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Generalized Mittag-Leffler-type function of arbitrary order and its properties related to
integral transforms and fractional calculus

Maged Bin-Saad, Jihad Younis∗ , Ayman Shehata, and Mohammed A. Abd EL Salam

abstract: This paper introduces a novel generalization of the Mittag-Leffler function, delving into its fun-
damental characteristics. The analysis encompasses a thorough exploration of its properties, including the
derivation of recurrence relations, differential formulas, and various integral representations such as the Euler,
Laplace, Mellin, Whittaker, and Mellin–Barnes transforms. Furthermore, the study establishes connections
to other significant special functions, expressing the new generalization in terms of the Fox-Wright function,
the generalized hypergeometric function, and the H-function. The paper also defines associated fractional
integral and differential operators, highlighting the function’s relevance to fractional calculus. Several note-
worthy special cases are derived from the main results, demonstrating the breadth and adaptability of this
new function. This research provides a comprehensive framework for understanding the properties of this
generalized Mittag-Leffler function and suggests its potential for applications in diverse areas, particularly
within the realm of fractional analysis and its related fields.

Key Words:Mittag-Leffler function, Fox-Wright function, integral transforms, fractional calculus
operators.
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1. Introduction

The function Eα(z) is named after the renowned Swedish mathematician Gösta Magnus Mittag-Leffler,
who defined it using a power series [12]

Eα(z) =

∞∑
n=0

zn

Γ (αn+ 1)
, α, z ∈ C,ℜ(α) > 0. (1.1)

First generalizion of the function Eα(z) was introduced by Wiman [27]

Eα,β(z) =

∞∑
n=0

zn

Γ (αn+ β)
, α, β, z ∈ C,ℜ(α) > 0,ℜ(β) > 0. (1.2)

The Mittag-Leffler function, denoted as Eα,β(z), is a fundamental special function in fractional calculus,
generalizing the exponential function. Defined by the series (1.2), it plays a key role in solving fractional
differential equations (FDEs) due to its ability to model power-law memory effects. In fractional calculus,
Mittag-Leffler functions appear naturally in solutions to linear FDEs, often replacing exponentials found
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in classical ODEs. For numerical solutions of FDEs, Mittag-Leffler function based methods, such as the
Mittag-Leffler exponential integrators, provide efficient tools for handling non-local fractional operators.
These techniques are crucial in modeling anomalous diffusion, viscoelasticity, and biological systems with
memory effects, where traditional integer-order models fail. Efficient numerical evaluation of the ML
function remains an active research area to improve accuracy in computational fractional calculus, see for
instance [1,2,9,10,11,13]. In addition, Prabhakar [16] proposed a further generalization of the function
Eα(z) in the form

Eγ
α,β(z) =

∞∑
n=0

(γ)n
Γ (αn+ β)

zn

n!
, α, β, γ, z ∈ C,ℜ(α) > 0,ℜ(β) > 0,ℜ(γ) > 0, (1.3)

where (γ)n denotes the Pochhammer symbol defined in terms of the familiar Gamma function Γ by (see,
e.g., [23])

(γ)n =
Γ(γ + n)

Γ(γ)
=


1 (n = 0),

γ(γ + 1)...(γ + n− 1) (n ∈ N := {1, 2, ...}).

Moreover, the generalization of Eγ
α,β(z) was given by Shukla and Prajapati [21], defined as follows:

Eγ,q
α,β(z) =

∞∑
n=0

(γ)qn
Γ (αn+ β)

zn

n!
, (1.4)

where α, β, γ ∈ C; ℜ(α) > 0, ℜ(β) > 0, ℜ(γ) > 0, q ∈ (0, 1) ∪ N and (γ)qn = Γ(γ+qn)
Γ(γ) , denotes the

generalized Pochhammer symbol, which reduces to qqn
∏q

r=1

(
γ+r−1

q

)
n
if q ∈ N.

Recently, several generalizations and extensions for Mittag-Leffler functions have been presented and
investigated by many authors (see, e.g., [3,4,5,14,20,25]). Very recently, Pathan and Bin-Saad [15]
introduced a new Mittag-Leffler-type function of arbitrary order, which is a generalization of the Mittag-
Leffler function Eα,β(z). The arbitrary order Mittag-Leffler-type function is defined as

Ej,k
α,β(z) =

∞∑
n=0

znj+k

Γ (β + α(nj + k))
, α, β, z ∈ C,ℜ(α) > 0,ℜ(β) > 0, j ≥ 1, k ≥ 0. (1.5)

The present work introduces and investigates a novel generalization of the Mittag-Leffler-type function
of arbitrary order, defined as follows:

Ej,k,q
α,β,γ(z) =

∞∑
n=0

(γ)qn
n! Γ (β + α(nj + k))

znj+k, (1.6)

where α, β, γ ∈ C; ℜ(α) > 0, ℜ(β) > 0, ℜ(γ) > 0 and j ≥ 1, k ≥ 0, q ∈ (0, 1) ∪ N. The increased
generality of definition (1.6) permits the direct derivation of the subsequent special cases:

(i) Ej,k,1
α,β,1(z) represents the arbitrary order Mittag–Leffler-type function defined in (1.5).

(ii) E1,0,q
α,β,γ(z) represents the generalized Mittag-Leffler function defined in (1.4).

(iii) E1,0,1
α,β,γ(z) represents the Mittag-Leffler function defined in (1.3).

(iv) E1,0,1
α,β,1(z) represents the Mittag-Leffler function defined in (1.2).

