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Certain Fractional Integral with Generalized Mittag-Leffler-Type Function of Arbitrary
Order

Maged Bin-Saad, Jihad Younis* and Ghazi Khammash

ABSTRACT: In this paper, we define a fractional integral operator involving the generalized Mittag-Lefller
function in the kernel. We establish the boundedness and composition properties of this new operator. The
Laplace and Mellin transforms of this operator are obtained. Applying the Laplace transform, we solve certain
fractional differential equations. Additionally, some special cases of the established results are presented.
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1. Introduction

The theory of fractional calculus has recently attracted considerable attention due to its wide-ranging
applications in various scientific fields. Fractional integral operators involving special functions have
gained significance in physics and engineering. The motivation for this research is recent studies on
various types of integral operators (see [1,2,3,4]).

Definition 1.1 [14] The Mittag-Leffler function E.(z) is defined by

n

Ea(2) :,;)F(cjzm a,z € C,R(a) > 0. (1.1)

Definition 1.2 [25] The two-parameter Mittag-Leffler function E, g(2) is defined by

’I'L

Eq (2 ZW o, B,z € C,R(a) > 0,R(B) > (1.2)

Definition 1.3 [16] The three-parameter Mittag-Leffler function E 5(2) is defined by

n

El ()= F(o(zZz):—ﬁ)jz' a, 8,7,z € C,R(a) > 0,R(B) > 0,R(7) > 0, (1.3)
n=0

where (v), denotes the Pochhammer symbol defined in terms of the familiar Gamma function T by (see,
e.g., [21])

1 n =0),

_T'(y+n) ( )

(Vn = -
I'(7) A+ 1)y +n—1) (neN:={1,2,..}).
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Definition 1.4 [17] The generalized Mittag-Leffler function Ezg(z) is defined by

B2 —~n (1.4)

Z ' (an + ﬁ (0)n
where a, 8,7, € C, R(a) > 0, R(B) > 0, N(v) >0, R(§) >0
Definition 1.5 [15] The Mittag-Leffler-type function of arbitrary order Eé%(z) is defined by

anrk

k)= :
Eis®) = L T E T ami R (15)

where o, B,z € C, R(a) > 0,R(B) >0,5>1, k>0.

Definition 1.6 [5] The generalized arbitrary order Mittag-Leffler-type function Ei’ﬁ ,.5(2) is defined by

ik Jnitk 1.6
762 ; ﬂJra(anrk)) (16)

where «, B,7,0 € C, R(aw) >0, R(B) >0, R(v) >0, R(O) >0andj>1,k>0.

In the same paper, we expressed Ea B, 5(2) as the Mellin-Barnes integral in the following form:

kT(8 T'(s)'(1 —s)I'(y — .
B o) = 5r 0 T i ey ) (17)
Y 2w T(y) Jp T(6 — s)T(B + ak — ajs)
where the contour of integration L joins —ioo to +ioo, and splitting all the polesat s = —n, (n = 0,1,2,...)

to the left and the poles at s=n+1and at s=~v+n, (n=0,1,2,...) to the right.

Definition 1.7 [22] The Fox-Wright function is defined as

(d1, D1), ..., (dp, Dp) } Z L' (di + Din) 2" (1.8)

g
P [ (e1, E1), .. (etb T (e; + E;n) n!’

where d;, D;,e;,Ej,z € C, R(d;) > 0,R(D;) >0, ¢ =1,...,p, R(e;) > 0O, N(E;) >0, j =1,...,q and
14+ R (S0 By - X0, Di) 2 0.

Definition 1.8 [12] The H-function is defined as

v [ | (A an), . (Ap,ap) / T(B; + ;) [IL, T (1 — A — ais) ods,
27” Hz N+1

PQ (B1761>a'--a(BQ76Q A + a;s )H?:MJrlF(l_Bj _Bjs)
(1.9)

where M, N, P,Q are integers such that 0 < M < Q, 0 < N < P, and the parameters A;, B; € C and
aj, B € RT(i=1,...p;j =1,...,q) with the contour L suitably chosen, and an empty product, if it occurs,
1s taken to be unity.

