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Fixed point results using a-admissibility
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ABSTRACT: In this article, using the notion of a-admissibility, we present a new class of condensing mappings.
Via this class, we prove some extensions of Darbo’s fixed point theorem. Moreover, we give an example to
illustrate the usability of the achieved results.
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1. Introduction

In 1912, Brouwer [3] established a foundational result in fixed point theory by proving a fixed point
theorem for finite-dimensional spaces. Notably, the theorem is applied to continuous mappings from a
closed disk to itself. In 1922, Banach [1] introduced a novel concept known as the ”Banach contraction
principle” (for short BCP), to prove a fixed point result in the framework of complete metric spaces.
Subsequently, in 1930, Schauder [10] extended Brouwer’s theorem to more general setting of Banach
spaces, which can be infinite-dimensional. That same year, Kuratowski [6] introduced the concept of
measure of noncompactness. Based on this notion, Darbo [4] published a fundamental fixed point theo-
rem in 1955 by utilizing the measure of noncompactness (for short MNC). Precisely, Darbo generalized
Schauder’s fixed point theorem and modeled with MNC the BCP for the so-called class of condensing
maps.

In the same line of research, in 2012, Samet et al. [8] extended the BCP by introducing the concept
of a-admissible maps. Their work culminated in a significant fixed point theorem for a-i-contractive
mappings. For further information on this topic, please consult [5,7,9,11,12,13].

In this paper, we employ the concept of a-admissibility and find a new extension of Darbo’s theorem for
a new kind of condensing operators. In other words, we extend the Darbo’s hypothesis:

o(TX) <vo(X),y €[0,1)
to the newly assumption:
a(z, Tz)[o(TX) + 0(o(TX))] < ~[o(X) + 0(e(X))],y €[0,1),

where ¢ is a MNC which we will define further and 6 : Ry — R is a continuous function. We point out
that our results solve problems raised so far; precisely those related to selfmappings having the Darbo’s
constant v > 1. To illustrate this, we will give a concrete example where Darbo fixed point theorem
cannot be applied (Example 2.3).

The following definitions and results will be required in the sequel. For this, let £ be a Banach space.
Denote by Mg the collection of all bounded subsets of E and by Ny the collection of all relatively
compact subsets of E. For a subset X of E, let X and Co(X) represent the closure and closed convex
hull of X, respectively.
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Definition 1.1 ([2]) A map ¢: Mg — R, is said to be a measure of non-compactness defined on F
if:

(i) ker o = {X € Mp : o(X) =0} # 0 and ker o C N;

(i) X C Y = o(X) < o(Y);

(iii) o(X) = o(X) = o(Co(X));

(1) (6 X + (1 =98)Y) <do(X)+ (1 —0)o(Y) for all § € [0,1] and X, Y € Mg;

(v) if {X,} is a decreasing sequence of nonempty closed and bounded subsets of F such that

lim o(X,,) = 0, then X, = N, X, # 0.

Theorem 1.1 (Brouwer [3]) All continuous map from a closed disk of a Fuclidean space into itself has
a fixed point.

Theorem 1.2 (Schauder [10]) Suppose that C' is a closed convex subset of a Banach space E. Then, if
T:C — C is a compact continuous map on C, then T has a fized point in C.

Theorem 1.3 (Darbo [4]) Let C be a nonempty, bounded, closed and convex subset of a Banach space
E. If T:C — C is a continuous map and there exists v € [0,1) such that

o(TX) <vo(X),
where X C C' and g is a measure of noncompactness. Then T has a fixed point in C.

Definition 1.2 ([8]) Let T': E — E be a mapping and o : E x E — Ry be a function. T is said to
be a-admissible map if a(z,y) > 1 implies a(Tz, Ty) > 1 for all x,y € E.

2. Results

The main result of this paper is:

Theorem 2.1 Suppose that C' is a nonempty, bounded, closed and conver subset of a Banach space E
and T : C — C is a continuous a-admissible mapping. Assume that there exist a closed convex subset
Xo of C and g € Xg such that TXy C Xo and alxg, Txo) > 1. If we have

a < o(X) +0(e(X)) < b= a(z, Tr)[o(TX) +0(o(TX))] < ~v[e(X) +0(e(X))]; (2.1)

forall0<a<b<1l, X CC and xz € X, where y € [0,1), 0 : Ry — R is a continuous function and o
s a measure of noncompactness. Then T has a fixed point in C'.

Proof: Define sequences of sets {X,,} and elements {x,} as follows:
Xpe1 =Co(TX,) and x,11 = Ty,

for all n € N. Since T Xy C Xj, then
= OO(TX()) C Xo,

= CO(TXl) - CO(TX()) = X;.
Thus, by pursuing this process we obtain

Xpi1 C X, and TX,, C X, (2.2)

for all n € N.
In view of a(xg,x1) = a(zo,Txo) > 1 and a-admissibility of T', we obtain

a(r1,x2) = a(Txo, Txy) > 1.

By induction, we get
Oz(xn,an) Z ]-7
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for all n € N.

