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Novel Dual Method Approach for Solving Third Order Pseudo Hyperbolic PDEs Using
Variational Iteration and Group Preserving Schemes
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abstract: The study explores advanced numerical techniques for solving pseudo-hyperbolic equations
through an innovative computational approach integrating variational iteration methodology, symmetry-
preserving numerical schemes, and a novel fictitious time discretization strategy. By transforming the original
mathematical problem into an alternative formulation using fictitious time integration, we develop a robust
computational framework that enhances numerical stability and convergence properties. The proposed method
leverages group-preserving transformation techniques to maintain critical mathematical symmetries through-
out the numerical solution process. Comprehensive numerical experiments are conducted across diverse test
scenarios to validate the method’s performance and computational efficiency. Rigorous analysis demonstrates
the approach’s significant advantages, including rapid convergence, high accuracy, and exceptional adaptability
to complex pseudo-hyperbolic systems. The research contributes novel insights into advanced computational
mathematics, offering a sophisticated alternative to traditional numerical solution strategies for challenging
partial differential equations. Detailed numerical simulations substantiate the method’s effectiveness, revealing
its potential for addressing intricate mathematical modeling challenges in various scientific and engineering
domains.

Key Words: Pseudo-hyperbolic PDEs, group preserving scheme, variational iteration method, La-
grange multiplier, exact solution.
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1. Introduction

Partial differential equations (PDEs) serve as powerful mathematical tools for modeling and under-
standing complex physical phenomena. These sophisticated mathematical representations capture intri-
cate dynamics across various scientific domains, including wave propagation, thermal transfer, quantum
interactions, and fluid mechanics [1,2,3,4,5]. High-order PDEs, particularly pseudo-hyperbolic equations
with mixed time-space derivatives, represent critical mathematical models in physics and engineering
research. Extensive scholarly investigations have explored numerous aspects of these equations, ranging
from numerical solution methodologies [1] to stability analyses [4], solution existence theorems [2], and
analytical approaches [3]. Researchers have systematically examined the theoretical and practical im-
plications of such equations, demonstrating their significance in modeling structural vibrations, atomic
physics [6,7,8,9], and complex engineering challenges [10,11,12]. Innovative computational techniques
have been developed to approximate solutions, with scholars progressively refining algorithmic approaches
to enhance mathematical precision. Recent scholarly work has made substantial contributions to under-
standing boundary value problems, such as periodic boundary conditions [13] and integral conditions
for differential equation systems [14]. Investigations have also explored semi-periodic boundary value
problems for non-classical differential equations [15], expanding our comprehension of complex mathe-
matical models. The ongoing exploration of pseudo-hyperbolic and related partial differential equations
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continues to push the boundaries of mathematical physics, offering increasingly sophisticated tools for
scientific and engineering applications. The authors of [16] considered the initial-boundary value prob-
lem for the nonlinear Klein-Gordon equation’s inverse problem of recovering a time-dependent coefficient
multiplying nonlinear term, and then the finite difference method was also used to numerically solve the
inverse problem.
The Variational Iteration Method (VIM), introduced by He and colleagues, offers a robust approach for
generating consecutive approximations to precise solutions across various mathematical domains. This
powerful technique has demonstrated remarkable effectiveness in deriving analytical solutions for com-
plex linear and nonlinear partial differential equations. Researchers have successfully applied VIM to a
diverse range of mathematical challenges, including intricate problems such as nonlinear Voltera’s Integro-
differential equations, Burger’s equations, autonomous ordinary differential systems, the Helmholtz equa-
tion, Telegraph Equation, nonlinear Jaulent–Miodek equations, and nonlinear pseudo-hyperbolic par-
tial differential equations [17,18,19,20,21,22,23,24]. Complementing VIM, the Group Preserving Scheme
(GPS) represents an innovative geometric methodology formulated within Minkowski space, diverging
from conventional numerical approaches typically grounded in Euclidean space. GPS has emerged as
a versatile computational technique, enabling researchers to tackle complex mathematical problems.
Notable applications include solving the nonlinear nonlinear fractional telegraph equations in electro-
magnetics [25], Through numerical validation, the study demonstrated that TSM and NHPM accurately
anticipate infection patterns and efficiently represent the dynamics of Zika virus transmission [26], to
better understand the structural aspects of complicated order univalent functions, the study developed
criteria for Mittag-Leffler-type Poisson distribution series to fall into particular subclasses [27], and
developing numerical strategies for space- and time-fractional derivative Burgers equations [28]. This re-
search integrates the Variational Iteration Method and Group Preserving Scheme to derive solutions for
third-order nonhomogeneous linear pseudo-hyperbolic partial differential equations. The manuscript is
structured to systematically explore these methodological approaches, with subsequent sections dedicated
to detailed mathematical explanations, computational implementations, and analytical demonstrations
using Maple software. The paper’s organizational framework includes: a comprehensive introduction to
VIM for linear pseudo-hyperbolic partial differential equations, an examination of the fictitious time in-
tegration method’s role, practical implementation of computational techniques, and a concluding section
synthesizing the study’s primary findings and contributions.