Definition 1.9 For real or complex valued functions, the Lebesgue measurable space is defined by

b
L(a,b) = <f Ak =/ |f (@) ]dx < 00) : (1.10)
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Definition 1.10 /18] The Riemann-Liouville fractional integral operator 1}, is defined as follows

(I”, f) (@) = ﬁ /:(3: _ 0 )de, (R() > 0,2 > a). (1.11)

Then, for v,«, 8,7,6,w € C with R(v) > 0, R(a) > 0, R(B) >0, R(y) >0, R(S) >0and j > 1, k > 0,
we can show that [5]

(1, (€= )" B st —a))]) (@) = (@ = )™ B, s (W@ = a)”). (1.12)

Definition 1.11 [18] The Riemann-Liouville fractional derivative operator D}, is defined as follows

v d " m—v
(Da+f) (x) = (dm) (Ia+ ) (), (R(v)>0,m=[Rw)]+1), (1.13)
where R(v) denotes the real part of the complex number v € C and [R(v)] represents the integral part of
R(v).
Hilfer [11] defined the following fractional differential operator:

() ) = (1070 3 (157071 ) @) (1.14)

where 0 < v < 1 denotes the order and 0 < n < 1 denotes the type of integration with respect to x.
The distinction between different types of fractional derivatives is evident in the following formula that
utilizes the Laplace transformation [11]:

L[D§f(@)] (5) = "L 1 @) () = "0 (15770 1) (04), (0 <w < 1), (1.15)

where the initial value term (I(()i__n)(l_y) f) (04) includes the Riemann-Liouville fractional integral of

order (1 —n)(1 — v), evaluated in the limit as t — 0+. Here, as usual

LIf(@)] (s) = / e f (), (1.16)

provided that the defining integral in (1.16) exists.
Fubini’s theorem (Dirichlet formula) [18]

/abdx/: flz,y)dy = /abdy/ybf(x,y)dx. (1.17)

The paper is organized as follows. In Section 2, we introduce a new fractional integral operator along
with its basic properties. In Section 3, we derive the Laplace and Mellin transforms of the fractional
integral operator. In Section 4, we solve some fractional differential equations utilizing the Laplace
transform. Finally, in Section 5, we present the conclusions of this research.

2. An integral operator involving the function Ei’;,,“;(z) and its properties

In this section, we define the following fractional integral operator with the generalized arbitrary order
Mittag-Leffler-type function as its kernel:

(B2 s ) (@) = / (@) B (w(x 1)) f(Ddt, @ >a, (2.1)

where a, 8,7,d,w € C; R(a) > 0, R(B) >0, R(y) >0, R(6) >0and j > 1, k> 0.
If j=1and k=0 in (2.1), then we hav the following fractional integral operator:

(B2%0.1) (@) = / N VB (w(a— 0)°) f(B)dt, 7> a. (2.2)
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If we set 6 = 1 in (2.2), we obtain the following fractional integral operator defined by Prabhakar [16]:

B(a,firiw) f0) = [ "= VD (wle — 1)) F(t)dt. (2.3)

When w = 0, the integral operator in (2.3) reduces to the Riemann-Liouville fractional integral operator
given in (1.11).

Theorem 2.1 Suppose «, B,7,0,\,w € C; R(a) > 0, R(B) > 0, R(y) > 0, R(§) > 0, R(A) > 0 and
j>1, k>0, then the following result holds true:

(B s 1= Y) () = (2 = @) T TOVELS L (0@ — )°). (2.4)
Proof: From (1.6) and (2.1), we find

(B ar =) (@)

— [@ 0" B w0 -
=S e ([ 0 e )

B 00 (,y)nwnj-i-k 1 - et o
B2 (0),, F(5+a(nj+k))/a (@ —1)"" (t—a)* tdt

& wnj-i—k ) 1

_ Z (7)?6) Ig:a(nj-i-k) [(t —a™ } ()
o (), wi r'(\)

2 @), TB+A+a(nj+k)

= (x—a) P TITVED s (w (@ —a)”),

(l’ . a)ﬁ+)\+o¢(n]+k)71
which completes the required proof. O

Let a = 0 and « = 1, then we obtain the following result.

