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1. Introduction

The study of long time existence of classical smooth solutions for second order
quasilinear wave equations has received much attention (see e.g. (U and the refer-
ences given there). Results were also obtained for continuous semilinear waves with
gradient jumps on a characteristic hypersurface in 12! and for C! quasilinear waves
with second order derivatives jumps on a characteristic hypersurface in B!, [4. In
this paper we show how the methods and results of [2! can be extended to a class
of continuous weak solutions, with gradient jumps on a characteristic hypersurface,
for some second order quasilinear balance laws.

2. Statement of the results

Let Q C RY be a bounded open set lying locally on one side of its boundary 9€,
where 02 is a C°° manifold of dimension (N — 1). We shall consider the balance

law ‘
Oz= Y O%(F'(¢)+ f(z) (2.1)

0<i<N

ift >0, 2 € RN, where = (x1,...,2y) is the space variable, ¢ (sometimes called

xo) is the time variable, §; = if0<i<N, 2 = %(dzbz,...,0nz), where
z;

' means transpose, (] = 97 — Z 8?. Fi, f are C* in an open neighborhood
1<G<N

in RV*! of the closed ball {p € RN*1 |p| < R} where R > 0. Put f¥(p) =
1 . )
5(81-F] + 9;F")(p). We shall assume that

f9(0)=0if0<4,5 < N,(0*f)(0) =0if |a] <1, (2.2)
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and also that the following “null condition” holds :

if p= "(po,...,pn) satisfies |p| < R and

ij 2.3
Py — ZlgjsN P? =0, then ZOSi,jSN F(p)pip; = 0. (2.3)

For example, (2.3) is satisfied if Z Oi(F'(2)) is 0)(0k20;2) — 0;(0120k2).
0<i<N
We shall consider weak solutions to (2.1) which satisfy the initial condition

Dz =z (2.4)

ift=0,j=0,1, where zg € C(RY), 29 = 21 = 0 outside Q, z; € C>(Q) if j =0, 1,
Z |0;20| + |z1] < Ry, where Ry < R is small enough.
1<j<N
The initial data will have to satisfy appropriate compatibility conditions. To
describe those conditions, let ¢ € C°(RY,R) be such that ¢ < 0 in Q, ¢ > 0
in RV \ Q, dip # 0 at each point of 92, and let ¢ be the (at least local near
{0} x 99) solution to ¢; + |p.| = 0, ¢|t=0 = 1. Then X = ¢~1(0) is the outgoing

characteristic hypersurface of O through {0} x 9Q. Put X = 9; — Z 8]—@(%-. X
152N 9P
is tangent to . We shall restrict ourselves to solutions to (2.1), (2.4) which satisfy
the conditions
lim X™z(0,2) =0 (2.5)

Q3z—a
for allm € Nand all a € 99Q. Of course (2.5) can be expressed in terms of z, z1 only.
Put 3(t) = {(s,z) € £, s=1t}, D(t) = U ({s} x Q(s)), where {s} x Q(s) is the
0<s<t
bounded connected component of ({s} x RM)\ X(s), E(t) = {(s,7) e Rx RN, 0 <

s<t}, S(t)= U Y (s). We have the following local existence result.
0<s<t

Theorem 2.1 Assume that (2.3), (2.5) hold. If T > 0 is small, (2.1), (2.4) has
a unique weak solution z € C*(D(T)) N C(E(T)) which vanishes outside D(T).
Moreover S(T') is characteristic for z|p(ry (and for Z|E(T)\m which is 0).

The solution z described in Thm 2.1 is a contact discontinuity. To obtain long
time existence results, we assume that

) is convex and the total curvature of

O in the normal direction is nonvanishing(so N > 2) (2.6)

Then ¥ is global in ¢t > 0 (cf. [?l). We also introduce the following smallness
assumptions. We assume that zg, z; depend on a small parameter € > 0, and that

for some €9 > 0 and all &« € N, one can find C,, > 0 such that

|092;] < Chrein Qif j =0,1 and 0 < e < &. (2.7)

Denote by T; the supremum of all 7' > 0 such that Thm 2.1 holds. Then we have
the following long time existence result.
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Theorem 2.2 Assume that (2.5), (2.5), (2.6), (2.7) hold. One can find ¢y, C >0
such that the following holds : if € < eo, then T. > C/e? if N = 2, T. > e®/¢ if
N =3 T. =400 if N > 4.

Rem. If all F? are identically constant, Thm 2.2 is contained in [2!. In [ 4] long
time existence results were proved for C! piecewise C? waves.

