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On Optimal Control for Cooperative Systems Governed by Heat Equation with
Conjugation Conditions
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ABSTRACT: The optimal control for 2 X 2 cooperative Dirichlet and Neumann parabolic systems with
conjugation conditions is considered. First the existence and uniqueness of the state are proved; then the
necessary and sufficient conditions for the control to be an optimal is obtained by a set of inequalities. Also we
generalize these discussions to n X n cooperative parabolic systems with conjugation conditions. The control
in our problems is of distributed type and is allowed to be in a Hilbert space.
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1. Introduction

The paper is sincere to the study of the distributed control for n x n cooperative Dirichlet and
Neumann parabolic systems with conjugation conditions. These problems leads us to the minimization
of the quadratic cost functional:

J(v) = Z 1M;(v) = ziallF2(q) + Z(Tvivvi)Lz(Q)' (1.1)
i=1 i=1
subject to the Dirichlet state equation
%Mi(u) + A()M;(z,t,u) = fi(z,t) +u; in Q,
M;(z,0,u) = M;o(x), M,;o(z) € L*(Q) in Q, (1.2)
M;(z,t,u) = on X,
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and the Neumann state equation

%Mi(u) + A(t)M;(u) = fi(x,t) + u; in Q,
M;(z,0,u) = M; o(x), M,;o(z) € L*(Q) in Q, (1.3)
81\64;12“) =9 on 27
1=1,2,3,.....,m,
under conjugation conditions:
[Mi(u)] =0 on 7,
n (1.4)
ESE [-Zlﬁaﬂs;i” cos(,2)| =25 on 4, =12
0=

The model of our systems A(t) is given by

—V - (BV) —an —aiz e —Q1n
—a21 =V (BV)—azx2 - —Q2n
—Qn1 —Qan2 e _v : (ﬁv) — Qnn

where M;(u) = {M;(u), Ma(u), M3(u),...M,(u)} are the states of the systems, f; € C(Q) are the external
sources, @ = Q2 x (0,T") be a complicated cylinder and ¥ =I" x (0,T") be the lateral surface of a cylinder
Qr Uxr,y = 921 NN # ¢, v = v x (0,T), 0Q; be the boundary of a domain Q;, i = 1,2, 8 = ()

aM _ 8M . o . . . .
5. _‘Zl i, cos(v, ;) is directional derivative
inj=

of M, v is an ort of a normal to v and such normal is directed into the domain 5.

is a positive function having discontinuity along v and

Definition 1.1 System (1.2) or (1.3) is called cooperative if
aij > 0V i# j, (15)

otherwise is called non-cooperative system.

An optimal control is a set of differential equations describing the paths of the control variables
that minimize the cost functional. Lions [12] have studied the optimal control systems for both elliptic,
hyperbolic and parabolic operators with finite order defined on R™. The discussion was expanded to
systems involving different types of operators such as infinite order elliptic operators [5] or operators
with an infinite number of variables [6,7]. These results have been extended to cooperative systems [2,3,
4,8,13,14,16,20]. Some applications were introduced in [7,8,9,10,15]. New optimal control problems have
been introduced by Sergienko and Deineka [[22]-[24]] for distributed parameter systems with conjugation
conditions and by a quadratic cost functional. The considered systems in these problems are in the scalar
case (system of one equation). Serag, et al [[17]-[20]] and [1] extended this discussion to n x n systems.
In this paper we discuss the optimal control of distributed type for cooperative parabolic systems under
conjugation conditions. Our paper is organized as follows: In section two, we introduce some definitions
and notations. In section three we discuss the distributed control for 2 x 2 cooperative parabolic systems
with Dirichlet and conjugation conditions. Section four deals with distributed control for n xn cooperative
Dirichlet parabolic systems with conjugation conditions. The problem with non-homogeneous Neumann
conditions under conjugation conditions is studied for cooperative parabolic systems, in section five.