Corollary 2.1 If o, 8,7,5,\,w € C; R(a) > 0, R(B) > 0, R(vy) > 0, R(6) >0, R(\) >0 and j > 1,
k>0, then

1 ' - -1 .k « ik
T() /0 A Bl (Wl =)")dt = Eylg s 5 (W) (2.5)
Set 6 = j=1and k=0 1in (2.5), then we obtain the well-known result [16].

Theorem 2.2 Suppose «, 3,7,6,\,0,w € C; R(a) > 0, R(B) > 0, R(y) > 0, R(6) > 0, R(N) > 0,
R(o) >0 and j > 1, k > 0, then the following result holds true:

Aty
(Bike 0 252) (@) = T TOT (A4 0)/)
@,B8,7,8;0+ r(v)

(1,1), (7, 1) o
X oW [ (6,1),(B+ak+ (A+7)/0o,aj) (wz®) ] . (2.6)
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Proof: Using the fractional integral operator (2.1), we obtain

(EJJC sw t”‘t”—l) (37)

a,3,7,0;0+
_ [ PR S (1) wla — oYtk AE 1
_/O( £) Z(é)nr(,8+a(nj+k))(( £)eynith dt

0 ni T a(nj+k)—1

_ (), w gtk B+a(nj+k)—1 ot Fralngth) Qi) _y

@ T B+ ami+8)" ! oo
n a(ng 0 T

Setting t/x = u, we get

4, kw (k:v) 1
(Ea B,7,9; 0+t (.’17)
anrk

_Z 5+o¢(n]+k

1
))xﬁ’+a(nj+k)—1 / (1 o u)ﬂJra(anrk)fl (:Eu)@_lxdu
0

3 (), w7 " Bta(nj+k)+3E0 /1 Bta(nj+k)—1 1) g
= n - P - 1—u u e du
;m (5+a(ny+k)) , 1w
_ Z I (y+n)w phramith)in T (B+anj+k)I(A+7)/0)
T (y 5+n) B+amjt+h)" T (B+a(nj+k)+(\+7)/o)
_w mﬂ+ak+@r(5)r (A +)/0) i I'(y+n) W™ pomi
I'(v) = F(B+a(nj+k)+(A+7)/0)
_ whaPreR T ()T (A +9) /o) i T(1+n)T (v +n) (w229
B I'(7) L@ +n)T(B+ak+ (A+9)/o+anj) nl
A+v)
_ whaP T T (8) (A +9) /o) L, [ 1), (1, 1) (wxa)j}
T (v) B+ak+( +7)/0, ) '
This is the desired result. g

Let j =1 and k£ = 0, then we obtain the following result.

Corollary 2.2 If a,f8,7,5,\,0,w € C; R(a) > 0, N(B) > 0, R(y) > 0, () > 0, R(N\) > 0 and
R(o) > 0, then

s Ok P ()T (A +9)/0)
(B ) @) = L)

a,3;0+
Theorem 2.3 Suppose a,B,7,0,w € C; R(aw) >0, R(B) >0, R(y) >0, RO) >0and j > 1, k>0,
is bounded on L(a,b) and

(1.1, (3. 1) .
2y [ (0,1),(B+A+7)/0,a) ww } (2

then the operator E]Oé By Siat

B2 sasd]], < Al (2.8)

where

(2.9)

R > |()nl
A=(b—a) n; [R(B) + R()(nj + k)] |T(B + a(nj + k)| [(6)n]
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Proof: From equations (1.10) and (2.1), we have

b
J,k;w _ j,kw
HEaﬂ,%rF;a-&-f‘ ’1 - (Ea B,7,6; a+f) (I)‘ dx
a

:/ab

By interchanging the order of integration and applying Dirichlet’s formula (1.17), we obtain

dx.