(v) E1,0,1
α,1,1(z) represents the Mittag-Leffler function defined in (1.1).
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The following well-known notations, formulas, and functions have been used:
The Beta function is defined as [23]

B(ν, µ) =

∫ 1

0

tν−1 (1− t)
µ−1

dt, ℜ(ν) > 0,ℜ(µ) > 0, (1.7)

or in terms of gamma function as

B(ν, µ) =
Γ(ν)Γ(µ)

Γ(ν + µ)
, ν, µ ∈ C \ Z−

0 . (1.8)

The Fox-Wright function is defined as [24]

pΨq

[
(d1, D1), ..., (dp, Dp)
(e1, E1), ..., (eq, Eq)

z

]
=

∞∑
n=0

∏p
i=1 Γ (di +Din)∏q
j=1 Γ (ej + Ejn)

zn

n!
, (1.9)

where di, Di, ej , Ej , z ∈ C, ℜ(di) > 0,ℜ(Di) > 0, i = 1, ..., p, ℜ(ei) > 0,ℜ(Ei) > 0, j = 1, ..., q and

1 + ℜ
(∑q

j=1 Ej −
∑p

i=1 Di

)
≥ 0.

The H-function is given as

HM,N
P,Q

[
z

(A1, α1), ..., (AP , αP )
(B1, β1), ..., (BQ, βQ)

]
=

1

2πi

∫
L

∏M
j=1 Γ (Bj + βjs)

∏N
i=1 Γ (1−Ai − αis)∏P

i=N+1 Γ (Ai + αis)
∏Q

j=M+1 Γ (1−Bj − βjs)
z−sds,

(1.10)

where M,N,P,Q are integers such that 0 ≤ M ≤ Q, 0 ≤ N ≤ P , and the parameters Ai, Bj ∈ C and
αi, βj ∈ R+(i = 1, ..., p; j = 1, ..., q) with the contour L suitably chosen, and an empty product, if it
occurs, is taken to be unity. For more details about the H-function, one can refer to Kilbas and Saigo [6].

The generalized hypergeometric function is given as [18]

pFq

[
a1, ..., ap
b1, ..., bq

; z

]
= pFq (a1, ..., ap; b1, ..., bq; z) =

∞∑
n=0

∏p
i=1 (ai)n∏q
j=1 (bj)n

zn

n!
, (1.11)

where the infinite series converges for all z ∈ C when p ≤ q.
The Euler (Beta) transform of the function f(z) is defined as [22]

B {f(z); ν, µ} =

∫ 1

0

zν−1 (1− z)
µ−1

f(z)dz, ℜ(ν) > 0,ℜ(µ) > 0. (1.12)

The Laplace transform of the function f(z) is defined as [22]

L{f(z); s} =

∫ ∞

0

e−szf(z)dz, ℜ(s) > 0. (1.13)

The Mellin transform of the function f(z) is given as [22]

M{f(z); s} =

∫ ∞

0

zs−1f(z)dz = f∗(s), ℜ(s) > 0, (1.14)

and the inverse Mellin transform is defined as

f(z) = M−1 {f∗(s); z} =
1

2πi

∫
L

f∗(s)z−sds, (1.15)

where L is a contour of integration that begins at −i∞ and ends at i∞.
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The Whittaker transform is defined as [26]∫ ∞

0

uν−1e−
u
2 Wλ,µ(u)du =

Γ
(
1
2 + µ+ ν

)
Γ
(
1
2 − µ+ ν

)
Γ (1− λ+ ν)

, (1.16)

where ℜ(µ± ν) > − 1
2 and Wλ,µ(u) is the Whittaker confluent hypergeometric function.

The fractional-order integration and differentiation are defined by the left-sided Riemann-Liouville
fractional integral operator Iνa+ and the right-sided Riemann-Liouville fractional integral operator Iνb−,
and the corresponding Riemann-Liouville fractional derivative operators Dν

a+ and Dν
b−, as [19]

(
Iνa+f

)
(x) =

1

Γ(ν)

∫ x

a

(x− t)ν−1f(t)dt, (ℜ(ν) > 0, x > a) , (1.17)

(
Iνb−f

)
(x) =

1

Γ(ν)

∫ b

x

(t− x)ν−1f(t)dt, (ℜ(ν) > 0, x < b) , (1.18)

(
Dν

a+f
)
(x) =

(
d

dx

)m (
Im−ν
a+ f

)
(x), (ℜ(ν) > 0,m = [ℜ(ν)] + 1) , (1.19)

and (
Dν

b−f
)
(x) = (−1)m

(
d

dx

)m (
Im−ν
b− f

)
(x), (ℜ(ν) > 0,m = [ℜ(ν)] + 1) , (1.20)

where ℜ(ν) denotes the real part of the complex number ν ∈ C and [ℜ(ν)] represents the integral part
of ℜ(ν). Here, we recall the left and right-sided Riemann-Liouville fractional integrations of a power
function are defined in [7] by

(
Iν0+t

λ−1
)
(x) =

Γ(λ)

Γ(λ+ ν)
xλ+ν−1, (ℜ(ν) > 0,ℜ(λ) > 0) , (1.21)

(
Iν−t

λ−1
)
(x) =

Γ(1− ν − λ)

Γ(1− λ)
xλ+ν−1, (0 < ℜ(ν) < 1−ℜ(λ)) , (1.22)

respectively. The left and right-sided Riemann-Liouville fractional differentiations of a power function
are defined, respectively, by (see [7])

(
Dν

0+t
λ−1
)
(x) =

Γ(λ)

Γ(λ− ν)
xλ−ν−1, (ℜ(ν) > 0,ℜ(λ) > 0) , (1.23)

and (
Dν

−t
λ−1
)
(x) =

Γ(1 + ν − λ)

Γ(1− λ)
xλ−ν−1, (ℜ(ν) > 0,ℜ(λ) < ℜ(ν)− [ℜ(ν)]) . (1.24)

In the end, this paper introduces a new generalized Mittag-Leffler function type. In section 2 the authors
investigate basic properties of the introduced new generalized type. Namely, the paper including recur-
rence relations, differential formulas, integral representations, Euler transform, Laplace transform, Mellin
transform, Whittaker transform, and Mellin–Barnes integral representation related to the new generalized
Mittag-Leffler function. Additionally, the paper expresses it in terms of Fox-Wright function, generalized
hypergeometric function, and H-function found in section 3. Furthermore, we establish fractional integral
and differential operators associated with the proposed Mittag-Leffler type function. Several interesting
special cases of the main results are derived and addressed in sections 4 and 5.
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2. Basic properties

In this section, we have derived some useful basic properties of Ej,k,q
α,β,γ(z).

