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Existence and Uniqueness of Solutions for Nonlinear Fractional Boundary Value Problems
with y-Caputo Derivatives
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ABSTRACT: This work aims to investigate the existence and uniqueness of solutions for a boundary value
problem using a nonlinear fractional differential equation that involves the 1-Caputo fractional derivative.
Our findings are demonstrated using Krasnoselkii’s fixed point theorem and the Banach contraction principle.
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1. Introduction

In recent years, fractional differential equations (FDEs) and fractional calculus (FC) have become the
most significant and well-known fields of interdisciplinary study. Although FC has been around for more
than 300 years, its versatility in several fields has only lately become apparent. The field has had expo-
nential growth in the previous three decades, and many academics worldwide are currently researching
on this subject see [7,8,9]. By taking into consideration the Caputo fractional derivative of a function
with respect to another function ¢, Almeida [1] expanded the concept of the Caputo fractional derivative
and examined several helpful aspects of the fractional calculus. The benefit of this new definition of
the fractional derivative is that by selecting an appropriate function v, the model’s accuracy could be
increased. Some sufficient conditions for the existence of solutions to the linear fractional boundary value
issue were recently provided by Benlabess, Benbachir, and Lakrib in [5]:

D¢ u(t) = f(t,u(t),te J:=[0,1,2<a <3
{ D¢ u(1) = 0,u(0) = 0,4/(0) =0

Where Dg, is the standard Riemann-Liouville fractional differential operator of order o and the non
linear function f : [0,1] x [0,400) — R is continuous. Inspired by the previously stated works, this
paper deals with the existence of solutions for the following nonlinear fractional boundary value problem,
generalizing the conclusions found in [5] using ¥-Caputo type fractional derivative of order 3 < o < 4.

DgPult) = f(tu(t),t € J ==1[0,1]
{ (3) ()*Oanchg;M’() 0,€ D% (1) = 0 (1.1)

Where CDS‘_;:ZJ is the 1-Caputo fractional derivative of order 3 < a <4 and f : J x [0,00) — R is a given
continuous function. The paper is organized as follows. In section 2, we introduce notations, definitions
and preliminary facts which are used .In section 3, we introduce the basic assumptions and the state the
main result on the existence and uniqueness of nonlinear fractional boundary value problem.
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2. Preliminaries.

In order to lay the groundwork for future improvements, we begin this part by providing some essential
definitions and fundamental findings. The Banach space of all continuous functions from J = [0, 1] into
R with the norm was designated by ||u|/eo = sup,es [u(t)]

Definition 2.1 ( i-Riemann-Liouville fractional integral [4] )
It is assumed that a > 0, f is an integrable function defined on [a,b] and that v : [a,b] — R is an
increasing differentiable function such that ' (t) # 0 for all t € [a,b]. The definition of a function f’s
¥-Riemann-Liouville fractional integral operator of order « is

I8 f(t) = r<1a>/ G ) ((1) — $(5))* L f (s)ds

Definition 2.2 (4-Riemann-Liouville fractional derivative [4] )
Assume that n € N, f,1p € C™([a,b]) are two functions such that, for all t € [a,b], ¥ is growing with
Y'(t) > 0. The ¢-Riemann-Liouwville The definition of the fractional derivative of order a of a function
f s

1 d
Y!(t) dt

! L d ! t ! n—a—1
o (pm) [ e - e e

where n = [a] + 1 and [«] denotes the integer part of .

D250 = (map) (@)

Definition 2.3 ( ¢-Caputo fractional derivative [4] )
Assume that n € N, f,1p € C"([a,b]) are two functions such that, for all t € [a,b], ¥ is growing with
' (t)eq0. A function f’s y-Caputo fractional derivative of order « is defined by

Dy pe) = (st @

_L t/s — (st [n]SS
— e | 00 - v )

where n = [a] + 1, for a ¢ N, and an] (t) = (w,l(t)%) f() on [a,b].
According to the definition, when @ = n € N, we have

DI f(t) = f(2)

We observe that if f € C™([a,b]). The ¢-Caputo fractional derivative of order a of f can be found as

n—1 f[k] (&+)
CDyef() = Dy (f(t) -y - w<a>>k>
k=0 ’
Theorem 2.1 (4) Let f € C"([a,b]) and o > 0. Then we have
e
IO DE (1) = 1) — Y0 P ) — )
k=0