2. Definitions and Notations [21]

In this paper, we shall consider €2 is a domanin that consists of two open, non - intersecting and
bounded, continuous, strictly Lipschitz domains £2; and 25 of R™ such that Q = (Q;U~yUQ2),(Q1NQs) = ¢
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and Q = (Q; UQy). Furthermore: Let I' = (9923 UdQ2)\7y be the boundary of the domain , In addition,
[@] =" -7,
ot ={p}t = ®(z,t) under (z,t) € v},
o~ ={p} = B(xt) under (1,¢) € 7.

7§ = (0Q2N7) x (0,T) and 77 = (021 Nv) x (0,T).
Also we assume that the space L?(2) of real valued functions u(x) which are measurable and is a Hilbert
space for the scalar product .

()10 = [ ulaola)do
associated to the norm
iz = ([ Ju()Pda)? < o.
Now we define the space
V = (Hy(Q)) = {M(x,t) = (My, M) |o,€ (H' (%)), i =1, 2, M|s=0}.

Analogously, we can define the spaces L2(0,7T; L?(Q)) = L?(Q), and L*(0,T; H*(£2)), then we have
a chain in the form

(L*(0,T5 Hy (2))* € (L*(0,T5 L*(2)))* € (L*(0,T; H~H(Q)))*.

We introduce the Hilbert space

oM
W1(0,T) = {M : M € L*(0,T; H' (), = € L*(0, T; H ()},
H71(Q) is the dual space of H}(Q), that being supplied with the norm:

dM
IO Bor = ([ MO+ [ 15 oo
W1(0,T) - HE () T H-1(0)

)

We can then introduce the Sobolev space (W1(0,7T))™ by cartesian product:
(W1 (0,T)" = Iy (W1 (0, 7)),
with norm defined by, .
1Ml wy 0. = Y IMillw, o0,7)-

i=1
The cartesian product (W71(0,7))™ may be verified to be a Hilbert space and its dual is denoted by
(W1(0,T)")™. The considered spaces in this paper are assumed to be real.

3. Distributed Control for 2 x 2 Cooperative Parabolic Systems with Dirichlet and
Conjugation Conditions

In this section, we find the necessary and sufficient conditions for the control to be optimal for the
following 2 x 2 cooperative Dirichlet parabolic system:

0L — V- (BVMy) — a1 My (,t) — aroMa(x,t) = fi(x,t) inQ,

oM, _ AV (6VM2) — aglMl(CL',t) — G,QQMQ(ZL',t) = fg(x,t) in Q,

ot
M1 (.’L‘,O) = MLQ(ZE) in Q, (31)
MQ(I7O) = M270(I) in Q,

Mi(z,t) = Ma(z,t) =0 in X,



4 L. M. ABD-ELRHMAN AND A. A. ALSABAN

under conjugation conditions:

[Mi]=0 on yr,
(3.2)
[Ma] =0 on vy,
|94 ] =y 200 on 7,
(3.3)
|34 =225 on -
We assume that
¢y, Co € L2(’y) and ¢1, ¢3 >0 (3.4)

Lemma 3.1 (Friedrichs inequality). For any bounded Lipschitz domain Q there is a constant m(£2) > 0,
which depends only on ), such that

/|M|2dac§m(§2)/ VM? dz,
Q Q

3.1. State equation

To prove the existence and uniqueness of the state for the system (3.1)-(3.3), we define on (W1 (0,7'))?
for each t, a continuous bilinear form

w(t, M, ®) : (W1(0,7))* x (W1(0,T))* - R

by

(M, ®) = / B(x)(VM V1 + VMVs) dr — / (a11 My + a12 Moy + a1 Myps + azaMaps) dx
Q Q

8M1 aMQ
. 3.5
+ e gt lel dre [ 052 e ¢ (35)

Then we have

Theorem 3.1 For a given f = (f1, f2) € (W1(0,T)")?, there exists a unique solution M = (M, M) €
(W1(0,T))? for the system (3.1) - (3.3).

Proof: From (3.5), we have
m(t; M, M) =

/5 (VAL + [V, P)de + /5 (VAL + VM) de

2(G12 + az21)

ail 22
— Mde—i/M d:v—i/M dx
/Q He (a12 + az1) Q| il (ai2 + as) Q‘ 2l

oM, OMs
+/y01 815 [Ml]d’}/-i-/y 815 [MQ]d’Y.