Theorem 2.1 For α, β, γ, z ∈ C with ℜ(α) > 0, ℜ(β) > 0, ℜ(γ) > 0 and j ≥ 1, k ≥ 0, q ∈ N, we get

Ej,k,q
α,β,γ(z) = βEj,k,q

α,β+1,γ(z) + αz
d

dz
Ej,k,q

α,β+1,γ(z), (2.1)

Ej,k,q
α,β−αj,γ(z)− Ej,k,q

α,β−αj,γ−1(z) = qzj+k
∞∑

n=0

(γ)q(n+1)−1

n! Γ (β + α(nj + k))
znj . (2.2)

Proof. We have

Ej,k,q
α,β,γ(z) =

∞∑
n=0

(γ)qn z
nj+k

n! Γ (β + α(nj + k))
=

∞∑
n=0

(γ)qn z
nj+k

n! (β + αk + αnj) Γ (β + αk + αnj)
(β + αk + αnj)

= β

∞∑
n=0

(γ)qn z
nj+k

n! (β + αk + αnj) Γ (β + αk + αnj)
+ α

∞∑
n=0

(γ)qn (nj + k) znj+k

n! (β + αk + αnj) Γ (β + αk + αnj)

= βEj,k,q
α,β+1,γ(z) + αz

d

dz
Ej,k,q

α,β+1,γ(z),

which gives the desired result (2.1).
Next, we have

Ej,k,q
α,β−αj,γ(z)− Ej,k,q

α,β−αj,γ−1(z) =

∞∑
n=0

(γ)qn z
nj+k

n! Γ (β + αk + α(n− 1)j)
−

∞∑
n=0

(γ − 1)qn z
nj+k

n! Γ (β + αk + α(n− 1)j)

=

∞∑
n=0

znj+k

n! Γ (β + αk + α(n− 1)j)

[
(γ)qn − (γ − 1)qn

]
= qzk

∞∑
n=0

(γ)qn−1 nz
nj

n! Γ (β + αk + α(n− 1)j)

= qzk
∞∑

n=1

(γ)qn−1 z
nj

(n− 1)! Γ (β + αk + α(n− 1)j)
= qzj+k

∞∑
n=0

(γ)q(n+1)−1

n! Γ (β + α(nj + k))
znj ,

which proves (2.2).
If we set j = 1 and k = 0 in equation (2.2), we obtain the known result [21].

Theorem 2.2 For α, β, γ, ω ∈ C with ℜ(α) > 0, ℜ(β) > 0, ℜ(γ) > 0 and j ≥ 1, k ≥ 0, m, q ∈ N, we
have (

d

dz

)m

Ej,k,q
α,β,γ(z) =

(1)m (γ)( qm−qk
j )

(1)(m−k
j )

Em+1,1,j
αj,β+αm,j(z

j), (2.3)(
d

dz

)m [
zβ−1Ej,k,q

α,β,γ(ωz
α)
]
= zβ−m−1Ej,k,q

α,β−m,γ(ωz
α). (2.4)

Proof. To prove (2.3), from equation (1.6), we get(
d

dz

)m

Ej,k,q
α,β,γ(z) =

(
d

dz

)m ∞∑
n=0

(γ)qn
n! Γ (β + α(nj + k))

znj+k

=

∞∑
n=m−k

j

(γ)qn (nj + k)! znj+k−m

n! (nj + k −m)! Γ (β + α(nj + k))

=
(γ)q(m−k

j )

Γ(m−k+j
j )

∞∑
n=0

Γ (nj +m+ 1)

Γ (β + α(nj +m)) Γ (nj + 1)
(zj)n

=
(1)m (γ)( qm−qk

j )

(1)(m−k
j )

Em+1,1,j
αj,β+αm,j(z

j).
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Now, we have(
d

dz

)m [
zβ−1Ej,k,q

α,β,γ(ωz
α)
]
=

(
d

dz

)m ∞∑
n=0

(γ)qn ωnj+k

n! Γ (β + α(nj + k))
zβ+α(nj+k)−1

= zβ−m−1
∞∑

n=0

(γ)qn
n! Γ (β −m+ α(nj + k))

(ωzα)
nj+k

= zβ−m−1Ej,k,q
α,β−m,γ(ωz

α),

which is the proof of (2.4).
If we set γ = q = 1 in equation (2.3), we obtain the known result [15].

Theorem 2.3 For ℜ(α) > 0, ℜ(β) > 0, ℜ(γ) > 0 and j ≥ 1, k ≥ 1, we get

Ej,k,q
α,β,γ (z) =

zk

Γ(αk)

∫ 1

0

tβ−1 (1− t)
αk−1

Eγ,q
αj,β

(
(tαz)j

)
dt. (2.5)

Proof. We have ∫ 1

0

tβ−1 (1− t)
αk−1

Eγ,q
αj,β

(
(tαz)j

)
dt

=

∞∑
n=0

(γ)qn znj

n! Γ (β + αnj)

∫ 1

0

tβ+αnj−1 (1− t)
αk−1

dt

= Γ(αk)

∞∑
n=0

(γ)qn
n! Γ (β + α(nj + k))

znj

= z−kΓ(αk)Ej,k,q
α,β,γ (z) ,

which proves (2.5).

Corollary 2.1 Putting t = sin2θ in (2.5), we obtain the following integral representation:

Ej,k,q
α,β,γ (z) =

2zk

Γ(αk)

∫ π
2

0

(sinθ)
2β−1

(cosθ)
2αk−1

Eγ,q
αj,β

(
zj (sinθ)

2αj
)
dθ. (2.6)

Corollary 2.2 Putting t = u
1+u in (2.5), we obtain the following integral representation:

Ej,k,q
α,β,γ (z) =

zk

Γ(αk)

∫ ∞

0

uβ−1

(1 + u)
β+αk

Eγ,q
αj,β

(
zj
(

u

1 + u

)αj
)
du. (2.7)

3. Representation of Ej,k,q
α,β,γ(z) in terms of other functions

In this section, we establish the representations of Ej,k,q
α,β,γ(z) in terms of Fox-Wright function,

generalized hypergeometric function, Mellin-Barnes integral and H-function.