In particular, given o € (0,1) we have:

159 DIV F(8) = f(t) — f(a)
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Theorem 2.2 Given a function f € C([a,b]) and o > 0, we have:
DI ) = [ rew (e

Proof: By definition,

DI @) = o 5 / V() (@) (@) TR e

with
) = 1 ) - v e [ - vy o
Then,
CDa leawf( ) = e C;_n+2 / V(¢ )y afl(w(t)_dj(a))afrprldt
1 n a—1 _ 7))o 1 /T T
" T—alla—n+2) / /¢ (W(t) = ()" f (1) drdt
_ S0 x W) —pla)m T, () — )\ —
S e e G <1w<x>w<a>> ((e) — pla))™ ™t
! n a—1 a—n+1 p/
+F(n—af(a—n—|—2 / / vt (W) — (r)* T (r)drdt
Y(t)—1(a)

By applying Dirichlet’s formula and the change of variables u = v —v(a) Ve arrive at the following
conclusion:

CDgil;wI;ﬁwf(l‘) _ f(a) X W(x) — 1/’(06)) /1(1 o u)n—a—lua—n-‘rldu
0

) / o {/ ")) — ) () — wu»n—aﬂm} it
1

/ PO @) — ()t

Thus,
CDg I ) = [ few (e

Theorem 2.3 Given a function f € C([a,b]) and o > 0, we have:
DI fa) = [ fOv ) - O)d

Proof: Similar to proof of (2.2) O
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Lemma 2.1 Givenn < k € N, we have:

DR (0E) = 9(0))* = gy (V1) — V@)
and — . ! -
Dy ((b) — ()" = m@( ) — (1))

Theorem 2.4 (Krasnselskii’s fized point theorem)
Let S be a closed convexr non-empty subset of a Banach space X. Suppose that A, B map S into X such
that

1. Au+ Bv € S,Vu,v € S,
2. A is a contraction mapping,
3. B is continuous and B(S) is contained in a compact set.
Then there exists u € S such that Au+ Bu = u.
3. Existence result
We begin by defining the term ”solution” for the boundary value problem (1.1).

Definition 3.1 A function u € C(J,R) is said to be a solution of problem (1.1) if, u satisfies the equation
CDSut) = [t u(t)) b € J

and the conditions
w(0) = w'(0) = 0 and DS u(1) = C DS u(1) = 0

Lemma 3.1 For a given h : J — R continuous, the unique solution of the nonlinear fractional differential
equation

DG u(t) = h(t),t € J
L 00— oty =D < oy
s given by: .
ult) = ca(w(t) — $(0))? + es((t) — B(O) + ISP h(t)dt (32)
with:
<b=—(£h@w%an—¢@m§Iﬁ‘“an—w@w4
(5-0a)
a2 [
and
== ([ s oras ) T i) — wiope

Proof: The following is obtained by applying the 1-Riemann-Liouville fractional integral of order « to
the first equation of (3.1)

u(t) = co+ 1 ($(t) = $(0)) + ea(W(t) = (0))” + ca((t) — (0))° + Igi (t)dt
Given that u(0) = 0 as well as u/(0) = 0, We conclude that ¢y = ¢; = 0.. Then,

u(t) = ea(t(t) = 1(0))” + es((t) — $(0))* + Igi¥ h(t)dt
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With the condition CDg‘fl;wu(l) = 0 and theorem(2.2) and lemma(2.1), we have:

603

OO ult) = e () =) + [ b (s)as

S0,

1
(5 —
= ([ mopepas) S i) - vy
0
Additionally, under the prerequisite CDOQJQ;Qbu(l) = 0 and lemma(2.1) and theorem(2.2), we have:

6xT(5—a)xcs !

I'(6—a)x6 ((1) = %(0))" x /0 h(s)y'(s)ds

OO () = s (W) — u(0) "

+ / B(s) () (@(1) — (s))ds
0

SO

)

&= ( / h<s>w'<s><¢<1>—w<s>>ds) — 2 w(1) - v(0)*
0

(5 —a) !

a2 0 =)™ x [ he)(s)ds

The integral equation (3.2) is thus obtained, and the proof is completed by the direct computation of the
opposite. O

We will now discuss our main result concerning the existence of solutions of problem (1.1) .
In order to establish the existence result we make the following assumption:
(Hp,) : There exists a constant L > 0, such that

|h(t,u(t)) — h(t,v(t))] < Llu(t) —v(t)],Yu,v € R,¥t € J
Theorem 3.1 Let h : J x [0,00) — R be a continuous function such that (Hy) holds, and if we have,

that
L((1) = (0))" {F(5 —a) (152 * 2(61—a)> i F(a1+ 1>} N

Then problem (1.1) has a unique solution on J.

