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On viscous Burgers-like equations
with linearly growing initial data

Yoshikazu Giga And Kazuyuki Yamada

1. Introduction
We consider a viscous Burgers-like equation of the form

Ou — Au+divG(u) =0 in R" x (0,7,
®{ ot ny
t=0 = UQ mn ,

where 0; = 0/0t. Tt is well-known that if ug is bounded, (E) admits a unique global
solution (cf. [8). In this paper we consider the case that ug is not bounded at
the space infinity. This paper specifies the growth of nonlinear term as G(r) ~ 2
for large r. A typical example is the viscous Burgers equation. Our goal is to
solve the initial value problem when the initial data may grow linearly at the space
infinity. We shall prove that the problem admits a unique local regular solution.
The global existence is not expected in general even for n = 1 since u(z,t) =
—z/(1 — t) is a solution of the viscous Burgers equation: dyu — Au + ud,u = 0
with ug(z) = —x, where 9, = 9/0z. We also obtain an optimal estimate of the
existence time. In fact, the existence time interval (0,7) is estimated from below
by a constant multiple over a Lipschtz bound for initial data, T > C3||Vug||eo;
here the constant Cs is estimated by the structure of G, and ||Vugl| is defined
by [|Vtolloo = (X0, 10suo]2.) %, where djuo = dug /.

To state our main result precisely we assume the following bounds for G =
(G, ,Gy) € C*(R; R") with some a € (0,1):

!
C7 :=supsup M < 00,
1 T€ER <T>
1/2

n 2
Z (sup |G;’(r)|) < 00,
i—1 reER
GY(r)—GY
16200 =G
i r1,7m2ER |7“1 _r2|a

(©) Cs

Here we set (z) = y/1+ |z|? for x € R™ and G} is denotes the derivative of G;.
A typical example satisfying this assumption (C) is G;(r) = 72 (1 < i < n). We
prepare a few function spaces allowing growth at space infinity. Let L? be of the

form
< 00) } .
p
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Of course, LE = L? by definition so that || - |0 = || - ||,- Let X5 be of the form
Xp={f€C'R") | [Ifllxs := Ifllocs + [V flloc <00}

Definition. By a classical solution u of (E) we mean that v € C(R™x[0,T))
is C? in space and C* in time, and it solves (E).

Theorem (Existence and uniqueness of a solution of a viscous Burgers like
equation). Assume that G € C?T%(R;R") satisfies bounds (C). Assume that

1
ug € Xp. Then there exist T > Ty := A2 and v € L{2.([0,T); L*(R™)) N
21| Vg || oo

C(R"™ x [0,T)) that satisfies (E) in R™ x (0,T) with u|;=g = ug. The existence
time estimate T' > T} is optimal in the sense that a classical solution may not exist
in [0,T) for T > Tp.

Optimality is easily observed by the next example.

Example. We set &€, 7 € R™ and we take

so that (E) becomes

(B { Ou — Au+ (Vue&u =0,
u|t:0 = Uo,

where ”e” is the inner product. Then the function

(Eon)(ner)

Ut = S e

solves (E)" with the initial condition ug(x) = nex. If { en < 0, the solution of (E)’
blows up at ¢t = 1/|{ e n|. Since C2 = ||, |[Vuolls = ||, this example shows the
estimate T' < Ty is optimal if £ parallels 7.

Remark. (1) It is easy to see that this existence time estimate is invariant
under a rotation of space variables z. If we do not care about rotation invariance
of results, there is a sharper estimate for 7" by defining T by

-1

n - 1/p n 1/q
r= (e, (Ser) (Simwn) )
=1

1 1__
E+E_1 i=1
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where Céz) =sup,cr |GY(r)], 1 <p < oo, 1< g < oo.

(2) If we consider Oyu — eAu + divG(u) = 0 for £ > 0 instead of the evolution
equation (E), we still obtain the existence time estimate 7' > T, independent of
€ > 0. This is easily follows from our theorem by changing the variable ¢ by s/e or

z by y/\/e.

For the viscous Burgers equation:
(B) Oiu — Au + udyu = 0,

the problem (E) is reduced to the initial value problem for the heat equation via
the Hopf-Cole transformation. Indeed, we set

ol t) = / w(y, O)dy + f(2),

u?(0,1)

Fi(t) = 0pu(0,8) = —5=, f(0)=0.