Ej,k,q
α,β,γ(z) =

∞∑
n=0

(γ)qn
n! Γ (β + α(nj + k))

znj+k = zk
∞∑

n=0

Γ (γ + qn)

Γ (γ) Γ (β + α(nj + k))

znj

n!
.

Using equation (1.9), we can express Ej,k,q
α,β,γ(z) in terms of the Fox-Wright function as

Ej,k,q
α,β,γ(z) =

zk

Γ (γ)

∞∑
n=0

Γ (γ + qn)

Γ (β + αk + αnj)

(zj)n

n!
=

zk

Γ (γ)
1Ψ1

[
(γ, q)

(β + αk, αj)
zj
]
. (3.1)

We now establish the following representation formula for Ej,k,q
α,β,γ(z) in terms of the generalized hy-

pergeometric function.
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Theorem 3.1 For α = m ∈ N and q ∈ N, the function (1.6) can be expressed using the generalized
hypergeometric function as

Ej,k,q
α,β,γ(z) =

zk

Γ (β +mk)
qFmj

[
∆(q; γ)

∆(mj;β +mk)
;

qqzj

(mj)mj

]
, (3.2)

where ∆(n; γ) is n-tuple
(
γ
n

)
,
(
γ+1
n

)
, . . . ,

(
γ+n−1

n

)
.

Proof. Let q, α = m ∈ N and using (1.6), then we have

Ej,k,q
α,β,γ(z) =

∞∑
n=0

(γ)qn
n! Γ (β + α(nj + k))

znj+k

=
zk

Γ (β +mk)

∞∑
n=0

(γ)qn
(β +mk)(mj)n

znj

n!

=
zk

Γ (β +mk)

∞∑
n=0

qqn
q∏

r=1

(
γ+r−1

q

)
n

(mj)mjn
mj∏
s=1

(
β+mk+s−1

mj

)
n

(zj)n

n!

=
zk

Γ (β +mk)
qFmj

[
∆(q; γ)

∆(mj;β +mk)
;

qqzj

(mj)mj

]
.

To express Ej,k,q
α,β,γ(z) in terms of H-function, we start by representing Ej,k,q

α,β,γ(z) as Mellin-Barnes
integral in the following theorem.

Theorem 3.2 For every z ∈ C with |arg(z)| < π, the function Ej,k,q
α,β,γ(z) can be represented by the

following Mellin-Barnes integral:

Ej,k,q
α,β,γ(z) =

zk

2πi Γ(γ)

∫
L

Γ(s)Γ(γ − qs)

Γ(β + αk − αjs)
(−zj)−sds, (3.3)

where the contour of integration L joins −i∞ to +i∞, and splitting all the poles at s = −n, (n = 0, 1, 2, . . .)
to the left and the poles at s = γ+n

q , (n = 0, 1, 2, . . .) to the right.

Proof. To prove (3.3), we evaluate the contour integral as the sum of residues at the poles s = −n,
(n ∈ N0). We have

1

2πi

∫
L

Γ(s)Γ(γ − qs)

Γ(β + αk − αjs)
(−zj)−sds

=

∞∑
n=0

Res
s=−n

[
Γ(s)Γ(γ − qs)

Γ(β + αk − αjs)
(−zj)−s

]

=

∞∑
n=0

lim
s→−n

[
(s+ n)

Γ(s)Γ(γ − qs)

Γ(β + αk − αjs)
(−zj)−s

]

=

∞∑
n=0

Γ(γ + qn)(−zj)n

Γ(β + αk + αjn)
lim

s→−n
[(s+ n) Γ(s)]

=

∞∑
n=0

Γ(γ + qn)(−zj)n

Γ(β + α(nj + k))
lim

s→−n

[
Γ(s+ n+ 1)

s(s+ 1) . . . (s+ n− 1)

]

=

∞∑
n=0

Γ(γ + qn)(−zj)n

Γ(β + α(nj + k))

(−1)n

n!

= z−kΓ(γ)

∞∑
n=0

(γ)qn
n! Γ(β + α(nj + k))

znj+k

= z−kΓ(γ)Ej,k,q
α,β,γ(z).
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Now by using definition (1.10), then equation (3.3) yields

Ej,k,q
α,β,γ(z) =

zk

Γ (γ)
H1,1

1,2

[
−zj

(1− γ, q)
(0, 1), (1− β − αk, αj)

]
. (3.4)

4. Integral transforms

Here, we present various integral transforms, including the Euler transform, the laplace transform,
the Mellin transform and the Whittaker transform of Ej,k,q

α,β,γ(z).

Theorem 4.1 (Euler transform): For ℜ(α) > 0, ℜ(β) > 0, ℜ(γ) > 0, ℜ(ν) > 0, ℜ(µ) > 0, ℜ(σ) > 0
and j ≥ 1, k ≥ 0, q ∈ N, we have∫ 1

0

zν−1 (1− z)
µ−1

Ej,k,q
α,β,γ (xz

σ) dz =
xkΓ (µ)

Γ (γ)
2Ψ2

[
(γ, q), (ν + σk, σj)

(β + αk, αj), (ν + µ+ σk, σj)
xj

]
. (4.1)

Proof. Applying (1.6) and (1.12), then∫ 1

0

zν−1 (1− z)
µ−1

Ej,k,q
α,β,γ (xz

σ) dz

=

∞∑
n=0

(γ)qn xnj+k

n! Γ (β + α(nj + k))

∫ 1

0

zν+σnj+σk−1 (1− z)
µ−1

dz

=
xkΓ (µ)

Γ (γ)

∞∑
n=0

Γ (γ + qn) Γ (ν + σk + σnj)

Γ (β + αk + αnj) Γ (ν + µ+ σk + σnj)

(xj)n

n!

=
xkΓ (µ)

Γ (γ)
2Ψ2

[
(γ, q), (ν + σk, σj)

(β + αk, αj), (ν + µ+ σk, σj)
xj

]
,

which proves the required result (4.1).