((112 + as1)

(3.2) implies

ail 2 a22 2
7rt;M,M+7/Mx dx+7/M dz
( ) (a12 + az1) M (@)l (a12 + a21) M|

> (am_'_am/ﬁ |VM1| +|VM1| )dx

_ (IVMs|” + |V M, dm—/M ) M. dzx.
2(a12—|—a21 /5 ) 2| | 2| 1 2(2)
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By Cauchy Schwartz inequality and from Friedrichs inequality, we deduce

a1, 22)

(a2 + as1)
B(x)

- m[HMlnig(Q) + ‘|M2||§{Ol(g)]

8w

2(a12 + as)

m(t; M, M)+mazx( MM 172y + [1Ma]|72 (0]

m(Q) T IM P + [[Malf] g2 gy — M| M2]].

This inequality is equivalent to

(a1,a22)
(a12 + as1)
> s Py 1M g+ 1Vl o)

(B(x)(m(©) " 1
T a2

(t; M, M)+max( VIMil[720) + [ Ma]72(0)]

[ My ]|* + || M 1?] | M| L2 () | M2l 2 (-

!
Therefore,

(a1, a22)
(a12 + a21)
> S by IVl + el

L B@)m(@)™

(@12 + a21)

m(t; M, M)+max( MM 172y + [ Ma]F2 (0]

1 1
(ﬁHMlHLz(Q) - EHM2HL2(Q))

2
(t; M, M) + k|| M|[t12(q))2 za[HMIH?LIé(Q) + ||M2H12Hg(9)]

>al| MG, 0.7))25

where

(a11,a22) ) o 5(95)

b= mam((a12 +as)”’ B 2(B12 + B21)’

which proves the coerciveness condition.

Let ® — L(®) be a continuous linear form defined on Wy(0,7))? by
M@:/ﬁ@ﬁ%mMﬁ+/b@ﬁm@mw
Q Q

Then by Lax-Milgram Lemma, there exists a unique solution M (x) € (W1(0,T))? such that:

oM

(G @)+t M, @) =L(®) V= (p1,02) € (Ho ()2,

and hence for system (3.1)-(3.3)
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3.2. Formulation of the control problem

The space (L?(Q))? being the space of controls. For each control u = (ug,us) € (L*(Q))?, let us
define the state M = (M;(u), Ma(u)) = M (x,t;u) of the system as a generalized solution of:

8Malt(u) — V- (BVMi(u)) —annMi(x, t,u) — aroMs(x, t,u) = fi(x,t) +u; in Q,

% -V- (BVMQ) - (l21M1(.’L‘,t,U> — agzMg(aﬁ,t,u) = fg(l‘, t) + U9 in Q,

M (2,0,u) = My o(x) in Q, (3.8)
Mz((E,O) = Mgwo(x) il’l Q,
Ml(l‘,t) = MQ(.Z‘,t) =0 in Z,

under conjugation conditions (3.2), (3.3).

Lemma 3.2 A unique state, namely, a function M (z,t;u) € (W1(0,T))? corresponds to every control
u € U, minimizes the energy functional on (W1(0,T))?

U(w) = alw,w) — 2fpm(w) V w(z) €V, (3.9)

and it is the unique solution in (W1(0,T))? to the weakly stated problem which stated that: Find an
element M(u) € (W1(0,T))? that meets the equations

(L )+ ol w) = fonlu, ), (3.10)

/S;Ml(x,o;u)wl(x)dl'+/QM2(I,O;U)'LU2(Z')dSC:/QMLO(I)wl(I)dx+/§2M270(I)w2(x)d$7 (3.11)

where the bilinear form a(t; M, w) has the form (3.5) and f,(w) is the linear functional given by

fm(w) = fn(u, w) :/Qfl(amt)wl(m)dx—k/Qfg(x,t)wg(x)d:v—&—/Qulwld:c—i-/ﬂugwgdx (3.12)

Specify the observation through the following expression:

Z(u) = (21(u), 22(w)) = CLM (u) = (M (u), Ma(u)),
O, s a linear operator € £((W1(0,7))%; (L*(Q))?).