2. General Solution Form of the Proposed Problem via VIM

This part explores the general form of the Variational Iteration Method (VIM) to address third-order
linear pseudo-hyperbolic partial differential equations under non-local boundary conditions. The study
focuses on a generalized mathematical framework that captures the complex dynamics of resistance-
related phenomena. The proposed approach considers a comprehensive model defined by the following
partial differential equation:

∂2u

∂t2
(t, x)− µ

∂3u

∂x∂t2
(t, x)− ∂2u

∂x2
(t, x)− h(t, x) = 0, (0 < x < X), (0 < t < T ), (2.1)

accompanied by intricate initial and boundary conditions:

u(x, 0) = W0(x),
∂u

∂t
(x, 0) = W1(x), 0 ≤ x ≤ X, (2.2)

u(0, t) = A(t) +

X∫
0

u(x, t)dx, 0 ≤ t ≤ T,

u(X, t) = B(t) +

X∫
0

u(x, t)dx, 0 ≤ t ≤ T,

where u(t, x) is the resistance and µ > 0.
To illustrate the basic structure of the variational iteration method [20], for Eq. (2.1), we consider the
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following formula:

L[u(x, t)] +N [u(x, t)] = h(x, t), (2.3)

where h(x, t) is given continuous function, L is a linear operator and N is a nonlinear operator. The
correction functional in the t-direction can be used to write the solution of Eq. (2.1) using the variational
iteration method

un+1(x, t) = un(x, t) +

∫ t

0

λ(σ)

[
L[u(x, σ)] +N [u(x, σ)]− f(x, σ)

]
∂σ. (2.4)

From Eq. (2.1), we know L[u(x, t)] = ∂2u
∂t2 (x, t)− µ ∂3u

∂t∂x2 (x, t)− ∂2u
∂x2 (x, t) and N = 0. The differential

equation’s solution is regarded as the fixed point when the initial term is properly chosen, making the
correction functional stationary. As a result, the solution to Eq. (2.4) will be as follows:

un+1(x, t) = un(x, t) +

∫ t

0

λ(σ)

[
∂2un(x, σ)

∂σ2
− µ

∂

∂σ

(
∂2un(x, σ)

∂x2

)
−∂2un(x, σ)

∂x2
− f(x, σ)

]
∂σ. (2.5)

By employing the integration by parts method, we initially establish the Lagrange λ(σ) multiplier,
which is systematically determined through a precise optimization process. Subsequently, the iterative
approximations un(x, t), n > 0 for the target solution u(x, t) can be efficiently derived by leveraging the
computed Lagrange multiplier in conjunction with a carefully selected reference function u0(x, t), yielding
the following result:

u(x, t) = lim
n→∞

un(x, t). (2.6)

As demonstrated in the work of [15], the Variational Iteration Method (VIM) applied to Eq. (2.1) can
be conclusively formulated as follows

u(x, 0) = W0(x) + tW1(x), initial guess

un+1(x, t) = un(x, t) +
∫ t

0
λ(σ)

[
∂2un(x,σ)

∂σ2 − µ ∂
∂σ

(
∂2un(x,σ)

∂x2

)
−∂2un(x,σ)

∂x2 − f(x, σ)

]
∂σ.

(2.7)

The Lagrange λ(σ) multiplier should be defined in the next section.
In the next section, an application of a geometric method can be seen.