Corollary 4.1 Putting γ = q = 1 in (4.1), we have∫ 1

0

zν−1 (1− z)
µ−1

Ej,k
α,β (xz

σ) dz = xkΓ (µ) 2Ψ2

[
(1, 1), (ν + σk, σj)

(β + αk, αj), (ν + µ+ σk, σj)
xj

]
. (4.2)

If we set j = 1 and k = 0 in equation (4.1), we obtain the known result [21].

Theorem 4.2 (Laplace transform): For ℜ(α) > 0, ℜ(β) > 0, ℜ(γ) > 0, ℜ(p) > 0, ℜ(σ) > 0, ℜ(s) > 0
and j ≥ 1, k ≥ 0, q ∈ N, we have∫ ∞

0

zp−1e−szEj,k,q
α,β,γ (xz

σ) dz =
s−(p+σk)xk

Γ (γ)
2Ψ1

[
(γ, q), (p+ σk, σj)

(β + αk, αj)

( x

sσ

)j]
. (4.3)

Proof. Using (1.6) and (1.13), we obtain∫ ∞

0

zp−1e−szEj,k,q
α,β,γ (xz

σ) dz

=

∞∑
n=0

(γ)qn xnj+k

n! Γ (β + α(nj + k))

∫ ∞

0

zp+σnj+σk−1e−szdz

=
s−(p+σk)xk

Γ (γ)

∞∑
n=0

Γ (γ + qn) Γ (p+ σk + σnj)

Γ (β + αk + αnj)

(s−σjxj)n

n!

=
s−(p+σk)xk

Γ (γ)
2Ψ1

[
(γ, q), (p+ σk, σj)

(β + αk, αj)

( x

sσ

)j]
,

which proves the required result (4.3).
If we set j = 1 and k = 0 in equation (4.3), we obtain the known result [21].
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Theorem 4.3 (Mellin transform): For ℜ(α) > 0, ℜ(β) > 0, ℜ(γ) > 0, ℜ(s) > 0 and j ≥ 1, k ≥ 0,
q ∈ N, we have

M
[
(−ωz)−

k
j Ej,k,q

α,β,γ

(
(−ωz)

1
j

)
; s
]
=

Γ(s)Γ(γ − qs)

Γ(γ)Γ(β + αk − αjs)
ω−s. (4.4)

Proof. According to Theorem 3.2, the function (1.6) can be expressed as

(−ωz)−
k
j Ej,k,q

α,β,γ

(
(−ωz)

1
j

)
=

1

2πi

∫
L

f∗(s)(z)−sds, (4.5)

where

f∗(s) =
Γ(s)Γ(γ − qs)

Γ(γ)Γ(β + αk − αjs)
ω−s.

Applying the definition of the Mellin transform in (4.5), we get

M
[
(−ωz)−

k
j Ej,k,q

α,β,γ

(
(−ωz)

1
j

)
; s
]
=

Γ(s)Γ(γ − qs)

Γ(γ)Γ(β + αk − αjs)
ω−s,

which proves the required result (4.4).

Corollary 4.2 Putting γ = q = 1 in (4.4), we have

M
[
(−ωz)−

k
j Ej,k

α,β

(
(−ωz)

1
j

)
; s
]
=

Γ(s)Γ(1− s)

Γ(β + αk − αjs)
ω−s. (4.6)

If we set j = 1 and k = 0 in equation (4.4), we obtain the known result [21].

Theorem 4.4 (Whittaker transform): For ℜ(α) > 0, ℜ(β) > 0, ℜ(γ) > 0, ℜ(σ) > 0, ℜ(ν) > 0 and
j ≥ 1, k ≥ 0, q ∈ N, we have∫ ∞

0

uν−1e−
1
2 tuWλ,µ(tu)E

j,k,q
α,β,γ (ωu

σ) du

=
ωkt−(ν+σk)

Γ (γ)
3Ψ2

[
(γ, q), ( 12 + µ+ ν + σk, σj), ( 12 − µ+ ν + σk, σj)

(β + αk, αj), (1− λ+ ν + σk, σj)

( ω

tσ

)j]
. (4.7)

Proof. Setting tu = r in the left-hand side of (4.7), then we get

1

t

∫ ∞

0

(r
t

)ν−1

e−
r
2Wλ,µ(r)E

j,k,q
α,β,γ

(
ω
(r
t

)σ)
dr

= ωkt−(α+σk)
∞∑

n=0

(γ)qn
n! Γ (β + α(nj + k))

( ω

tσ

)nj ∫ ∞

0

rν+σnj+σk−1e−
r
2Wλ,µ(r)dr

=
ωkt−(α+σk)

Γ (γ)

∞∑
n=0

Γ (γ + qn) Γ
(
1
2 + µ+ ν + σk + σnj

)
Γ
(
1
2 − µ+ ν + σk + σnj

)
n! Γ (β + αk + αnj) Γ (1− λ+ ν + σk + σnj)

(
ωj

tσj

)n

=
ωkt−(ν+σk)

Γ (γ)
3Ψ2

[
(γ, q), ( 12 + µ+ ν + σk, σj), ( 12 − µ+ ν + σk, σj)

(β + αk, αj), (1− λ+ ν + σk, σj)

( ω

tσ

)j]
,

which proves the required result (4.7).

If we set j = 1 and k = 0 in equation (4.7), we obtain the known result [21].
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5. Fractional calculus operators

In this section, we consider the Riemann-Liouville fractional integrals and fractional derivatives in-
volving the generalized arbitrary order Mittag-Leffler-type function Ej,k,q

α,β,γ(z).