We observe that v satisfies
1
(B), 8tv — Av + i(am’l))2 = 0.

We set w(x,t) = e2°(@:) and observe that w satisfies the heat equation
Oyw — Aw = 0.

(The transformation form v to w is called the Hopf-Cole transformation.) Our
problem is reduced to the unique solvability of the heat equation with initial data
w ~ e for large x. The solvability and the existence time estimate is easily
proved by the explicit solution formula. The uniqueness part is more subtle but it
is widely studied for example in 19, For the viscous Burgers equation our result
easily follows from results for the heat equation [, 1% without a Lipschitz bound
for ug. However, if n > 1 or G is general, this argument evidently fails to apply.

A classical result of Tychonov [¥ states that the Cauchy problem for the heat
equation has a unique classical solution in

SR x [0,T)) =
{f € C(R™ x [0,T))| 3a, 3C > 0 such that |f(z, t)[e~l < c} .

for a continuous initial data ug(x) satisfying growth condition

luo(z)| < Cel=l”
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for some positive constants C, a.
Moreover, D. G. Aronson ! generalized the result of Tychonov for a parabolic
operator with variable coefficients

Lu = Opu — Z 0i{Aij(x,t)0;u + Ai(z, t)u}

2%}

with suitable conditions for A;; and A; for ug satisfying

/ |u0(ac)|e_“|’”|2dac < o0

for some positive constant a. He proved that there is a unique solution in

2R x [0,T)) =

{f € Li,.(R" x [0,7))

/ efa\IIQfQ(x,t)dxdt < oo for some a >0 ;.
R"x(0,T)

for Lu = 0 with | = up.
K. Ishige [l proved that solvability of Cauchy problem:

{ O (JulP~tu) = div(|Vul[P~2Vu),
Jul = (-, 0) = u(-),

for the initial data u growing at space infinity. There are some more results for
nonlinear equations (see e.g. 1, BBl) but these results do not include (E).
A recent paper 9 of A. Gladkov, M. Guedda and R. Kersner studied the unique

solvability of
q

2
ov _ 0w v in R x (0,7]

ot~ 022 * Ox
with A > 0, ¢ > 1, when initial data vy is not necessary bounded. In fact, they
proved that if ug(z) < Mo(ag + 22)9/P@=D1=7 with some positive constant Mo, a,
. Then there exists a unique local solution on R x (0, T] provided that T satisfies

—(g—1) q

M -1

T< 0 <q> _
AMg—=1) \ ¢

If v > 0, then the solution can be extended globally in time. When ¢ = 2 the
equation agrees with (B)’. So their result qualitatively implies the local existence
for the Burgers equation. However, in general their results do not overlap with
ours. Like their result it is possible to prove the global existence when the growth
order is less than linear. We shall discuss this topic in a forthcoming paper of the
second author.

Uniqueness of solutions without imposing growth conditions was recently stud-
ied by G. Barles, S. Biton and O. Ley [ and K.-S Chou and Y.-C. Kwong 4.
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However, the class of quasilinear parabolic equations to which their theory applies
excludes our equation (E).

Let us give the idea of the proof. If ug is bounded, (E) can be solved by the
following iteration:

upy1(t) = ePug — / ATy, (s) @ G/ (ug(s))ds. (1)
0

But if ug is not bounded, it is difficult to solve (E) by the iteration (1). So we use
another iteration:

t
upy1(t) = ePug — / e=IAT 11 (s) @ G (ug(s))ds. (2)
0
To use this iteration (2) it is necessary to study the solvability of the linear equation
with growing coefficients in the transport term:
Ov—Av+Vvep—wvg=0, (3)

for v € L>(0,T; L), p € L>(0,T; L), q € L*°(0,T; L*). Fortunately, it is not
very difficult to solve the linear equation (3) for initial data vog € BC, where BC
is the set of all bounded continuous functions and BCY, is defined by

{x(;)lEBC}.