/%—t)ﬁ VIR (e — 1)) ()t

| (V) (]

gk H < / / £ R +R(@) (n+k) = it
H 06757%6;@—&-]6 1—; () [T (8 + a(nj + k)| z| |f(t)]

By putting u = (z — t), we obtain

s | (), [Jw]HF R HR() (k)
[=25% 01, < 3 ity e . V i L
S0 P acaical M
nZ_I GRINCECET) |/[ )(n3+/€)] 7]t
_ g\ R() IR

{ “ Z a)nj+ BT B+atmj+m)  [0),]

x / F(0)] dt

= Allfll,,

this completes the proof. O

Let j =1 and k = 0, then we obtain the following result.

Corollary 2.3 If o, 3,v,6,w € C; R(«) > 0, R(B) > 0, R(y) > 0 and R(0) > 0, then the operator
EZ‘;Z_ is bounded on L(a,b) and

[ty | RN 10
where
_ —a R(B) st ‘(7)n| !w(b— &)%(a)’n
A=(b-a) ; [R(B) + R(a)n] IT(B + an)] 10)n] (2.11)

Theorem 2.4 Suppose «, B,7,6,v,w € C; R(a) > 0, R(B) > 0, R(v) > 0, R(§) > 0, R(v) > 0 and
i>1, k>0, f(z) € L(a,b), then the following result holds true:

v k;w i ksw
(Ia [ E’k 7,5,a+fD (z) = (ngwé;wf) (z). (2.12)
Proof: Using equations (1.11) and (2.1), we have

(@—w)’ " (u—t)’ T BN (w(u—6)%) f(t)dtdu.

v Jkyw
(Ia I:E] 2857505 a+f
Applying the Dirichlet formula (1.17)7 we obtain

(12, [BIE sarf]) (@) = / m [F(ly) / om0 - 0 B (i - 0) du| e




CERTAIN FRACTIONAL INTEGRAL WITH GENERALIZED MITTAG-LEFFLER-TYPE FUNCTION 7

Setting u —t = 7, we get

(12 (825 snd]) 0= [t [ e B ) i o

Using equation (1.11) again, we obtain

(12 [ s t]) @) = [ (12 (122825 s o)]) o= 1) S0
Applying equation (1.12), we have
(12 [ gt ]) @) = [ o=t B (0o - %) (01

From (2.1), we obtain

(12, (B2 g0 f]) (@) = (B2, 5 f) (@)
This is the proof of (2.12). O

Let j =1 and k£ = 0, then we obtain the following result.

Corollary 2.4 If o, 8,7,d,v,w € C; R(a) > 0, R(B) > 0, R(y) > 0, R(0) > 0, R(v) > 0 and f(x) €
L(a,b), then

(1. [BL0, 1)) @) = (B2 s ) (@) (2.13)

J,k;w
a,B,7,6;a+

Theorem 3.1 (Mellin transform) Suppose o, 8,v,5,w € C; R(a) > 0, R(B) > 0, R(y) > 0, R(6) >0
and j > 1, k >0, then the following result holds true:

3. Integral transform of the operator E

7, w9 1,2 anj (0,1),(1 1)
M(B255 0007) @0:5] = 7 —oypy 43 [‘“"t ] 0.0.0 -8, -5 5 - ak.a)
x M[tPTeR f(t);s] . (3.1)

Proof: Using the definition of the Mellin transform, we have
M {(Egﬁgf‘;ﬁm f) (2); s} - /O 2ol /O (x = )"V ERE (w(x — 1)) f(t)dtda.
By interchanging the order of integrations, we obtain
M[(B252 50 f) (@):5] = /0 f(t)/t w5 (o — )T IR (w(w — 1)) dadt.
By putting (z —t) = u, we get
M {(E{y’fcﬁiﬁ@mrf) (x);s} - /O f(t)/t (ut ) B (wu®) dudt,