3. The Fictitious time integration method(FTIM) and Group Preserving Scheme(GPS)

This section is devoted to showing the usage of FTIM and GPS. First, using FTIM we convert the
main equation into a new equation with one more dimension. After that, GPS is applied to solve the
obtained equation.
Thus, we reach:

ζ
∂2u

∂t2
(t, x)− ζµ

∂3u

∂x∂t2
(t, x)− ζ

∂2u

∂x2
(t, x) = ζh(x, t). (3.1)

Completing the later alteration on Eq. (3.1)

Σ(x, t, σ) = (1 + σ)κu(x, t), 0 < κ ≤ 1, (3.2)
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presents us:

ζ

(1 + σ)κ

[
∂2Σ

∂t2
(x, t, σ)− µ

∂3Σ

∂t∂x2
(x, t, σ)− ∂2Σ

∂x2
(x, t, σ)

]
− ζh(x, t) = 0, (3.3)

with regard to
∂Σ

∂σ
= κ(1 + σ)κ−1u(x, t). (3.4)

For Eq. (3.3), we reach:

∂Σ

∂σ
=

ζ

(1 + σ)κ

[
Σtt(x, t, σ)− µΣtxx(x, t, σ)− Σxx(x, t, σ)

]
− ζh(x, t) (3.5)

+κ(1 + σ)κ−1u.

By taking u = Σ/(1 + σ)κ, we get:

∂Σ

∂σ
=

ζ

(1 + σ)κ

[
Σtt(x, t, σ)− µΣtxx(x, t, σ)− Σxx(x, t, σ)

]
− ζh(x, t) (3.6)

+
κΣ

κ+ σ
.

Using

∂

∂σ

(
Σ

(1 + σ)κ

)
=

Σσ

(1 + σ)κ
− κΣ

(1 + σ)1+κ
, (3.7)

and by using 1/(1 + σ)κ on Eq. (3.6), one gets

∂

∂σ

(
Σ

(1 + σ)κ

)
=

ζ

(1 + σ)κ

[
Σtt(x, t, σ)− µΣtxx(x, t, σ)− Σxx(x, t, σ)

]
(3.8)

−ζh(x, t).

By using u = Σ
(1+σ)κ , we have:

uσ =
ζ

(1 + σ)κ

[
utt(x, t, σ)− µutxx(x, t, σ)− uxx(x, t, σ)

]
− ζh(x, t). (3.9)

Suppose uj
i (σ) := u(xi, tj , σ), ∆x = b−a

m , ∆t = T
n , xi = a+ i∆x and

tj = j∆t. After that, we have Eq.(3.9) as:

d

dσ
uj
i (σ) =

ζ

(1 + σ)κ

[
uj+1
i (σ)− 2uj

i (σ) + uj−1
i (σ)

∆t2
−

uj
i+1(σ)− 2uj

i (σ) + uj
i−1(σ)

∆x2

−
uj+1
i+1 (σ)− uj

i+1(σ)− 2uj+1
i (σ) + 2uj

i (σ) + uj+1
i−1 (σ)− uj

i−1(σ)

2∆t∆x2

]
− ζh(xi, tj).

(3.10)

If we take
u = (u1

1, u
2
1, ..., u

n
m)T , (3.11)

and

E(u, σ) =
ζ

(1 + σ)κ

[
uj+1
i (σ)− 2uj

i (σ) + uj−1
i (σ)

∆t2
−

uj
i+1(σ)− 2uj

i (σ) + uj
i−1(σ)

∆x2

−
uj+1
i+1 (σ)− uj

i+1(σ)− 2uj+1
i (σ) + 2uj

i (σ) + uj+1
i−1 (σ)− uj

i−1(σ)

2∆t∆x2

]
− ζh(xi, tj).

(3.12)



Novel Dual Method Approach for Solving Third Order PHPDEs Using VIM and GPS 5

Then eq.(3.10) can be writen as :

u′ = E(u, σ), u ∈ RN , σ ∈ R, (3.13)

where E symbolizes a vector including ij-components holding the right-hand side of Eq. (3.10) and
N = m× n is the quantity of the entire point.
Now, we can use a geometric numerical method called Group-Preserving Scheme (GPS) introduced by
Liu [9] for solving Eq. (3.9):

ul+1 = ul +
(Υl − 1)El.ul + Λl∥ul∥∥El∥

∥El∥2
El = ul +ΠlEl, (3.14)

where

Πl =
(Υl − 1)El.ul + Λl∥ul∥∥El∥

∥El∥2
, (3.15)

Υl = cosh

(
∆σ∥El∥
∥ul∥

)
,

Λl = sinh

(
∆σ∥El∥
∥ul∥

)
.