Estimating the heat kernel in (2), we get the estimate:

BC,, = {f € C(R™)

t
[r41(B)lloo, < Crlluolloc.r + CT/ IVtgr1 (8) oo |G (tk ()| oo,1ds. ()
0

Since w41 satisfies
Otiny1 — Atpy1 + Vg @ G'(uy,) =0,
O;upy1 satisfies
04 (Osun+1) + A(Ojun+1) + V(9iun+1) © G (un) + Vg1 - G (un)(Oiun) = 0.

The maximum principle for (3) yields

t
[0]lco < f[volloo +/0 la(8)lloclv(s)llocds-

Applying the above maximum principle for v, we get

t
IVug41()]loe < [[Vuolloo + Cz/ [Vtk41(5) oo [ Vtur(5) | o ds.
0
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By the Gronwall inequality ||Vuy(t)]|o satisfies

[Vuolloo
Vug(t)loo £ — o —— 5
VOl < T 1o 6
for all k.

By (4) and (5) we see that {uj} is a Cauchy sequence in L*°(0,Ty — &; L{°)
for any ¢ € (0,7) so that u := klim ug is solution of (E). It is easy to prove the
uniqueness of solution of (E) by using the maximum principle for equation (3).
The key underlying estimate is an apriori estimate:

t
[Vu®)leo < [[Vuolloo +Cz/0 IVu(s) |3 ds

for u of (F) which yields, by the Gronwall inequality (Lemma 3.1), a bound for
[Vau(t)]|so:

IVuo]loc
Vult) o < —————————.
IVu®lloe < =6 g et

Tt is natural to consider a linearly growing initial data for (E). We conclude this
introduction by giving a formal argument to show that at most linearly growing
initial data is allowed for existence of a solution. We postulate that u(z,t) = = f(t)
is a solution of (E). By (E) uw must satisfy

2 f'(t) = ala = a2 f(t) + az® " f(1) G (2 f(1)).

We observe that the growth of the left hand side is . By the assumption of G
the growth of the right hand side is 22*~'. Hence o must satisfy o < 2a — 1 so
that o < 1.

2. Estimates for the heat semigroup in weighted space

We recall several elementary properties of the heat kernel

Gi(x) = G(z,t) = e A
The next two lemmas are well-known but we give a proof for completeness. For

a multi-index a = (a1, ,a,) by 0% we mean 9% = 9% -.- 9%, 9; = 9/0x;.
Lemma 2.1 (Derivatives of heat kernel).  Derivatives of Gy are of the form

0°Gi(x) = (Hpai (24, t)) Gi(x)
i=1
with some polynomial of z; and t~' of the form

pai = pai (l.iv t) = Z Cm,’nx;’nt_n'

m<n<a;
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Proof. It is sufficient to prove in the case of a = (ay,0,--- ,0).
T
01 (pay (01, )G1(2)) = (91pay (@1,1) = Spas (21,1) ) Gulw).

A standard induction argument yields Lemma 2.1 (In fact, p,, (x;,t) is a constant
multiple of (4t) =% (—1)"H,, ((4t)~'/?x;), where H,, is the Hermite polynomial de-
fined by (e=5")0) = (=1)7 1 H;(s)e™" ) . O

Lemma 2.2 (Polynomial multiplication).  For a multi-index a the identity
holds

aGt H Z QJ 4 j Gy (1‘)
1=10<5<a;
with some polynomial ¢; ;(t) of the form
qj,i(t) = Z C}gtk.
Jj<k<a;
Proof. It is sufficient to prove in the case of a = (a1,0,- - ,0).By definition,
PTGy () =21 ) qa(t)HGi(x)

j<ai

=1 Z g;j,1(t)pj(x1,t)Gi(z) by lemma 2.1

j<ai

= > gt (—2t(— 2tp](am,t)

j<ai

+31PJ(£51a )) + 2t01p;j(21,1))Ge(x)
= Z qj,i(t) (=2tpji1(x1,t) + 2t01pj(w1,1)) Ge(x)

]<a1

= > 20q5,:(t) (—pjsa(a1,t) + 01p;(1,1)) Gi(2)

Jj<ai

by the proof of lemma 2.1. This yields Lemma 2.2. O

Lemma 2.3 (Estimate of heat kernel in weighted space). There is a
constant C' = C(n) such that