For a given Zg = (214, 224) in the space (L?(Q))?, the energy functional is given by
J(u) = | My (u) = 214l F2(q) + | Ma(u) = 224l 72(q) + (Tur, u1)r2(q) + (Tuz, u2) 12(q), (3.13)
where T €£(U; U) is a hermitian positive definite operator such that :
(Tu,u) 2@y = Nlullfzzgye N>0 VYuel. (3.14)
The optimal control problem then is to find:
u = (uy,us) € Uyq such that: J(u) = inf J(v) Vv € Ugd, (3.15)

where the set of admissible control U, is a closed convex subset of (L?(Q))2.
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Definition 3.1 If an element u € U,y meets condition (3.15), it is called an optimal control.
Let us present functional (3.13) as:

J(v) =I(v,v) = 2L(v) + ||z1a = M1(0)[|Z2(q) + llz2a — M2(0) 172 (q), (3.16)
where the bilinear form IT(u,v) and linear functional L(v) are expressed as

M(u,v) =(Mi(u) — M1(0), My (v) — M1(0)) 2

+ (Ma(u) — M3(0), Ma(v) — M2(0)) 20y + (Tu, v) (12(Q))2 (3.17)

and

L(v) = (214 — M1(0), My (v) — M1(0)) £2(@) + (224 — M2(0), Ma(v) — M2(0)) 2(q)- (3.18)

The form TI(u,v) is a continuous bilinear form and from (3.14), it is coercive on (L?(Q))?, i.e

(v,v) > Nvl|tr2g)2 (3.19)

also L(v) is a continuous linear form on U. On the basis of the theory of Lions [12], there exists a unique
optimal control u of distributed type for problem (3.15); Moreover it is characterized by

Theorem 3.2 Assume that (3.6) holds, the cost functional is given by (3.13). A necessary and sufficient
condition for u = (u1,u2) € (L*(Q))? to be an optimal control is that the following equations and
inequalities are satisfied:

=) g (BVpi(u)) = anpr(u) + azipa(u) + My(u) — 214 in Q,

_agi(u) — V- (BVp2(u)) = a12p1(u) + azepa(u) + Ma(u) — 224 in Q,

(3.20)
p1(u) = po(u) =0 in X,
pl(vaau) ng(x,T,u) =0 in Q,
under conjugation conditions:
[p1(w)] = [p2(u)] =0, on r,
0] = e 25 o qp (3.21)
Op2 Ip2
%] = e o,

and

/ (p1(v) + Tuq)(v1 — uy) dodt + / (p2(u) + Tug)(ve — ug) dxdt >0,V v = (v1,v2) € Uaq, (3.22)
Q Q

together with (3.8), where P(u) = (p1(u), p2(u)) is the adjoint state.
Proof: The control u = (u1,us) € (L*(Q))? is optimal if and only if [12]:

(J'(u),v —u) > 0,Yv € Uyg, (3.23)

which is equivalent to:

(Mi(u) = 214, M1 (v) = Mi(u)) (@) + (M2(u) — 224, Ma(v) — M2 (u))L2(@)
+ (T'LL,’U - u)(Lz(Q))z >0Vov €Uy
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This inequality can be written as:

/ (Mi(u) = 214, M1 (v) — My (u))L2() + (Ma(u) — 224, Ma(v) — Ma(u)) L2(o) )dt
° (3.24)
+ /0 ((TU,’U - U)(L2(Q))2 > 0.

Now, since
(P,AM) = (A*PM)=7n(P,M),PeV* M€V,
then, (3.24) is equivalent to

T _ U
/0 (8#() = V- (BVpi(u)) — anipi(u) — azipa(u), Ma(u))p2(o)dt

T T
+ / ( agi(u) _ v . (vaQ(u)) — a12P1 (U) — a22p2(u), MQ(’U,))LQ(Q)dt + / ((T"U,7 v — ’LL)(LZ(Q))zdt Z O
0 0

Using Green’s formula, we obtain

O (My(w) ~ 1)) ) + (). & (M) — M) 120
=AM (v) = Mi(w)))r2(@) + (p2(u), —A(M2(v) — Ma(u)))r2(q)