(3.16)

We can check the convergence of uj
i at the l and l + 1 measures by the next rule:√√√√ m,n∑
i,j=1

[uj
i (l + 1)− uj

i (l)]
2 ≤ ε, (3.17)

where ε is the convergence criterion. Then, we acquire:

uj
i =

uj
i (σ0)

(1 + σ0)l
, (3.18)

where σ0(≤ σh) contents at Eq. (3.18).

4. Applications of the methods

In this section, we delve into the practical implementation and comprehensive exploration of ad-
vanced analytical techniques specifically tailored to examining and resolving complex third-order linear
pseudo-hyperbolic partial differential equations. Our approach encompasses a systematic methodology
for applying sophisticated mathematical methods to unravel the intricate dynamics and structural char-
acteristics of these challenging mathematical models.

Example. Consider the non-homogeneous linear pseudo-hyperbolic partial differential equations [3]
as follow:

∂2u

∂t2
(t, x)− µ

∂3u

∂x∂t2
(t, x)− ∂2u

∂x2
(t, x)− x3et + 18xet = 0, x ∈ (0, 1), (4.1)

t ∈ (0, 2),

with the initial and boundary conditions

u(x, 0) = x3,
∂u

∂t
(x, 0) = x3, x ∈ [0, 1], (4.2)
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u(0, t) =

∫ 1

0

u(x, t)dx− 1

4
et, t ∈ [0, 2], (4.3)

u(1, t) =
3

4
et +

∫ 1

0

u(x, t)dx, t ∈ [0, 2]. (4.4)

The corrective function of a given problem via the VIM is approximately obtained by the following
formulas

un+1(x, t) = un(x, t) +

∫ t

0

λ(σ)

[
∂2un(x, σ)

∂σ2
− µ

∂

∂σ

(
∂2un(x, σ)

∂x2

)
−∂2un(x, σ)

∂x2
− f(x, σ)

]
∂σ. (4.5)

Within this framework, λ(σ) serves as the Lagrange multiplier parameter. The precise value of this
multiplier emerges naturally from variational calculus methods, enabling us to find the optimal solution
that satisfies both our objective function and constraints simultaneously.

λ(σ) = σ − t.

Putting the Lagrange multiplier value in (30), we get

un+1(x, t) = un(x, t) +

∫ t

0

(σ − t)

[
∂2un(x, σ)

∂σ2
− 2

∂

∂σ

(
∂2un(x, σ)

∂x2

)
−∂2un(x, σ)

∂x2
− x3et + 18xet

]
∂σ.

The initial approximation u0(x, t) can be derived directly from the specified initial condition presented
in Eq. (2.7), as demonstrated in the Variational Iteration Method (VIM) framework [21]. This serves as
the foundation for constructing the iterative sequence. The subsequent approximations in the series can
be systematically generated through the following iterative process, where each new term builds upon
the previous estimates while incorporating the method’s correction functional.

u0(x, t) = (1 + t)x3, (4.6)

u1(x, t) = (1 + t)x3 +

∫ t

0

(σ − t)

[
∂2un(x, σ)

∂σ2
− 2

∂

∂σ

(
∂2un(x, σ)

∂x2

)
−∂2un(x, σ)

∂x2
− x3et + 18xet

]
∂σ,

simplify the above equation, we get

u1(x, t) = x3et + xt3 + 9xt2 − 18xet + 18xt+ 18x, (4.7)

using this procedure for u2(x, t), u3(x, t), u4(x, t),. . . , we get

un(x, t) = x3et, for n ≥ 2. (4.8)

By using Eq. (2.6), we get the exact solution

u(x, t) = lim
n→∞

un(x, t) = x3et. (4.9)