12 flloo,r < C(L+ V)| flloo,n

holds for all f € LS°(R™), t > 0.
Proof.  An elementary calculation shows that
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with h; . (y) defined by

Clearly, we have
supsup [|hi z[loc = 1.
K3 z

We now calculate (z)~1e!® f to get

I Il
\;u\
3 3
R
"+
< i
v\ Sa
@ i
N
<
+
\
ﬁ
E"
H
97
2
i~3
\
S
Q
<

Estimating L°°-norm we obtain
€2 Flloo, < I1flloo + 2tn Sup SUp 10" (s < &> f)lloo

< [Iflloo,1 + 2tn

Fllfllool
= [[fllso.1 + ﬁ\[HfHoo,l

<CA+ V)| fllson-

Here we have used L —L> estimates: [|e!®k|oo < ||k]loo, |07 k]oo < 7t 2||E| 00,
with some C > 0 independent of k. O

A similar argument yields estimates of derivatives in weighted spaces.
Corollary 2.4. There is a constant C = C(n, m,a) such that

m

10%€" fllooym < C 3575 | flloc,m

k=0

holds for all f € L andt > 0.

Lemma 2.5 ( Holder continuity of the heat kernel in weighted space).  There
is a constant C = C(n, «) such that

e2f = e fllooa < € ((E =)™ + (t = 2772 |1t
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holds for all 0 < s <t and 0 < a < 1.
Proof.  We set g, (z) = (x)”™. In a similar way of proving Lemma 2.3 we
have, by |[e!®k — €2 k|| oo, s1/2||0ie!? k — Die* P k||oo < C(t — 5)*s™||k||oo

12 f = €2 flloon

S || (etA —e A) (glf)”oo —+ QHSQPSUP H (tVQtA _ SvesA) (hi,zglf)”oo
< (€ =e*) (91f)lloo

+ 2nsup sup(||(tdie'® — 50ie'™) (i .91.f) oo

+ || (s9ie"® — 50ie*®) (hi 91 f) o)
< (Cu(t—38)%s+2n(Cpr(t — s)t_l/2 + Cus(t — s)as_a_1/2))||fHoo,1
< (Cu(t—38)%s™+2n(Cpr(t — s)t_l/2 + Cul(t — s)as_“+1/2))||f\|oo71
< C((t—9)*s "+ (t= )t ) fllocn. O

In a similar way of proving Lemma 2.5, we obtain a more general version.
Corollary 2.6. There is a constant C = C(n, m,a,«) such that

HaaetAf _ 8Q€SAf||oo7m
m m—1
< C ((t SORRDITEEI GRS t’“”) 572 flloo .
k=0 k=0

holds for all 0 < s <t and 0 < a < 1.

Remark 2.7. In this paper we use these estimates in finite time interval
(0,T) so we give the following version of the estimates in Corollary 2.4 and Corollary
2.6.

109" flloo,m < Crt 2| flocm (0 < VEST),

109" = €%2) fllosm < Cr((t = 8)*s™ + (¢ = $)t/2)s™ IV fllog m
(0<Vs<Vt<T).

Here Cr is a constant independent of f and t, s but may depend on T'.

3. Gronwall type inequalities

In this section we recall several versions of Gronwall type inequalities.

Lemma 3.1. Assume that f € L>(0,T), g € L*(0,T), satisfies f,g > 0
a.e. t. Assume that h is a positive nondecreasing function on (0,00). Assume that
¢ Is a positive constant. Let H be a primitive function of 1/h.
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If f satisfies

f) < c—|—/0 g(s)h(f(s))ds for a.eit € (0,T),

then
H(f(t)— H(c) < /0 g(s)ds for a.e.t € (0,T).

From now on we suppress the word "a.e.”.
Proof.  We set

F(t) = c—l—/O g(s)h(f(s))ds.

Then p
() =gh(f{)) < g(Oh(F(t)).