By applying (1.7), we have

S Fioo r - - i\
M (B2 sont) 03] = [ 5000 [ i ak e )

o0
X / (u+ )" wfreR— a1 gy drds.
0
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Now, by using the following formula [9]:

we obtain

ks 1 wkT(9) +ioo L(r) (1 —7r)T'(y—r)I(1 —s— B — ak + ajr)
M [(Eo‘fg’%‘s?o*f) (m),s] C2mi (1 —s)I(y) /400 T —r)

X (—wjt”‘j)*rdr/ tethrak=1gyat
0
wkT(8)

- R [

x M [t f(t); 5],

(0’ 1)7 (1 -7 1)
(0,1),(1—0,1),(1 —s— B —ak,aj)

this is the required proof of (3.1).
Let j =1 and k = 0, then we obtain the following result.

Corollary 3.1 If «, 8,v,6,w € C; R(a) > 0, R(B) > 0, R(y) > 0 and R(d) > 0, then

F((S) 1,2 o (07 1)7 (1 - 1)
M [( o f; o+f) (); } (1 —s)T(y) Hyl3 [_wt (0,1),(1—9,1), 17— s—pB,a)
x M [tPf(t);s] . (3.2)

Set § =1 in (3.2), then we obtain the well-known result [20].

Theorem 3.2 (Laplace transform) Suppose «, 8,7,5,w € C; R(a) > 0, R(B) > 0, R(v) > 0, R(§) >0
R(p) >0 and j > 1, k > 0, then the following result holds true:

e[ (55t ] = e [ | ()

Proof: By using (1.16) and (2.1), we have
c [(E{BMOJ) (x); p} - /0 ePT [/O (x —t)°~ EJZM( (z —t)a)f(t)dt] dz
~Jo 5 +a(nj +k)) .
By changing the order of integration and applying Dirichlet formula, we get
nj+k
7 k;w _ p\8-1 .’I} — t) ) !
£ | (B st ) € / / z—1) Z 6+an]+k))dmf(t)dt

w"Itk . pyfalnth) =1
Z B—Fang—kk / / e’ daf(t)dt

n:O

F(p). (3.3)
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Putting (z — t) = u, we have

£ [ (B 00T 2] = i()nr((vﬁ>+:;j+k / fit dt/ e T
S

_ © B o o .
- Z < (6)nl (ﬂ+a(nj+]g))/0 € ptf(t)dt/o e Py Bra(nitk)—1 4,

> (’y)nwn]"rk [e’e) B
- wamm/ e P f(t)dt

S e ) L

_ whp”PHeBr(5) (1,1), (1) | (w)
= ') 2 Wy [ (6,1), ( > ]F(p),

where F(p) is the Laplace transform of f(¢). This completes the proof of Theorem 3.2. O

Let j =1 and k£ = 0, then we obtain the following result.
Corollary 3.2 If a, 3,7v,6,w € C; R(a) > 0, R(B) > 0, R(y) > 0, R(4) > 0 and R(p) > 0, then
-B
oy _p"I(9) (L1, (1) | w
e[(B2. ) @] = P om | Y | e P (3.4)
Set 6 =1 in (3.4), then we obtain the well-known result [20].
4. Fractional differential equations

In this section, we presents certain solutions of some differential equations based upon the Hilfer
derivative.

Theorem 4.1 Suppose «,8,v,6,w € C; R(a) > 0, R(B) > 0, R(y) >0, R(6) >0 and 0 < v < 1,
0<n<1,j>1,k=>0, then

(Diy) () = o (B2 501 ) (@) + £ (@), (4.1)

with the initial condition . )
(187907) (04) =

has the solution given by
mufn(lfy)fl 1 T
=0/ ftv ok _— — )L f(t)dt 4.2
W) = epo s e B e+ s [ @00 @)

where ¢ is an arbitrary constant.