(p1(u)

( )s E (Mi(v) — Mi(u)))r2(s) + (p2(u), %(Mg(v) — Ma(u)) 2(s)
(p1(u), —a11(Myi(v) — My(u)))r2(q) + (p2(u), —a21 (M1 (v) — Mi(u)))r2(Q)
(P1(u), —a12(Ma(v) = Ma(w)))12(Q) + (p2(u), —aga(Ma(v) — Ma(u)))L2(q)
+ (Thug,v1 — u1)2(Q) + (Touz, v2 — u2)2(g) = 0.

Using equation (3.8), we obtain
/Q(p1 (w) + Tuy ) (vy — uy)dxdt + /Q(pg(u) + Tug)(ve — ug) dxdt > 0. (3.25)
Thus, the optimal control u € U,y can be determined by relations (3.2), (3.3), (3.8), (3.20),(3.21) and
(3.25). 0
4. The n x n Dirichlet Systems Under Conjugation Conditions

In this section, we generalize the discussion which has been introduced in section three to the following
n X n cooperative parabolic Dirichlet systems

D M; + A(t)Mi(x,t) = filw,t) in Q,
M;(x,0) = M;o(x), M;o(z) € L?(Q) in Q, (4.1)

M;(z,t) =0 on ¥
i=1,2,3,...n.

)

under conjugation conditions (1.4). For this we define a bilinear form

7w (Wi(0,T)" x (W1(0,T))" = R
by

w(t;M,@)i/

=179

ﬂ(x)VM¢Vg0id:cfZ/ a;; Mjp;dx — Z /aijMiSOidx‘FZ/ciW[@i] dr,
it 9 i=j=17% i=1""7 (4.2)
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T(M, M) + k[IM |22 pyn = M fw, 0,0y ¥ M = (Mi)izy € (Wi(0,7))", (4.3)

as in theorem (3.1), there exists a unique solution M = (M;)"_, € (W1(0,T))™ of the initial boundary
value problem (4.1) and (1.4) for f = (fi)?; € (W1(0,T)")? and M;o(x) € L*(2). For each a control
u = (u)"; € (L*(Q))", let us define a state M = (M;(u))™; as a generalized solution of the initial
boundary value problem (1.2) under conditions (1.4). The generalized problem corresponds to initial
boundary value problem (1.2), (4.1), (1.4) is to define the function M (z, t;u) = (M;(u))?, € (W1(0,T))",
satisfying the following equations

oM
(W?w) +7T(Maw) = fN(U,’LU), (44)
/QMZ'(.L“, 0; w)w;dx = /QMi,o(x)widx, (4.5)

where 7(M,w) has the form (4.2) and a linear functional is given by

=> /Q fi(@)wi(z)dz. (4.6)
=1

We will specify the observation by expression
Z(u) = (zi(u))iz, = M(u) = (M;(u))iz, -

For a given Z; = (2,4)™; € (L?(Q))™, the cost functional is given by (1.1). The control problem then
is to find

u = (uy, Uz, ...up) € Uyg, closed convex subset of (L?(Q))™ such that:

(4.7)
J(u) = infyep,, J(v).
The cost functional (1.1) can be written as
J(’U) :H( —2L +2H22d— ||L2(Q)7
where
II(u, v) = — M;(0), M;(v) = My(0))12(g)) + Y (Tui, vi) 2@ (4.8)
i=1 i=1
is a continuous bilinear form and it is coercive, that is:
H(’U,U) Z 7’]“’()”%[/2(@))7” n > 0,
and
v) =Y (214 — Mi(0), M;(v) = M;(0))2(q), (4.9)
i=1

is a continuous linear form on (L?(Q))"™. Then the necessary and sufficient conditions for u = (u;)?; €
(L?(Q))™ to be an optimal control is that the following equations and inequalities are satisfied:

— & pi(u) + A*(t)p; (u) = M;(u) — 2 in Q,

pi(u)(z,T,0) =0 in (4.10)

pi(u) =0 on X,
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under conjugation conditions:

[pi(w)] =0 on ~r, (4.11)
Ipi(u) Ipi(u)
= —c 4.12
[ Ovp* “Tor M T (4.12)
whereA*(t) is the transpose of A(t) such that
—V - (BV) —an —a21 T —0n1
—ai2 =V (BV) —az - —Qn2
—0Q1n —Q2p e -V (6v) — Gnn,
and
Z/ (pi(w) + Tuy)(v; — u;) dedt >0, V v=(v;)i~q € Uga, (4.14)
i=17Q

together with (1.2) and (1.4) where P(u) = (pi(u))?; is the adjoint state.