Theorem 5.1 Let ν, α, β, γ, ω ∈ C with ℜ(ν) > 0, ℜ(α) > 0, ℜ(β) > 0, ℜ(γ) > 0 and j ≥ 1, k ≥ 0,
q ∈ (0, 1) ∪ N, x > a. Let Iνa+ be the left-sided operator of Riemann-Liouville fractional integral. Then(

Iνa+

[
(t− a)β−1Ej,k,q

α,β,γ (ω(t− a)α)
])

(x) = (x− a)
β+ν−1

Ej,k,q
α,β+ν,γ (ω(x− a)α) . (5.1)

Proof. (
Iνa+

[
(t− a)β−1Ej,k,q

α,β,γ (ω(t− a)α)
])

(x)

=
1

Γ(ν)

∫ x

a

(x− t)
ν−1

(t− a)
β−1

Ej,k,q
α,β,γ (ω(t− a)α) dt

=
1

Γ(ν)

∞∑
n=0

(γ)qn ωnj+k

n! Γ (β + α(nj + k))

∫ x

a

(x− t)
ν−1

(t− a)
β+α(nj+k)−1

dt

=

∞∑
n=0

(γ)qn ωnj+k

n! Γ (β + α(nj + k))

(
Iνa+(t− a)β+α(nj+k)−1

)
(x).

Using the relation (1.17), we get(
Iνa+

[
(t− a)β−1Ej,k,q

α,β,γ (ω(t− a)α)
])

(x)

= (x− a)β+ν−1
∞∑

n=0

(γ)qn
n!

(ω(x− a)α)
nj+k

Γ (β + ν + α(nj + k))

= (x− a)β+ν−1Ej,k,q
α,β+ν,γ (ω(x− a)α) .

This completes the desired proof.

Corollary 5.1 Let ν, α, β, γ, ω ∈ C such that ℜ(ν) > 0, ℜ(α) > 0, ℜ(β) > 0, ℜ(γ) > 0 and j ≥ 1, k ≥ 0,
q ∈ (0, 1) ∪ N. Then the following left fractional integral formula holds true:(

Iν0+

[
tβ−1Ej,k,q

α,β,γ (ωt
α)
])

(x) = xβ+ν−1Ej,k,q
α,β,γ (ωx

α) . (5.2)

Corollary 5.2 If we set γ = q = 1 in (5.1), we obtain the following new and interesting result:(
Iν0+

[
tβ−1Ej,k

α,β (ω(t− a)α)
])

(x) = xβ+ν−1Ej,k
α,β+ν (ω(t− a)α) . (5.3)

Further, setting j = 1 and k = 0 in (5.1), we arrive at the result [17] given by Prajapati and Shukla.

Theorem 5.2 Let ν, α, β, γ, ω ∈ C with ℜ(ν) > 0, ℜ(α) > 0, ℜ(β) > 0, ℜ(γ) > 0 and j ≥ 1, k ≥ 0,
q ∈ (0, 1) ∪ N. Let Iν− be the right-sided operator of Riemann-Liouville fractional integral. Then(

Iν−

[
t−ν−βEj,k,q

α,β,γ(ωt
−α)

])
(x) = x−βEj,k,q

α,β+ν,γ(ωx
−α). (5.4)

Proof. For convenience, let Λ be the left-hand side of (5.4), then using the definition (1.6), we get

Λ =
(
Iν−

[
t−ν−βEj,k,q

α,β,γ(ωt
−α)

])
(x)

=

(
Iν− t−ν−β

∞∑
n=0

(γ)qn ωnj+k

n! Γ (β + α(nj + k))
t−α(nj+k)

)
(x),
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this can be written as,

Λ =

∞∑
n=0

(γ)qn ωnj+k

n! Γ (β + α(nj + k))

(
Iν− t−(α(nj+k)+ν+β)

)
(x).

Applying (1.22), we obtain

Λ = x−β
∞∑

n=0

(γ)qn
n!

(ωx−α)
nj+k

Γ (β + ν + α(nj + k))
,

which gives us the desired result.

Corollary 5.3 Let ν, α, β, γ, ω ∈ C such that ℜ(ν) > 0, ℜ(α) > 0, ℜ(β) > 0, ℜ(γ) > 0 and j ≥ 1, k ≥ 0,
q ∈ (0, 1) ∪ N. Then the following right fractional integral formula holds true:(

Iν−

[
t−ν−βEj,k,q

α,β,γ(ωt
−α)

])
(x) = x−β

(
(β + ν)Ej,k,q

α,β+ν+1,γ(ωx
−α)− x

d

dx
Ej,k,q

α,β+ν+1,γ(ωx
−α)

)
. (5.5)

The proof can be easily obtained.
Now, we establish the following results of the Riemann-Liouville fractional integrals involving the

Mittag-Leffler function of arbitrary order Ej,k,q
α,β,γ(z) in terms of the Fox-Wright function.

Theorem 5.3 Let ν, λ, α, β, γ, ω, σ ∈ C with ℜ(ν) > 0, ℜ(λ) > 0, ℜ(α) > 0, ℜ(β) > 0, ℜ(γ) > 0,
ℜ(σ) > 0 and j ≥ 1, k ≥ 0, q ∈ (0, 1) ∪ N. Let Iν0+ be the left-sided operator of Riemann-Liouville
fractional integral. Then (

Iν0+

[
tλ−1Ej,k,q

α,β,γ(ωt
σ)
])

(x) =
ωkxν+λ+σk−1

Γ(γ)

× 2Ψ2

[
(γ, q), (λ+ σk, σj)

(β + αk, αj), (ν + λ+ σk, σj)
(ωxσ)j

]
. (5.6)

Proof. By using (1.6) and (1.17), we have(
Iν0+

[
tλ−1Ej,k,q

α,β,γ (ωt
σ)
])

(x)

=
1

Γ(ν)

∫ x

0

(x− t)
ν−1

tλ−1Ej,k,q
α,β,γ (ωt

σ) dt

=
1

Γ(ν)

∫ x

0

(x− t)
ν−1

tλ−1

( ∞∑
n=0

(γ)qn ωnj+k

n! Γ (β + α(nj + k))
tσ(nj+k)

)
dt

=

∞∑
n=0

(γ)qn ωnj+k

n! Γ (β + α(nj + k))

(
1

Γ(ν)

∫ x

0

(x− t)
ν−1

tλ+σ(nj+k)−1 dt

)

=
ωkxν+λ+σk−1

Γ(γ)

∞∑
n=0

Γ (γ + qn) Γ (λ+ σk + σnj)

Γ (β + αk + αnj) Γ (ν + λ+ σk + σnj)

(ωjxσj)n

n!
,

which in accordance with the definition (1.9), completes the proof.