Proof: Applying the Laplace transform to both sides of (4.1) and using (1.15) and (3.3) along with the
Laplace convolution theorem yields

pY(p)—ep ) = oL [( 0B 0+) ]E(l;p)JrF(p)

e, [0 (2

k o —(B+ak+1) i J\"
_ whop T'(d) T(vy+n (w) + F(P)
() — T(6+n)

~
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which easily gives

k —(B+v+ak+1 o0 j
Y(p) = v 4 WP 8 'T(5) > T'(y+n) (w]

) 2 T m ) +p VF(P). (4.3)

Taking the inverse Laplace transform of both sides of (4.3) yields

y(CC) — C,Cil (pﬁ(171/)7u ) +O'Z nWw nj+k _ (p,(ﬁerJra(anrk)Jrl);x) +£71 (inF(P),I)
7 xu*ﬂ(lfl/)fl . o} (,y)n(wxa)nj+k: 1 T o
=R T Z BTt TGl T T, e

n=0
I,an(lfv)fl

1 T
:CF(V——7’]—"—Z/)+O-Iﬁ+VEO‘B+V+1"/‘S( )+F(y)/0 (ﬂfft)yilf(t)dt

Theorem 4.1 is proved. g

Let j =1 and k = 0, then we obtain the following result.

Corollary 4.1 If a, 8,7,6,w € C; R(a) >0, R(B) >0, R(y) >0, R(O) >0 and 0 <v<1,0<n<1,
then

(D) (@) = o (BL%5, ) (@) + f(@), (4.4)

[ 1—” 1—v

has the solution given by

xufn(lfu)fl 1

y(z) = cm +oxPTVEYD g+y+1 (wz®) + ) /Om(x — 1)V (t)dt, (4.5)

where ¢ is an arbitrary constant.

Theorem 4.2 Suppose «, 3,v,6,w € C; R(a) > 0, R(B) > 0, R(y) >0, R(6) >0 and 0 < v < 1,
0<n<1,j>1,k=>0, then

v, i, k;
(Doﬁy) (x)=0 (Efx,ﬁ:wy,a;mr) (z) + 'IﬁEa B+1,7,6 (wz®), (4.6)

with the initial condition
(10) (04) =

has the solution given by

1.1/77](171/)71

—c—— 1) 2Pt ik « 4.7
W) = s+ (o D e (47)
where ¢ is an arbitrary constant.
Proof: Substituting f(t) =t E(JX%H .5 (wt®) in Theorem 4.1, we obtain
v—n(l-v)—1 Bt 1 x V1,8 ik N
y() SO +ox Ea5+u+1w( %) + F(V)/O (z =) HPEY ) s (wt®)dt. (4.8)
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Here,
) e 7 ) dt = / — 8 1tﬁ Jn (0 dt
°° n]—i—k z 1, ta(nitk)
nz:() ﬁ+a(n]+k)+1)/(x_t)u e

Let t = zu, then we have

o0 (/y)nwnj-s—k:xﬁ-&-u—&-a(nj—&-k)

=2 ()l (B+ a(nj + k) + 1

n=0

1
)/ (1 — w)r Ly Hatmith gy,
0

oo

_ v (V)n aynj
=0 G E e D

= $5+UF( ) a’,[j+u+1 v,6 ( ) .

Applying this result in (4.8) yields (4.7), completing the proof of Theorem 4.2. i

Let j =1 and k£ = 0, then we obtain the following result.
Corollary 4.2 If a,3,7v,6,w € C; R(a) >0, R(B) >0, N(y) >0, R(6) >0 and 0 < v < 1, 0 <, then

(D§w) (@) = o (B35, ) () + 2" BTG (we™), (49)

with the initial condition . )
(I((H*n)( ﬂ/)y> (0+) = c,

has the solution given by

xl/—’q(l—l/)—l Bt 6 N
y(z) = Cm +(oc+1)a"VED Bl (wx®), (4.10)

where ¢ is an arbitrary constant.

5. Conclusion

In this paper, we define and study a new fractional integral operator, which contain the generalized
arbitrary order Mittag-Leffler-type function as its kernel. This operator can be updated for set-valued
mappings. By adopting a similar technique, some more operators can be introduced.
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