5. The 2 x 2 Neumann Parabolic Systems Under Conjugation Conditions

In this section we discuss the distributed control for the following 2 x 2 cooperative parabolic system
with non homogenous Neumann conditions

oMy _ AV (BVMl) — allMl(x,t) — a12M2($,t) = fl((E,t) in Q7

ot
35)\{2 — V . (BVMQ) — aglMl((E,t) — a22M2($7t) = fz(x,t) il’l Q7
Ml(l‘,O) = MLQ(Z‘) in Q,
(5.1)
MQ(Z',O) = Mgﬁo(m) iIl Q,
%ﬁﬁ =0 on X,
%ﬁ/{f =92 on ¥,

with conjugation conditions (3.2), (3.3), where (g1, g2) € (L?(X))? are given functions. Let us define

(W0, 7))? = (M : M € (10, 5 ()7, L € (170, B~ (0)7),

where the Sobolev space H!(Q) forms a Hilbert space endowed with the scalar product defined by

(U?U)HI(Q) = Z (Dau7 Da’lj)d.’I},

laf<1

and D% is defined by

n
olel
D* = al = E o
8|“\x1...8\0‘|x2,--~7 | | i—1 v
1=

where the differentiation in the sense of distribution function and after the completion, we obtain the
Sobolev space H!({2). We introduce again the bilinear form (3.5) which is coercive on (H*())?, since

(Ho () C (H'(2))*.



ON OPTIMAL CONTROL FOR COOPERATIVE SYSTEMS (GOVERNED BY HEAT EQUATION- - - 11

Then by Lax-Milgram lemma, there exists a unique solution M € (W5(0,7))? for system (5.1) ac-
cording the equation (3.7), where

14@=Ah@wmw+Lﬁ@w@w+Am@%@ﬁ+Am@m@ﬁ7

is a continuous linear form defined on (W2(0,7))2.
For each control u = (ui,us) € (L*(Q))?, let us define the state M(z,t;u) = (My(u), Ma(u)) as a
generalized solution of the initial-boundary problem given by

M) 7 (BYV M, () — any My (,8) — areMa(x,t) = fi(z,8) +ur in Q,
(W) 7 (BV M (u)) — azi My (z,t) — azsMa(x,t) = foz,t) +uz in Q,
M (z,0,u) = My o(x) in €,
(5.2)
Mg(ﬂ?, 0, u) = Mg,o(x) in Q,
8A(’;[uliu) . on X,
616\45;“) =g on E,

with conjugation conditions (3.2), (3.3). The generalized problem corresponding to the initial boundary
value problems (5.2), (3.2), (3.3) is to define the function M (z,t;u) = (Mi(u), Ma(u)) € (W2(0,T))2,
satisfying Vw(z) € (H(Q))?

oM
Wwdx +7(M,w) = fp(u,w), (5.3)
Q

/QMl(:U,O;u)wl(x)dx—F/QMg(x,O;u)wg(x)dx:/QMLO(:U)wl(J:)da:—&—/QMQ,O(J:)wg(x)dx, (5.4)

where the bilinear form 7(¢; M, w) has the form of expression (3.5) and the linear functional is

fu(w) = far(u,w) :/Qfl(x,t)wl(x)der/Qfg(:c,t)wg(x)dx+/Fglwldf

+/ggw2df+/ ulwldI‘+/ UQ’LUQdF.
r Q Q

So, the initial boundary value problem (5.2), (3.2) and (3.3) has a unique generalized solution
M(z,t;u) € (W2(0,T))?> V u € U. For a given Zy = (214,224) € (L*(Q))?, the cost functional is
given a gain by (3.13). Then there exists a unique optimal control u € U,y according the equation (3.15),
moreover it is characterized by the following equations and inequalities