The graphical representation of the solution at x ∈ [0, 1], and t ∈ [0, 2] are as follow:
As can be seen from the graphical representation of the solutions, figures (1) and (2), provided the

exact solutions to Eq. (4.1), at 0 ≤ t ≤ 2, 0 ≤ x ≤ 1, and 0 ≤ t ≤ 100, −10 ≤ x ≤ 10, respectively.
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Figure 3: Numerical results for ζ = 220 and uj
i (0) = 1e− 7 of Eq. (4.1).
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Figure 3 shows the error, exact and numerical solutions of the problem (4.1) by GPS choosing T =
0.05,m = n = 19, ζ = 220, κ = 1 and uj

i (0) = 1e− 7 and ∆σ = 5× 1e− 9. Also, Figure 4 is responsible
to carry out the solutions and error using GPS under T = 1,m = n = 20, ζ = 150, κ = 0.011 and
uj
i (0) = 1e− 3 and ∆σ = 5× 1e− 3 in different domain.
The graphics that are displayed offer a thorough examination of pseudo-hyperbolic partial differential

equations by means of meticulously crafted visuals. In figure (1), the precise solution is shown throughout
the normalized domain 0 ≤ t ≤ 2 and 0 ≤ x ≤ 1, demonstrating the complex behavior of the solution
at various computational stages. Figure (2) reveals the long-term dynamics and possible asymptotic
properties of the equation by expanding the simulation of the function u(x, t) over a wider time span
0 ≤ t ≤ 100. Parametric investigations are the subject of figures (3) and figures (4), which examine how
the equation responds to different values of ζ (220 and 150, respectively) and beginning conditions uj

i (0) =
1e− 7 and 1e− 5. Important information about the numerical stability, convergence characteristics, and
overall behavior of the suggested solution methodology for pseudo-hyperbolic partial differential equations
is provided by these figures, which also show how sensitive the method is to initial parameters.

5. Conclusion

In this work, the VIM method has been successfully used to obtain the solutions of nonhomogeneous
third-order linear pseudo-hyperbolic partial differential equations. The obtained solution via the present
method is an exact solution. The results offered in this contribution show that the VIM method is
extremely robust and effective in finding solutions for the class of linear pseudo-hyperbolic equations.
Also, a combination of GPS and FTIM is proposed to get the approximate solutions to this problem.
Figures of solutions are provided successfully during this study. The results can be cleared that the
suggested methods have instant convergence. The proposed methods can be used and expanded to solve
the fractional order pseudo-hyperbolic partial differential equations.

Acknowledgments

We sincerely thank the anonymous referees for their valuable comments and constructive suggestions,
which have significantly improved the quality of this manuscript.

References

1. S. T. Abdulazeez and M. Modanli, Solutions of fractional order pseudo-hyperbolic telegraph partial differential equations
using finite difference method. Alexandria Engineering Journal 61(12), 12443-12451 (2022).

2. Z. Zhao and H. Li, A continuous Galerkin method for pseudo-hyperbolic equations with variable coefficients. Journal of
Mathematical Analysis and Applications 473(2), 1053-1072 (2019).

3. M. Modanli, S. T. Abdulazeez and A. M. Husien, A residual power series method for solving pseudo hyperbolic partial
differential equations with nonlocal conditions. Numerical Methods for Partial Differential Equations 37(3), 2235-2243
(2021).

4. S. Mesloub, M. R. Aboelrish and S. Obaidat, Well posedness and numerical solution for a non-local pseudohyperbolic
initial boundary value problem. International Journal of Computer Mathematics 96(12), 2533-2547 (2019).

5. A. B. Aliev and B. H. Lichaei, Existence and non-existence of global solutions of the Cauchy problem for higher order
semilinear pseudo-hyperbolic equations. Nonlinear Analysis: Theory, Methods & Applications 72(7-8), 3275-3288 (2010).

6. I. Fedotov, M. Shatalov and J. Marais, Hyperbolic and pseudo-hyperbolic equations in the theory of vibration. Acta
Mechanica 227(11), 3315-3324 (2016).

7. N. H. Sweilam, M. M. Khader and A. M. Nagy, Numerical solution of two-sided space-fractional wave equation using
finite difference method. Journal of Computational and Applied Mathematics 235(8), 2832-2841 (2011).

8. A. Yokus, H. Durur and H. Ahmad, Hyperbolic type solutions for the couple Boiti-Leon-Pempinelli system. Facta
Universitatis, Series: Mathematics and Informatics 35(2), 523-531 (2020).

9. C. S. Liu, Cone of non-linear dynamical system and group preserving schemes. International Journal of Non-Linear
Mechanics 36(7), 1047-1068 (2001).

10. N. T. Orumbayeva, A. T. Assanova and A. B. Keldibekova, On an algorithm of finding an approximate solution of a
periodic problem for a third-order differential equation. Eurasian Mathematical Journal 13(1), 69-85 (2022).

