k

Moreover, we also need the hypothesis

;—; is irrational for all j =1,...,N;, k=N;+1,...,N. (20)
k

Indeed, if e.g.

:q j€{17~-~7N1}7 /{JE{Nl—Fl,,N}

with two positive integers p and ¢, then putting

qpmx

uj (z,t) = sin 47
J

exp (igpmt/l;),
I e .
ug (z,t) := —pl—j’f sin £ exp (ig*m*t/13)
w (z,t) =0, L # j, k,
we obtain a nonzero solution of (18) with suitable initial data such that f vanishes

identically on R.
Concerning the observability of this system, we can prove the following.

Theorem 6 Let I be a bounded interval with |I| > 2(l14+---+In,) and « < 2—N,
8 < 3—2N. Then for almost all N-tuples (I1,...,In) of positive real numbers
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there exists a constant ¢ = ¢ (|I|,a, B) such that

N,

2 2
Zl (HujoHHa(o,zj) + Huj1||H‘1‘1(0Jj)) +
=
N
2 2 2
S (HUJ.OHHIB(OJJ_WHuﬂnHﬁ,Q(O,lj)) Sc/|f(t)| dt
j=Ni1+1 !

for all initial data.

Remark 2 Similar results were announced without proof in [V, writing that the
proofs are more complicated and will be presented elsewhere. Our proof below, based
on earlier results of Baiocchi et al., is short and elementary.

Proof. We proceed as above. For the solution of the system of strings we have

ikt
E bj sin xexpzlﬂ-,jzl,...,Nl,
0#£kEZ J

and for the solution for the system of beams

krx ik|k| 7%t .
Z bksln—exp%, j=N1+1,...,N,
J

as above. For the total force measured at the common endpoint we have

N1

Z Z kﬂ'bjk exp ’L Z Z kﬂ'b]k exp Zk‘“;lﬂ-Qt
J=10#k€Z j=N1+10#kEZ Lj J
Z b, eiAnt
n
n=—oo

It follows from (19) and (20) that
An #E A if n £ m,
and it is easy to see that we have excluded a set of measure 0 from the N-tuples

(L, ..., IN).
Now, we have to prove the estimate

SO Y Dl b < / (@) dt.
n: n: I
An=kn/l; Ap=r2m? /12

We introduce the divided differences for the chains of close exponents, see (12) and
(13), and define d,, n € Z, as in (14). Applying Theorem 4, it leads again to the
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following inequalities to be verified for an appropriate constant C'

km

CA** 2 < N2 when A, = z
J

forsome 0 £keZ, je{l,...,N},

2.2
C At < d?N-2 WhenAn:%forsomeO#reZ, ie{N1+1,...,N}.

(21)
Computing the upper density of the sequence (A,), we obtain that
DY =(li+-+1n) /m;

see 131 and apply the result on the system of beams. So the assumption for the
length of I in Theorem 4 follows.

A chain of close exponents can contain exponents corresponding to both the
strings and the beams. If two elements of the chain have the form A, := ’j—:,
Aq i=Tr, then

Ap X Ag X k=T

Using Diophantine approximation from Theorem 5 as in (16), we obtain

|Ap — Ag| > cor 178 (22)
for every € > 0. For A, := %, Ag 1= ’"j—gz we conclude also from (16) that
J i
|)‘p - )‘q| > Cls(TQ)_l_E (23)
for every € > 0. For A, := %, Ag 1= 72—” we can apply Theorem 5 for 6 = ’%‘ as
follows:
E2r?  rrm 7l;
Xp =Xl = | — 5| =c¢ k2—2'—r
i l; I3 (24)
> c//r—l—s - c//(k,Q)—l—e
= %~ - ~e
for all € > 0.

Using the fact that the exponents belonging to one chain are all equivalent, we
obtain from (22), (23) and (24) that

PN >0, |/\n|(71*5)(2N72) for every € > 0,
that is
d721N_2 2> Cv ’ ‘/\np

for every v < 2—2N. Since the condition 2a—2 < 2—2N is equivalent to a < 2— N
and 3 —1 < 2—2N is equivalent to 5 < 3 — 2N, the proof of (21) thus Theorem 6
is complete.
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