(5.5)

78151(@ — V- (BVp1(u)) — a11p1(u) — azipa(u) = Mi(u) — 214 in @,

%i(u) — V- (BVp2(u) — aiop1(u) — agepe(u) = Ma(u) — 224 in Q,

(5.6)
pl(vaau) :pg(J?,T,U) =0 in Qa
Tt =G =0 on 3,

under conjugation conditions (3.21), and

/ (p1(u) + Thuy)(v1 — uy) dodt + / (p2(u) + Tous)(ve — ug) dzdt >0, V v = (v1,02) € Uyg,
Q Q (5.7)
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together with (5.2) where
P(u) = (p1(u),p2(u)) is the adjoint state.

Remark 5.1 To discuss the distributed control for the following n X n cooperative parabolic systems
with Neumann condition

5 M, + A(t)Mi(w,t) = fi(x,1) in Q,
M;(2,0) = M;o(z), Mo(z) € L*(Q) in 9, 65s)
g%\ =Y on X,

i=1,2,3,...,n.

with conjugation conditions (1.4), we introduce again the bilinear form (4.2) which is coercive on
(W2(0,T))"™, since
(Ho ()" € (H' ()",

then based on (4.3) and Lax- Milgram lemma there exists a unique solution M = (M;)', €
(W2(0,T))™ for system (5.8) such that

(O 0) 4 n(t:M,2) = £,(8), V@ € (H) ()" 5.9

where

Z;/ﬂ ¥ ;/Fg ¥ (5.10)

is a continuous linear form defined on (W2(0,T))"™, then from (4.2), (5.10), M is a solution of

8Mi )
5 - (BVM;) Za” = fi(z,)inQ, V1 <i <n

this equation satisfies the Neumann condition. Multiplying both sides by ® € (H' ()" and inte-
grating over @, we get

M» n n
/ L(pi(x)dxdt—i—/(—v-(,BVMi)gpi(x)dmdt—Z/ aiijgoidxdt:Z/ fi(z, t)pidzdt,
Q Ot Q j=17Q i=17@

using Green’s formula we obtain

n

7(t; M, ®) Z

=1

dr = / filw, pidadt,
1/Q

from (5.9), we get

> [ stweir+ [

hence we obtain the Neumann conditions

oM,
8V - gl

B

on X,

so we can formulate corresponding the control problem:
The space (L*(Q))™ is the space of controls. The state M(u) € (Wy(0,T))"™ of the system is given
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by the solution of (1.3) under conjugation conditions (1.4). For a given zq € (L*(Q))", the cost
functional is again given by (1.1), then there exists a unique optimal controlu = (u1,ug, ..., un) € Ugq
such that:

J(w)= inf J(v), Yo = (v1,v2,...,0n) € Ugq.

vEU q

Moreover it is characterized by the following equations and inequalities

— 2l 7 (BVpi(u)) — S0 agipi(u) = Mi(u) — g in Q,

pi(x;T,u) =0 in €,
ﬁaapzjf(‘i) =0 on X,
[pi(uw)] =0 on 7,

[322] - -e -

and
Z/ (pi(w) + Tyu; ) (v; — w;) dadt >0, V v=(v;)i=q € Uga, (5.11)
i=17Q

together with (1.3), where P(u) = (p;i(u))’_ is the adjoint state.

6. Conclusions

In this paper, we focused on optimal control problems for cooperative systems governed by heat equa-
tion in the presence of concentrated heat capacity under conjugation conditions. Under some conditions
on the coefficients, we proved the existence and uniqueness of the state for2 x 2 Dirichlet cooperative
parabolic systems under conjugation conditions. Then we demonstrated the existence and uniqueness
of the optimal control of distributed type for these systems. We gave the set of equations and inequali-
ties that characterizes this control. Also, we studied the problem with Neumann condition. Finally, we
generalized the discussion to n x n cooperative parabolic systems under conjugation conditions.
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