Integrating this differential inequality, we get

mmm—mmwzlg@m

Since h is a positive, the function H is a monotone increasing function. Thus we
conclude that

H(f(t))—H(c)g/0 g(s)ds. O

Remark 3.2. (1) If H has the inverse, Lemma 3.1 implies

waH*(mw+AE@w)

In this paper we apply Lemma 3.1 when h(r) = r? and H(r) = r. If h(r) = r2,
Lemma 3.1 implies that f satisfies

ft S%a
) 1—c[,g(s)ds

when c¢ is positive. Of course, we may send ¢ to zero in this case. If h(r) = r,
Lemma 3.1 implies that

F(t) < celo9@)ds,

(2) In Lemma 3.1 we assume f > 0, h > 0, ¢ > 0. However, if h satisfies
h(r) = r, it is not necessary to assume that f > 0 and that c¢ is a positive constant.
Moreover we may take ¢ as a function.
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We shall state it for convenience. Assume that k € L>°(0,T), and g € L'(0,7)
and g > 0. Assume that f € L>°(0,T) satisfies

£(t) < k() + / 9()f(s)ds, t € (0.T).
Then f satisfies
fo<ko+ [ g k(s)el s, te (0,T)
0

This inequality is known as the famous Gronwall inequality and it is included in
many standard text books.

We shall give an application of the Gronwall inequality.

Lemma 3.3. Assume that h € L*°(0,T) and that F : [0,T) x [0,00) = R
is locally bounded and r +— F'(t,r) is a nonnegative nondecreasing function for all
t €10,T). Assume that k € L>(0,T) (k > 0) satisfies

t
t —|—/ k(s)F(s,k(s))ds, te€(0,T).
0
Assume that f,g € L>(0,T) satisfy f,g > 0 and that

t Jr/o f(s)F(s,g(s))ds, te(0,T).

If g satisfies
then f satisfies

Proof. By assumption

F(t) = k(D) /f ))ds — h /k (5))ds

S/(f — k() F (s, k(s))ds.

0

By Remark 3.2 (2) we have
f(t)— k() <0.0
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4. Maximum principle

We prepare a maximum principle for equations with a growing coefficient in
the transport term. Our results are by no means optimal but it is enough for our
purpose.

Lemma 4.1. Assume that

ug € CR")NLZR"Y),
pi € C(R"x[0,T)NLF(R" x (0,T)), 1<i<n,
qg €C@R"x[0,T).
Assume that uw € L*(R™ x (0,7)) N C([0,T) x R™) is a classical solution of
Oy — Au—kZpiaiu—i-q =0inR" x (0,7),

i=1
’U,|t:0 = Up.

Then u satisfies .
[u(®)llso < [luolloo +/O llq(s)llocods.
Proof. We set

o(t) = u(t) = [luolloo —/0 lla(8)lloods-

Then v satisfy v(x,0) < 0 and

O — Bu+ Y pidiu+q+ gl = 0.

i=1

in the distribution sense. We set

Then w satisfies w(z,0) < 0 and

Ow — Aw + Zpiaiw +w+e g+ llg(t)]leo) = 0.
i=1

We set
w® = w — elog(z).

Then w* satisfies w®(x,0) < 0 and

n
ow® — Aw® + Zpiaziwg + w®
i=1

e <1og<x> ~ 382 log(a) + 3 pid, 1og<x>>
=1 i=1
+e (g + la(t)e) = 0.
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Suppose that

sup w=a > 0.
R"x[0,T]

Then for sufficiently small €5 > 0, w*® satisfies

e @
sup w- > —,
R"” x[0,T] 2

for all 0 < € < gg. Since w® is negative at space infinity, w® has a maximum point
(xe,te), Le.

sup  w® = w(ze,t.) >
R" x[0,T]

0| 9

We are able to take € small so that

H 282 log(x —i—sz ., log(z

0}
< -

Lo (R7 x[0,7T1)

since the left hand side is finite by the assumption of p = (p1,...,ps). Since (z¢, tc)
is a maximum of w®, we observe that

n
ow® — Aw® + Zpiaziwg + w®

i=1
n

€ <log<x> — Z log(z) + Zpl ., log(x

i=1
+e (g + lg®)) >0 i B, (:ca te)

for sufficiently small p > 0, where B,(z.,t.) is a closed ball of radius p centered at
(ze,te) € R™ x (0,T). This contradicts the equation for w® so we conclude that
w® < 0. Sending € to zero, we have v(x,t) <0, i.e.