Theorem 5.4 Let ν, λ, α, β, γ, ω, σ ∈ C with ℜ(α) > 0, ℜ(β) > 0, ℜ(γ) > 0, 0 < ℜ(ν) < 1− ℜ(λ− σk)
and j ≥ 1, k ≥ 0, q ∈ (0, 1) ∪ N. Let Iν− be the right-sided operator of Riemann-Liouville fractional
integral. Then (

Iν−

[
tλ−1Ej,k,q

α,β,γ(ωt
−σ)
])

(x) =
ωkxν+λ−σk−1

Γ(γ)

× 2Ψ2

[
(γ, q), (1− ν − λ+ σk, σj)

(β + αk, αj), (1− λ+ σk, σj)
(ωx−σ)j

]
. (5.7)
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Proof. By using (1.6) and (1.18), we have(
Iν−

[
tλ−1Ej,k,q

α,β,γ

(
ωt−σ

)])
(x)

=
1

Γ(ν)

∫ ∞

x

(t− x)
ν−1

tλ−1Ej,k,q
α,β,γ

(
ωt−σ

)
dt

=
1

Γ(ν)

∫ ∞

x

(t− x)
ν−1

tλ−1

( ∞∑
n=0

(γ)qn ωnj+k

n! Γ (β + α(nj + k))
t−σ(nj+k)

)
dt

=

∞∑
n=0

(γ)qn ωnj+k

n! Γ (β + α(nj + k))

(
1

Γ(ν)

∫ ∞

x

(t− x)
ν−1

tλ−σ(nj+k)−1 dt

)

=
ωkxν+λ−σk−1

Γ(γ)

∞∑
n=0

Γ (γ + qn) Γ (1− ν − λ+ σk + σnj)

Γ (β + αk + αnj) Γ (1− λ+ σk + σnj)

(ωjx−σj)n

n!
,

which in accordance with the definition (1.9), completes the proof.

Theorem 5.5 Let ν, α, β, γ, ω ∈ C with ℜ(ν) > 0, ℜ(α) > 0, ℜ(β) > 0, ℜ(γ) > 0 and j ≥ 1, k ≥ 0,
q ∈ (0, 1)∪N, x > a. Let Dν

a+ be the left-sided operator of Riemann-Liouville fractional derivative. Then(
Dν

a+

[
(t− a)β−1Ej,k,q

α,β,γ (ω(t− a)α)
])

(x) = (x− a)
β−ν−1

Ej,k,q
α,β−ν,γ (ω(x− a)α) . (5.8)

Proof. To prove the theorem, we have(
Dν

a+

[
(t− a)β−1Ej,k,q

α,β,γ (ω(t− a)α)
])

(x)

=

(
d

dx

)m [
Im−ν
a+ (t− a)β−1Ej,k,q

α,β,γ (ω(t− a)α)
]
(x),

which on using (5.1) takes the following form:

(
Dν

a+

[
(t− a)β−1Ej,k,q

α,β,γ (ω(t− a)α)
])

(x)

=

(
d

dx

)m [
(t− a)β−ν+m−1Ej,k,q

α,β−ν+m,γ (ω(t− a)α)
]
(x).

By applying (2.4), we get (
Dν

a+

[
(t− a)β−1Ej,k,q

α,β,γ (ω(t− a)α)
])

(x)

= (x− a)
β−ν−1

Ej,k,q
α,β−ν,γ (ω(x− a)α) ,

which completes the desired proof.

Corollary 5.4 Let ν, α, β, γ, ω ∈ C such that ℜ(ν) > 0, ℜ(α) > 0, ℜ(β) > 0, ℜ(γ) > 0 and j ≥ 1, k ≥ 0,
q ∈ (0, 1) ∪ N. Then the following left fractional derivative formula holds true:(

Dν
0+

[
tβ−1Ej,k,q

α,β,γ (ωt
α)
])

(x) = xβ−ν−1Ej,k,q
α,β−ν,γ (ωx

α) . (5.9)

Further, taking j = 1 and k = 0 in (5.8), we get known result due to Prajapati and Shukla [17].

Theorem 5.6 Let ν, α, β, γ, ω ∈ C with ℜ(α) > 0, ℜ(γ) > 0, ℜ(ν) > 0, ℜ(β) > [ℜ(ν)] + 1 and j ≥ 1,
k ≥ 0, q ∈ (0, 1)∪N. Let Dν

− be the right-sided operator of Riemann-Liouville fractional derivative. Then(
Dν

−

[
tν−βEj,k,q

α,β,γ

(
ωt−α

)])
(x) = x−βEj,k,q

α,β−ν,γ

(
ωt−α

)
. (5.10)
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Proof. Denote L.H.S. of (5.10) by Λ1, then

Λ1 =
(
Dν

−

[
tν−βEj,k,q

α,β,γ

(
ωt−α

)])
(x).

Using definitions (1.20) and (1.6), and further simplification gives

Λ1 = (−1)m
(

d

dx

)m (
Im−νtν−βEj,k,q

α,β,γ

(
ωt−α

))
(x)

= (−1)m
(

d

dx

)m
1

Γ(m− ν)

∫ ∞

x

(t− x)
m−ν−1

tν−βEj,k,q
α,β,γ

(
ωt−α

)
dt

= x−β
∞∑

n=0

(γ)qn
n!

(ωx−α)nj+k

Γ (β − ν + α(nj + k))

= x−βEj,k,q
α,β−ν,γ

(
ωx−α

)
.

Corollary 5.5 Let ν, α, β, γ, ω ∈ C such that ℜ(α) > 0, ℜ(γ) > 0, ℜ(ν) > 0, ℜ(β) > [ℜ(ν)] + 1 and
j ≥ 1, k ≥ 0, q ∈ (0, 1) ∪ N. Then the following right fractional derivative formula holds true:(

Dν
−

[
tν−βEj,k,q

α,β,γ(ωt
−α)

])
(x) = x−β

(
(β − ν)Ej,k,q

α,β−ν+1,γ(ωx
−α)− x

d

dx
Ej,k,q

α,β−ν+1,γ(ωx
−α)

)
. (5.11)

The proof can be easily obtained.
We now establish the following results of the Riemann-Liouville fractional derivatives related to the

Ej,k,q
α,β,γ(z) in terms of the Fox-Wright function.