If o(Xn)+0(o(Xn)) = 0 for some N € N, then o(Xy) = 0 and Xy is relatively compact. Moreover,
from (2.2) we have TXy C Xy, then Schauder’s fixed point result implies that T has a fixed point.
Now, suppose that

Q(Xn) =+ G(Q(Xn)) >0,
for all n € N.
If o(X,,) +0(0(Xn,)) < 0(Xng+1) + 0(0(Xny+1)) for some ng € N, then

0 < a:=0(Xn,) +0((Xn,)) < 0(Xn,) + 0(0(Xn,))
< Q<X7l0+1) + 9( ( n0+1)) = b.

Using (2.1), so there exists v € (0,1) such that

Q(Xno-‘rl) + Q(Q(Xno-i‘l))

(CoTX,,) +0(0(CoTX,,))

(TXn,) + 0(o(TXn,))

(@ng> Trg+1)[0(T X, ) 4+ 0(0(T Xn,))]
(Tng» Tny) [0(T X o) + 0(0(TX,))]
0(Xn,) +0(0(Xn,))]

0(Xng+1) + 0(0(Xng+1))],

which leads to v > 1, this is a contradiction. Thus

o(Xnt1) +0(e(Xnt1)) < o(Xn) +0(0(Xn)),
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for all n € N.
Hence, the sequence {o(X,,) + 6(0(X,))} is non-increasing and nonnegative.
Let

lim o(X,,) + 0(0(X,) = . (2.3)
Assume that ¢ > 0. Therefore
0<a:=c<o(Xyn)+0(0(Xn)) < o(Xo) +6(0(Xo)) := 0,

for all n € N.
By using (2.1), there exists v € [0, 1) such that

o(Xnt1) +0(e(Xn41))

(CoTX,,) + 60(o(CoT X))
(TXn) + 0(o(TXy))

(@n, Tn+1)[0(TX7) + 0(0(T Xn))]
(20 Twa) [o(TX,) + 0(o(T X))
[o(Xn) + 0(o(Xn))],

IA
= 0 o R

IN

for all n € N.
Using (2.3) and letting n — oo, we obtain ¢ < 7e¢, which implies that v > 1, this is a contradiction.
Hence, ¢ =0 and

lim Q(Xn) + H(Q(Xn)) = 0.

n—oo
Thus
nh_)rrgo o(X,)=0.
Using (2.2), it follows that Xoo = N2, X,, # 0 and T X, C Xoo. Then, from Theorem 1.2, T has a fixed
point in X . O

A direct consequence of this result is the following:
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Theorem 2.2 Suppose that C' is a nonempty, bounded, closed and conver subset of a Banach space E
and T : C — C is a continuous a-admissible mapping. Assume that there exist a closed convex subset
Xo C C and xy € Xo such that TXy C Xo and oz, Txo) > 1. If we have

a(z, Tz)[o(TX) + 0(o(TX))] < v[e(X) + 0(o(X))],

forall0<a<b<1l, X CC andxz € X, where vy € [0,1), 0 : Ry — Ry is a continuous function and o
is a measure of noncompactness. Then T has a fixed point in C'.

Example 2.3 Let us consider E = BC(R.) the space of all continuous functions on Ry into R. Define
the operator T : E — E by
,if el <1,

Tx = :
{21‘—27 if fzll>1

wo|8

and the mapping o : E x E — R, by

_J L i x| <Ly e E,
oz, y) { 0, if ||z|>1,y€E.

If z,y € E such that ||z||, |ly|| > 1, we have
o(TX) = 20(X),

where X :={x € E : ||z|| > 1} and o(X) := Diam(X) is the measure of noncompactness of the diameter
(see [2]). Hence, we observe that Darbo’s result cannot be applied.
Otherwise, prove that:

a(z, Tx)[o(TX) +0(o(TX))] < S[o(X) +0(e(X))], (2.4)

N | =

forall X C E and x € X, where 6(t) =t (t € Ry ). We have the following two cases:

o If X CE andx € X with ||z|| <1, we have Tx = 5, a(z,Tz) = 1 and a(z,Tz)[p(TX) +0(p(TX))] <
L[o(X) + 0(p(X))] |

o If X C E and v € X with ||z]| > 1, we have Tz = 2z — 3 and a(z,Tx) = 0. Therefore, the identity
(2.4) is clearly satisfied.

Thus, we conclude that for all X C E and © € X the condition (2.4) holds and T0 = 0.

Remark 2.1 The above example shows that Darbo fized point theorem cannot ensure the existence of
fixed point for such mappings. Indeed, the condition of Darbo’s theorem is not satisfied. Then, our result
18 a real extension of it; thanks to our result, we prove the existence of fized point for a large class of
mappings satisfying o(TX) < vo(X) where v > 1.

If we take a(x,y) =1 for all z,y € E and 6(t) = 0 for all t € Ry in Theorem 2.2, we obtain Darbo’s
fixed point result.

3. Conclusion

This paper offers a recent extension of Darbo’s fixed point theorem for a new class of mappings by
employing the concept of a-admissibility. To emphasize the utility of our results, we have presented an
example demonstrating the insufficiency of Darbo’s original theorem.
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