t
umosmmu+ﬁuﬂwum

A symmetric argument yields

t
Mm@z—Wﬂw—AHﬂﬂu@

and the proof is now complete. O
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5. Linear problem in a weighted space

We prove that solvability of a linear equation

(L) atu—Au—f—Zpi@iu—kqu:O,
i=1

U|t:0 = Ug,

with growing coefficients at the space infinity.
Definition. By a mild solution of (L) we mean that v € C(R"™ x [0,T))
satisfies

w(t) = e®ug — t et=9)2 o p(s)u(s)ds te(t_s)A ivp(s))u(s)ds
0 =cu - [ 7 p(s)uls)ds + [ e divp(s)u(e)d

t
- / =8 (s)u(s)ds,
0

where p = (p1,-- ,pn).
Lemma 5.1 (Existence and uniqueness for bounded initial data). Assume
that
pi € L>®((0,T): Xp)NC(R" x [0,T1]),
9ipi, ¢ € BC(R" x[0,T]),
ug € BC(R”),

where BC' is a set of bounded continuous functions. Let o € (0,1) and m > 0 and
assume that
pis Oipi, ¢ € C((0,T): Lyy).

Then (L) has a unique classical solution uw € BC(R™ x [0,T)).

Proof. Step. 1 (Construction of a mild solution). ~ We construct a mild
solution uw € BC(R™ x [0,T)) for integral equation.

(a) Approximation. Let ¢ € Cg°(R™) be a cut off function of the form
satisfying

1 (2 < 1),
v(@) :{ 0 (2| >2),

and [(x)] < 1 for all z € R™. For k € N we set p(z) = ¢¥(z/k). We set
Pt = (D1, ,Pnk) = Yrp. Then {pr} C C(R" x [0,T]) is a locally uniformly
convergent sequence. Moreover

sup  |Ipix(t)]|xp < oo
i,k,0<t<T

Let ux, € BC(R™ x [0,T')) be a classical solution of
Opug — Aug + Y pirdiu + qui =0,

=1
Ug|t=0 = Uo.
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The unique existence of a classical solution is well-known [®l. By Remark 3.2.(2),
uy, satisfies

luk ()lloe < uollace™ >, ¢ € (0,T).
Hence
Hw} C {ug}, Jue L*R" x(0,T)), s.t.
w—u in L°(R" x (0,T)) =-weak sense,

and
gmUi — gmu in L®(R™ x (0,T)) *-weak sense Vm >0,

—m

where g, is defined by g,,(z) = (z)
(b) Convergence. By definition of {p; }, it is easy to prove that

Sup ||pk7||XB < 00,
E,0<t<T

Dik — Pi,
Oipik — Oipi;
the convergence is locally uniform. We shall prove
[t i tonts — [ aivp(s)uts) s,
0
/ e =98 (s)u(s ds—>/ (=2 (s)u(s)ds,
0
Fy(x,t) —gl/ Velt=9)2 o py(s)u(s)ds —

0 / Tet=)8 o p(s)u(s)ds = F(x,1),

as | — oo, *-weakly in L= (R"™ x (0,7T)). The first two convergences are easy to
prove, so we only give a proof of the last convergence. We observe that

/ / (z,t)Fy(x, t)dzdt
/ / (z,t)(g1(z / / (V.G(x —y,t —s))
0 n 0 n

Opl Y, S s)dyds)dxdt

//// Pl 101 () (VG = 3.t = )

pi( s)ul y, 8)dxdtdyds

= Pl 7)
0 TL

T
(/ - yG(r —y,t— 8))w(fv,t)91(x)dxdt> wi(y, s)dyds,
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for all p € C§°(R™ x (0,T)). Since p; converge to p locally uniform, we see that
T
;w%@-</'/‘aacw—%t—@wuimummm)
T
- m%$-</‘/<vu%x%t@ww¢mmnmm>
strongly in L*(R™ x (0,7))). We thus conclude that

/OT/n‘ﬂ(m,t)Fl(a:,t)dxdtH/OT/ncp(x,t)F(x,t)dxdt,

as | — oo. This uniform bound for {w;} in (a) implies a bound for {F;}. Since
Cg°(R™ x (0,7T)) is dense in L'(R™ x (0,T))), we now conclude that F; — F
(I = o0) x-weakly in L>*(R™ x (0,T)).