Theorem 5.7 Let ν, λ, α, β, γ, ω, σ ∈ C with ℜ(ν) > 0, ℜ(λ) > 0, ℜ(α) > 0, ℜ(β) > 0, ℜ(γ) > 0,
ℜ(σ) > 0 and j ≥ 1, k ≥ 0, q ∈ (0, 1) ∪ N. Let Dν

0+ be the left-sided operator of Riemann-Liouville
fractional derivative. Then(

Dν
0+

[
tλ−1Ej,k,q

α,β,γ(ωt
σ)
])

(x) =
ωkx−ν+λ+σk−1

Γ(γ)

× 2Ψ2

[
(γ, q), (λ+ σk, σj)

(β + αk, αj), (−ν + λ+ σk, σj)
(ωxσ)j

]
. (5.12)

Proof. Using definitions (1.6) and (1.19), and changing the orders of integration and summation, we get(
Dν

0+

[
tλ−1Ej,k,q

α,β,γ(ωt
σ)
])

(x)

=

(
Dν

0+

[ ∞∑
n=0

(γ)qn ωnj+k

n! Γ (β + α(nj + k))
tλ+σ(nj+k)−1

])
(x)

=

∞∑
n=0

(γ)qn ωnj+k

n! Γ (β + α(nj + k))

(
Dν

0+t
λ+σ(nj+k)−1

)
(x).

By applying (1.23), we have(
Dν

0+

[
tλ−1Ej,k,q

α,β,γ(ωt
σ)
])

(x)

= ωkx−ν+λ+σk−1
∞∑

n=0

(γ)qn ωnj

n! Γ (β + α(nj + k))

Γ (λ+ σk + σnj)

Γ (−ν + λ+ σk + σnj)
xσnj

=
ωkx−ν+λ+σk−1

Γ(γ)

∞∑
n=0

Γ (γ + qn) Γ (λ+ σk + σnj)

Γ (β + αk + αnj) Γ (−ν + λ+ σk + σnj)

(ωjxσj)n

n!

=
ωkx−ν+λ+σk−1

Γ(γ)
2Ψ2

[
(γ, q), (λ+ σk, σj)

(β + αk, αj), (−ν + λ+ σk, σj)
(ωxσ)j

]
,

which is the required result.
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Theorem 5.8 Let ν, λ, α, β, γ, ω, σ ∈ C with ℜ(α) > 0, ℜ(β) > 0, ℜ(γ) > 0, ℜ(ν) > 0, ℜ(λ − σk) <
ℜ(ν)− [ℜ(ν)] and j ≥ 1, k ≥ 0, q ∈ (0, 1) ∪ N. Let Dν

− be the right-sided operator of Riemann-Liouville
fractional derivative. Then(

Dν
−

[
tλ−1Ej,k,q

α,β,γ

(
ωt−σ

)])
(x) =

ωkx−ν+λ−σk−1

Γ(γ)

× 2Ψ2

[
(γ, q), (1 + ν − λ+ σk, σj)

(β + αk, αj), (1− λ+ σk, σj)
(ωx−σ)j

]
. (5.13)

Proof. Using definitions (1.6) and (1.20), and changing the orders of integration and summation, we get(
Dν

−

[
tλ−1Ej,k,q

α,β,γ

(
ωt−σ

)])
(x)

=

(
Dν

−

[ ∞∑
n=0

(γ)qn ωnj+k

n! Γ (β + α(nj + k))
tλ−σ(nj+k)−1

])
(x)

=

∞∑
n=0

(γ)qn ωnj+k

n! Γ (β + α(nj + k))

(
Dν

−t
λ−σ(nj+k)−1

)
(x).

By applying (1.24), we have(
Dν

−

[
tλ−1Ej,k,q

α,β,γ(ωt
−σ)
])

(x)

= ωkx−ν+λ−σk−1
∞∑

n=0

(γ)qn ωnj

n! Γ (β + α(nj + k))

Γ (1 + ν − λ+ σk + σnj)

Γ (1− λ+ σk + σnj)
x−σnj

=
ωkx−ν+λ−σk−1

Γ(γ)

∞∑
n=0

Γ (γ + qn) Γ (1 + ν − λ+ σk + σnj)

Γ (β + αk + αnj) Γ (1− λ+ σk + σnj)

(ωjx−σj)n

n!

=
ωkx−ν+λ−σk−1

Γ(γ)
2Ψ2

[
(γ, q), (1 + ν − λ+ σk, σj)

(β + αk, αj), (1− λ+ σk, σj)
(ωx−σ)j

]
,

which is the required result.

6. Conclusion

In conclusion, this manuscript successfully introduced a novel generalized Mittag-Leffler function
type and rigorously investigated its fundamental properties. The derived recurrence relations, differential
formulas, integral representations (Euler, Laplace, Mellin, Whittaker, and Mellin–Barnes), and its ex-
pressions in terms of other special functions (Fox-Wright, generalized hypergeometric, and H-functions)
provide a comprehensive understanding of the newly defined function. Furthermore, the establishment
of associated fractional integral and differential operators underscores its potential utility within frac-
tional calculus. The derivation of several interesting special cases highlights the versatility and broad
applicability of this generalization. This work lays a solid foundation for future research exploring the
applications of this new generalized Mittag-Leffler function in diverse fields, particularly in the analytical
and numerical treatment of fractional differential and integral equations.

Generalizations of the Mittag-Leffler function play a crucial role in advancing fractional calculus,
leading to broader classes of fractional differential equations that incorporate these extended functions.
This expansion, in turn, drives the growing need for numerical methods and computational techniques to
solve such equations. The applications discussed in this work represent only a fraction of the potential
impact in both theoretical and applied mathematics.
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