3. Proof of Theorem 2.1

It is enough to find a C*°(D(T)) solution z to (2.1) in D(T), with |2'| < R,
such that
z=0on S(T). (3.1)
Indeed if we put 2 = z in D(T), 2 = 0 in E(T)\ D(T), and if z satisfies (2.1) in
D(T) and (3.1) holds, let us check that Z is a weak solution to (2.1), that is, that
the Rankine-Hugoniot condition

> oz - F(#)] =0 (3.2)
0<i<N
holds on S(T'), where [g](t,2) = lim g(t,y)— lLm g(t,y) if (t,z) € S(T)

Q(t)Zy—=x Q(t)dy—z

and n°° =1, % = —1if i > 0. Since ¥ is a characteristic hypersurface for [, (3.2)
follows easily from (2.3). To solve (2.1) in D(T) with (2.4) in {0} x ©Q and (3.1),
we are going to rewrite (2.1) as a first order system. We assume that |2/| < Ry
where R is so small that 1 — f%°(2') > 0. Put g%/ = f¥ if 4 and j # 0 or if
(i,5) = (0,0), g% = 0if j > 0, gh0 = 2£% if j > 0. Write u; = 9;2if 0 < j < N,
u= "(ug,u1,...,uy). Define (N +1) x (N + 1) matrices E(u), A;(u), 1 <i < N,
and a (N + 1) x 1 matrix G(u) in the following way : E% = ¢ if (i,5) # (0,0),
EO0 = (1—¢%9)~1; A; = B, + B;, where BY* = —1if (j,k) = (i+1,1) or (1,i+1)
and Bg’k = 0 otherwise, Bfk =0ifj#1and lek =gtk 1 Gy = (1 - g%~ 1f,
G; =01if i > 2. From (2.1) it follows that

drut Y (EAj)(u)dju=G(u) if (t,z) € D(T). (3.3)
1<j<N
Define @g = 21, 4; = 020 if 1 < j < N, @ = "(uo,...,an). Then
u=aift=0,z €. (3.4)
Oip i, . o L
Henceforth we shall put A;; = ——0; — ==0; if 0 < ¢, j < N. (3.1) implies that
Orp Orp
B 0 . .
uj = a—@uo, 1<j <N, if (t,x) € S(T). (3.5)
i

Moreover, if z satisfies (2.5), u = 2’ should satisfy

. 9; ,
Qélgan(uj — é)ﬂt—wuo)(o,x) =0, 1<j<N, (3.6)
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for all m € N. Indeed, since Ao = fak—sz - Z %Akj, (3.6) follows from
155N 9P

the commutation properties of X™ with A;; (1 <,j < N) (cf. Prop A.4 of 1),
To prove Thm 2.1, it is enough to show that (3.3)-(3.5) has a unique C*°(D(T))
solution if T' > 0 is small enough (if (3.6) holds). Let us show why. If u is a smooth
solution to (3.3)-(3.5), it follows from (3.3) that dyu; = djup if 1 < j < N. Hence
OkOyu; = OR0jup if 1 < k < N, so using (3.3) again, we find that 9;(Oru;—d;ur) =0
in D(T). Now Oxu; = djuy if t =0, z € Q. Let us show that

Owuj = Ojuy if (t, ) € S(T). (3.7

O
3tcp
is easily seen to hold if we make use of the relations d;u; = Qjug, 1 <1 < N, which
follow from (3.3), and of (3.5). Taking (3.7) into account, we finally conclude that
Oru; = Ojuy, in D(T), 0 < j <k <N. Let z€ C>(D(T)) be such that z’ = u and
such that z vanishes at some point of 9. It is easily seen that z satisfies (2.1) in
D(T), (2.4) on {0} x Q and (3.1).

To solve (3.3)-(3.5), we are going to make use of the results of 1. To do this
we shall check that the system in (3.3) is symmetrizable hyperbolic, that S(T")
is characteristic of constant multiplicity 1 and that the boundary conditions in
(3.5) are maximal dissipative. Take a € 99Q. Then 9;¢(0,a) # 0 for some j
and it is no restriction to assume that ;7 = N. Define the change of variables
yj =25, 0<7 < N, yn = 730(tax)' Writing y = (yl;"'ayN)v U(tay) = u(t7x)a
wi(t,y) = 0;0(t,x)if0< j < N,b=(a1,...,an—-1,0), we obtain from (3.3) that

)
(3.7) is equivalent to Ag,uy + aﬂ—@akuo = Aok, + O;up. But this last relation
¢

dwt S B, v+ Blt,y,0)dy,v = G(v) (3.8)
1<j<N-1

if yv > 0 and (¢,y) is close to (0,b), where B; = EA; and B(t,y,v) = —puo(t,y)