Since u; solves the approximate equation, by our convergence results we observe
that the limit of u € L>*(R™ x (0,T")) satisfies

u(t) = ePug — t et=9)2 o p(s)u(s)ds te(t*S)A ivp(s))u(s)ds
0 =cu- [ 7 p(s)uls)ds + [ e divp(s)u(e)d

—/ =2 g(s)u(s)ds.

0
Step. 2 (Regularity and continuity).  We shall prove the Holder regularity
and continuity for ¢ > 0 and continuity at t = 0.
By using Corollary 2.6 and the integral equation we see that w satisfies u €
C*((0,T); Lg°) with o < 1/2. Since the initial data ug € BC(R™), it is easy to see
that ug € BUC;(R™), here

f(x)
<x>m

here BUC is the space of all bounded uniformly continuous functions. Since u
solves the integral equation, and since e*2ug € C([0,T); BUC}), we conclude that
uw € C([0,T); BUC}). Thus u € BC(R™ x [0,T)).

Here we have invoked the Holder regularity assumptions of p;, 9;p;, q. For
further regularity see for instance . If w € BC(R™ x [0,T)) is a classical solution
of (L), then by the maximum principle (Lemma 4.1) we conclude the uniqueness
of a solution. O

BUC,, = {f € C(R")

€BUC};

Remark 5.2. It seems to be difficult to prove the uniqueness directly by
estimating integral equation.
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Corollary 5.3 (Existence and uniqueness for growing initial data). Assume
that p and q fulfill the assumptions of Lemma 5.1. Assume that
ug € BC,, (Rn),

where BC,,(R™) be of the form

BC,,(R") = {f € C(R") ‘ {;;2 € BO(R™) }
Then (L) has a unique classical solution u € L{?(R™ x (0, 7)) N C(R™ x [0,T)).
Proof. We set

Di = Dpi— 2mg_ox;,

n

q =q+m)Y_ pig_ozi —mg_s((m—2)[z[* + ngo),
=1

Ug = gmUo-

We apply Lemma 5.1 and observe that there is a unique classical solution @ of

n

Ot — A+ pidyii+ Gin = 0,
i=1

u‘t:O: 0-

We set u = g_», @, then u is a classical solution of (L). The uniqueness follows from
that of 4.

6. Proof of Theorem
For p € L*°((0,T); Xp) let u € L*>((0,T); Xp) be the solution of

Ou — Au+ Vue G'(p) =0,
u‘tzo =ug € Xp.

The unique existence of u is guaranteed in Corollary 5.2. We denote the mapping
p — uin L*((0,T); Xg) by S. We define a sequence of functions {uy}72, in
L>((0,T); XB) by

up = ePug , upyr = S(uy) for k> 1.

Then, by definition, {ux} satisfies

upy1(t) = ePug — /0 eT=IA (Vupyq(s) @ G (ug(s)))ds.
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By the estimate for the heat semigroup in weighted space (Remark 2.7) we observe
that
[[th41.(8) ]| oo,1

t
Crlluollco,1 +CT01/ [ Vtug1(5) oo ([[1r:(5) [ 00,1)ds

9
Or (nuonoo,l o [ ||Vuk+1<s>|oods)
0

t
o) / 1tk ()] o 1 () | w1
0

IN

IN

Since {0jus} satisfies
at(ajukH) — A(BjukH) + 8i(8juk+1) [ G’(uk) + 8jukVuk+1 ° G//(Uk) =0,

the maximum principle (Lemma 4.1) for d;u), implies that

t
[0jturr1(E)lloc < [[0;t0]l00 +/0 105uk+1(8) loc V41 © G” (uk) || ds.
Multiplying both sides with &; > 0 and taking the summation over j, we obtain
Zt:;'%l [05ur+1(8) o0& < 32251 1050l 00€;
+/0 S 19111 (5)ll oo | Vs © G (ur) | ods. 0
j=1