11. A. T. Assanova, On the solvability of a nonlocal problem for the system of Sobolev-type differential equations with
integral condition. Georgian Mathematical Journal 28(1), 49-57 (2021).



Novel Dual Method Approach for Solving Third Order PHPDEs Using VIM and GPS 11

12. A. T. Assanova and S. S. Kabdrakhova, Modification of the Euler polygonal method for solving a semi-periodic boundary
value problem for pseudo-parabolic equation of special type. Mediterranean Journal of Mathematics 17(4), 1-30 (2020).

13. I. Tekin, Y. T. Mehraliyev and M. I. Ismailov, Existence and uniqueness of an inverse problem for nonlinear Klein-
Gordon equation. Mathematical Methods in the Applied Sciences 42(10), 3739-3753 (2019).

14. J. H. He, Variational iteration method—some recent results and new interpretations. Journal of Computational and
Applied Mathematics 207(1), 3-17 (2007).

15. J. He, A new approach to nonlinear partial differential equations. Communications in Nonlinear Science and Numerical
Simulation 2(4), 230-235 (1997).

16. S. Abbasbandy and E. Shivanian, Application of the variational iteration method for system of nonlinear Volterra’s
integro-differential equations. Mathematical and Computational Applications 14(2), 147-158 (2009).

17. M. A. Abdou and A. A. Soliman, Variational iteration method for solving Burger’s and coupled Burger’s equations.
Journal of Computational and Applied Mathematics 181(2), 245-251 (2005).

18. J. H. He, Variational iteration method for autonomous ordinary differential systems. Applied Mathematics and Com-
putation 114(2-3), 115-123 (2000).

19. S. Momani and S. Abuasad, Application of He’s variational iteration method to Helmholtz equation. Chaos, Solitons
& Fractals 27(5), 1119-1123 (2006).

20. D. D. Ganji, M. Jannatabadi and E. Mohseni, Application of He’s variational iteration method to nonlinear
Jaulent–Miodek equations and comparing it with ADM. Journal of Computational and Applied Mathematics 207(1),
35-45 (2007).

21. S. T. Abdulazeez, M. Modanli and A. M. Husien, Numerical scheme methods for solving nonlinear pseudo-hyperbolic
partial differential equations. Journal of Applied Mathematics and Computational Mechanics 21(4), 5-15 (2022).

22. W. Gao, M. Partohaghighi, H. M. Baskonus and S. Ghavi, Regarding the group preserving scheme and method of line
to the numerical simulations of Klein–Gordon model. Results in Physics 15, 102555 (2019).

23. M. Partohaghighi, M. Ink, D. Baleanu and S. P. Moshoko, Fictitious time integration method for solving the time
fractional gas dynamics equation. Thermal Science 23(Suppl. 6), 2009-2016 (2019).

24. S. Abbasbandy and M. S. Hashemi, Group preserving scheme for the Cauchy problem of the Laplace equation. Engi-
neering Analysis with Boundary Elements 35(8), 1003-1009 (2011).

25. M. Modanli, M. A. S. Murad and S. T. Abdulazeez, A new computational method-based integral transform for solving
time-fractional equation arises in electromagnetic waves. Zeitschrift für angewandte Mathematik und Physik 74(5), 186
(2023).

26. K. M. Dharmalingam, N. Jeeva, N. Ali, R. K. Al-Hamido, S. E. Fadugba, K. Malesela and M. Qousini, Mathematical
analysis of Zika virus transmission: exploring semi-analytical solutions and effective controls. Commun. Math. Biol.
Neurosci. 2024, Article-ID (2024).

27. K. Marimuthu, A. Jeeva and N. Ali, Mittag-Leffler Poisson Distribution Series and Their Application to Univalent
Functions. arXiv preprint arXiv:2408.01466 (2024).

28. R. Chawla, D. Kumar and S. Singh, A Second-Order Scheme for the Generalized Time-Fractional Burgers’ Equation.
Journal of Computational and Nonlinear Dynamics 19(1), 011001 (2024).

Sadeq Taha Abdulazeez,

Department of Mathematics,

College of Basic Education,

University of Duhok,

Duhok/Iraq.

E-mail address: sadeq.adulazeez@uod.ac


	Introduction
	General Solution Form of the Proposed Problem via VIM
	The Fictitious time integration method(FTIM) and Group Preserving Scheme(GPS)
	Applications of the methods
	Conclusion