— Y u;(t,y)B;(v). (3.5) implies that
1<j<N

v =y, 1<j<N (3.9)

if yv = 0 and (¢,y) is close to (0,b). The system in (3.8) is symmetrizable hyper-
bolic. Indeed let S(v), |v| small, be the (N+1)x (N+1) matrix defined by S**(v) =
1, SYi(v) = SH(v) =0if 2 < i < N+1,5% (v) = —A;" (v)(1—g"O(v)) 1 if 2 < i,
j < N+1. Then S(v) is symmetric positive definite and each (SB;)(v) is symmet-
ric. Now rank B(¢,y,0) = N if (¢,y) is close to (0, b), and a computation using (2.3)
shows that B(t,y,v)u = 0 if v satisfies (3.9) and u = "(po, g1, ..., un). Hence
dim Ker B(t,y,v) = 1 near (0,b,0) if yy = 0 and v satisfies (3.9). Furthermore it
is easy to check that the boundary conditions in (3.9) are maximal dissipative near
(0,b,0). Recall that this means that S(v)B(t,y,v)is < 0on & , if yny = 0, if (¢,y,v)

is close to (0,b,0) and if v satisfies (3.9), where &, = {w € RN T w,; = ﬁ(lf, y)wo,
' Mo
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1 < j < N}, and that &, is maximal with this property. Thm 2.1 now readily
follows from the results of [].

4. Proof of Theorem 2.2

When each F? is identically constant, Thm 2.2 has been proved in [2|. We are
going to use the same method as in [?! in order to prove estimates which will enable
us to obtain Thm 2.2 by a continuation method. If h(¢,x) is a function of ¢,z and

1/2
U C RY, we shall put |h(t)|y = sup |h(t,z)], ||h(t)||r = (/ |h(t,x)|2dx> . We
zeU U

have the following energy estimate (where X, A;; are as before).

Proposition 4.1 One can find §,C > 0 such that the following holds. If T >

0, fi € C=(D(T)), 0 < i,j < N, with f9 = fi', >~ |f9| <6 in D(T),
0<i,j<N

> Ji0ip00=00n S(T), L=0~— > [90% and w € C=(D(T)), then

0<i,j<N 0<i,j<N

||w'<T>||é(T>sc<||w'<o>|é+ [ (Letiowl + 3 o FoOla ') deds

D(T) o =1
+ /5 (T)((Xw)2+ S (Agyw)?
1<i<j<N
+( Z |fij|)< Z |Aoqw|>(|8tw|+ Z |A0qw|>)dg>’
0<i <N 1<q<N 1SqoN

(4.1)
where do is the canonical hypersurface measure on S(7T').

Proof of Prop 4.1. One writes Lw - O;w as the sum of a divergence and a quadratic
form in w’, and integrates over D(T'). This is done as in the proof of Prop 5.1 of
Pl (see also Prop 3.4 of [4). We may omit the details.

Denote by I'y,...,T', the vector fields x;0; — x;0; (1 < i < j < N), t0; +

z;0 (1 < j < N), to, + Z x;0;, introduced in o, If @ = (a1,...,ap) €
1<<N

N*, put I'® = I'{*...T%. If f(¢,z) is a function of (¢, ), write ||f(¢)||lkv =

1/2
|(1Z<k (/U KE=7)0E ) dw) HOlew = O;kigg T f(t, ).

If 2 € C*°(D(T)) satisfies Oz = Z f9(2)0%z + f(2') in D(T), it follows
0<i,j<N

@@= > fIEEIz=foa i D(T),

0<i,j<N

that
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where

fo=10,T%2+ |T* Z fij(z’)asz — Z fij(z')f‘o‘asz

0<ij<N 0<ij<N
+ Y U 05+ TR,
0<ij<N
Applying Prop 4.1 with f7 = f¥(2') and w = 'z, |a| < k, we obtain if z €
C>(D(T)) satisfies Oz = Z 9Nz + f(2), if || < R, and if t < T
0<i,j<N
12/ (112 o) < (11 O)1 0
t
+ Jo Ul fa(s)llags 12 ($)llkac) + 12" (8)aw) 12/ ()1} ags)ds + J1 + J2>7

(4.2)
where 2”(s,2) = {0%z(s, ), |a] = 2},

Jp = Z/ (XT2)% + Z (A;;T22)? | do,
5(T)

la|<k 1<i<j<N
Jy = Z |2/ AT 2| (|0,T*z| 4+ |AT*2]) do,
la|<k

with the notation |Af| = Z |Aoqf|- Using the calculus properties of the deriva-
1<g<N
tives T (cf. [6]), we find that

1 fa($)ags) < Crilz' (9)]1es) a2 (9)llka if ol <k and [2'(s)]14] o) < 73
(4.3)
[A] means sup{v € Z,v < A} and r is small. To estimate J; + J2 in (4.2), we may
use the following result.