We take the supremum of £ = (£1,..., &), [€] = 1, where [¢] = (37 [€5]%)'/2 to
get

t
IVtkss () oo < [Vtiolloo + Co / 19 k1 (5)l oo P2t () s

by the Schwarz inequality. We now apply Lemma 3.3 with F(¢t,7) = Car, h(t) =
IVuglloos f(t) = [|Vtrt1(t)|loos 9(t) = ||uk(t)|lec- By this choice of F' we observe

that
Vol o

- 1-— CZHVUOHoot
Applying Lemma 3.3 with (7) inductivity, we conclude that [|[Vug(t)]|e < k(t),
t € (0,T) for all k € N, provided that T' < 1/C3||Vug||s. By (6) we see that

k(t)

t
[k s1lloon < A(E) + Cl(JT/ k(s)l[ur(5)lloo,1ds
0

with )
h(t) = Crlluo oo + CrC / k(s)ds
0

We again apply Lemma 3.3 with F'(¢t,7) = k(t)r, f(t) = |uk+1]lco,1, 9(t) = ||t]|co,1
and conclude that
t

urlloos < h(t)+ [ K(s)h(s)elo BT g
0
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Thus we conclude that ||uk(t)|lco1 < k(t), t € (0,T) for all k € N provided
that T < 1/C5||Vug|leo- We observe that {uj} is bounded in L*°((0,7); Xp) if
T< I/CQHVUOHOO

We shall estimate the deference:

W = Ug+1 — Uk.
By definition wy, satisfies
Oywy, — Awy, + Vwy @ G'(ug) + Vuy @ (G (ug) — G/ (ug_1)) = 0.

We change the dependent variable by
- W
Wk = —
(z)
and observe that
Oyiy, — Ay, + % G (up) ) @ Vi

. (n<x>2 e G’(uw) o

YR

@ W )

Lves 1l Vp_1) | ® Vur =

By the maximum principle (Lemma 4.1) we obtain
t t
(Ol < My [ s (9owds + 2z [ s,
0 0

where M, and M, are defined by

My = sup [[Vug(7)|c,
k,0<T<T

2
My =n+1+nC 1+< sup uk(T)Ioo,1>
k,0<7<T

Thus we have
¢ t
ek (®)lloon < My / b ()] conds + Mo / ek (5)llso1ds.
0 0
By the Gronwall inequality (Remark 3.2(2))
t
loe@®lloon < My / k-1 (5)loonds
0
t S
+M1M26M2T/ / [wi—1(7) |0, 1d7ds
‘ 0 0
<M / [
0 t
My My T T / k1 llloo.1,50l5
0

t
— (M, + My MyeTT) / k1 lloo.1,005,
0
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where |||wg—1]|co,1,¢ is defined by

llwillloo,.e = sup [lwk(7)lloc,1-
0<r<t
Therefore,

t
lwgllloore < (M + My Mpe=TT) / k1 oo.1,5.
0

We thus conclude that {uy} is Cauchy sequence in L>°((0,7); L°). Let u be its
limit.

Since {Vuy} is bounded in L>*(R™ x (0,T)), there exists v € L*(R"™ x (0,T))
and a subsequence {Vu;} C {Vuy}, such that v is the limit of {Vu;} in L>®(R™ x
(0,T)) in *-weak sense. Moreover v = Vu in distribution sense.

Since u; converges to u locally uniformly and the Vu; converges to Vu in x-weak
sense in L>°(R™ x (0,7)). We see that

91 /0 7R (Vu(s) G (ui-1(s))) ds

—s g te(tfs)A u(s) e G'(u(s 5
o | (Vu(s) o G/ (u(s))) d

as | — oo, *-weakly in L*°(R"™ x (0,7T)), where g1(z) = 1/(x). The proof of this
convergence is similar to that of Lemma 5.1.
We thus conclude that

u(t) = ePug + / =92 (Vu(s) e G'(u(s))) ds.
0

In other words w is a mild solution of (E). By Corollary 5.3 we observe that v is a
classical solution and uw € C([0,T); L$°). By the maximum principle (Lemma 4.1)
it is easy to prove the uniqueness of a classical solution of (E). ( By the way by
construction we have ||Vu(t)||oo < k(t). However, this can be proved directly by

estimating the integral equation and applying Remark 3.2(1).) O
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