Proposition 4.2 One can find €9,Cy > 0 (o € N™) such that the following holds:
if T >0 and z € C°(D(T)) is a solution to (2.1) in D(T), to (2.4) on {0} x Q,
T

1—

and to (3.1), and if (2.6) and (2.7) with 6/ (1 —|—8)TN ds < g hold, then
0

IXTo2|+ > A T2 < Cae(1+)"F logl* (2 + 1) on S(T),

0<i<j<N
(T92)'| < Coc(1+1)" "2 logl*l(2+1t) on S(T).

Admitting Prop 4.2 for a moment, and using it to estimate J; + Jo, we obtain
from (4.2), (4.3), if € is small :

t
Hzl(t)”i,ﬁ(t) < Cpe® + Ck,r/o |Z/(3)|[%],Q(s)|\Z/(S)Hi,ﬂ(s) ds (4.4)
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f0<t<T, |z'(s)|[§]79(s) <rfor0<s<t, and k > 1. Now, as proved in Prop

B.1 of !, we have the following variation on an inequality of [7): if kg = [5] +1,

one can find C' > 0 such that for all U € C*°(D(T')) and all (¢,z) € D(T) :

U(t,2)] < CL+ )7 [JU®)]|ko.00)- (4.5)

Put ¢(t) = sup [[2'(s)|lx,0(s)- Making use of (4.5) to bound |Z/(5)|[ﬂ] a(s) and
0<s<t 2 |
applying the Gronwall inequality to (4.4), we deduce that

Y(t)<C Eeck’rw(t)<f(;(1+s)_¥ ds)
< Cg

k+1
if k> {—F} + ko and sup [2(s)[(x] a(s) < 7. So finally we obtain that
2 0<s<t 20

12" ()] |k.a@) < Creif 0 <t < T, (4.6)

k41 r _
itk > [+] + ko,e/ (1+ s)7¥ ds < &y, with & small, and sup [2"(t)|(x) o)
2 0 0<t<T b

k+1
< r. Actually this last inequality is automatically satisfied if k> {;} +ko,

T
5/ (1+ S)_¥d8 < &y, and € < &, (With &, small), as a simple argument
0

using (4.5) and (4.6) shows. Since (4.6) holds, it follows from the results of % (and

from well known results for the classical Cauchy problem) that we may continue z

up to t =T + 7, for some n > 0 (as a solution to (2.1) in D(T + ) satisfying (3.1)
T

on S(T +n)), provided that ¢ and E/ 1+ s)_¥ds are small. A standard rea-

soning then gives the lower bounds for T stated in Theorem 2.2, and Theorem 2.2
is proved. So it remains to prove Prop 4.2. To prove Prop 4.2 we may proceed as
in the proof of Prop 4.2 of ! (in which f% = 0 for all 4, j). Denote by Mj,..., M,
the vector fields A;;, 1 < ¢ < j < N. One first proves by induction that one can
find g > 0, and Cppo > 0 for any 8 € N, k € N, @ € NV+L with g5 and Cppq
independent of T', such that

N

IMPXF02 | < Cprac(1+1)" "7 1P1-F10glfl(2 4 1) (4.7)

on S(T),if 0 < e <ep, BE€N, keN, o c NVH1. Then estimates involving I'*
can be deduced (see 12). In 12 the jump of 9,z across S(T') satisfies a differential
equation along the integral curves of X; in the present situation, it satisfies a first
order quasilinear partial differential equation on S(T'). Indeed, put again u; = 0z,
0<j<N.InD(T) we have

Do — Y Ouy= > FRw)duk + f(u), (4.8)

1<G<N 0<j,k<N
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Oyup — Opug = 0,1 < k < N. (4.9)

Adding Z ?ci(atuk — Opug) (which is 0 by (4.9)) to (4.8), and using that
1<k<N

95 90k Iy
Ojur = Aojuk + ai—wAO;Cuo + W@tuo and that u; = Do —Tugif 1 < k<N, we
finally obtain the equation
1 O 0 Oz
(Z+Huo=5 > o, u0 22 ) Aoy 2 ug + f(uo,uo Sy (4.10)
2 4 Orp Orp Orp
0<j k<N
where Z = X — > fjk(uo,uo8 @)3]4,08 SZJAmk and H = —7-. Estimates
OSKmN Orp” (Opp)? 20,
<<

of H are given in [l. From (4.10) it is not hard to deduce that (4.7) is true if
8 =k =a = 0. The general case of (4.7) follows by obvious adaptations of the
reasonings of 2. This completes the proof of Prop 4.2. Hence the proof of Theorem
2.2 is also complete.
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