Proof: Suppose that:

patt = OO 0O 1y o ([ st oota) - i)
i EOZ D O ) — v ([ ntsutonw/ 1)
N —I'(6 — a)(¥(1) — (0))*~ (W (t) — 1(0))® x (/0 h(s,u(S))w/(S)dS)
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Then,

Pu(t) — Po(t)] < —LO = a)(w(l) —(0))

((t) - $(0))?
(/ (s, u(s)) — h(s,0() | () (1) — (s))d )

—a _ a—3
LR a)wo» o ( / (s, <s,v<s>>|w'<s>ds)

. —a _ a—4

NG )(w(ﬁl) $(0)) (W(t) — (/ h(s,u(s)) — h(s, v(s))|w’(s)d8)

+7 0 U (8) (W () — ()" Hh(s, uls)) = h(s,v(s))|ds

LF 5 — a)(1h(1) = p(0))® vl + LT(5 — a) (¥ (1) —9(0)* -

4 * 2(6 - a) h

4 LG WA VO, oy (P — 900"l = vl

= 20(0) 00" (16 - ) (5 + 5507 ) + gy ) I vl

because P is a contraction. The unique solution to problem (1.1) is P’s unique fixed point, according to
the Banach fixed point theorem. O

Example 3.1 Consider the following nonlinear fractional boundary value problem with o = 3.5 (so
3 < a<4)and (t) =t (the identity function):

CDy P u(t) = h(t,u(t)), teo,1],
with boundary conditions:
u(0) =u/'(0) =0, CDg"u(l) =CDy " u(l) = 0.

Here, CDgf;t is the ¢-Caputo fractional derivative with (¢) = ¢, which simplifies to the standard
Caputo derivative.
Define the Function h(t,u(t)) Let’s choose:

h(t,u(t)) = % sin(u(t)).

This function is continuous and satisfies the Lipschitz condition with L = 1—0, because:
Bt u(t) — h(tv(®)] = | sin(u(t) — — sin((®)] < = fu(t) — (1)
U U = |7g sin(u 1g Sin(v < ol v

L(w<1>—w(0))a{r<5—a)(l52+ L )+P(1 )}<1.

Substitute L = ﬁ, a = 3.5, and ¥(1) — ¢ (0) = 1:

RO {”15) (152 - 2(21.5)> - F(i.5)} <t

Calculate the terms:
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o I'(1.5) = ¥ ~0.8862,
o I'(4.5) ~ 11.6317,
5 1 _ 5 125, 12 _ 37

Now, substitute these values:

1

1
0 {0.8862 -0.6167 + 16317

1 1
} =10 {0.5467 + 0.0859} = 0 -0.6326 = 0.06326.

Since 0.06326 < 1, the condition of Theorem(3.1) is satisfied.
Conclusion, By Theorem(3.1), the boundary value problem:

CDY5h(t) = = sin(u(t)), ¢ € [0,1],

with the given boundary conditions, has a unique solution on the interval [0, 1].

Example 3.2 Consider the following nonlinear fractional boundary value problem with o = 3.8 (so
3 < a<4)and 9(t) =t (the identity function):

CDgf;tu(t) = h(t,u(t), telo,1],
with boundary conditions:
u(0) =u'(0) =0, CDgu(l) =CDy " u(1) = 0.
Here, CDgf;t is the ¥-Caputo fractional derivative with ¢ (t) = ¢, which simplifies to the standard

Caputo derivative.
Define the Function h(t, u(t)): Let’s choose:

m 3
h(t, u(t)) = %5 (u(t) _ (? >

This function is continuous and satisfies the Lipschitz condition with L = 3z, because:

u 3 v 3
Wt u(t)) — h(t, o(t))] = 115(u<t>— 0 )—é(vu)— " )\sgm(t)—v(m.

Verify the Condition of Theorem (3.1): We need to check if:

L(w(1) - (0))" {r(5 ~a) (152 5 L a)) + F(a1+ 1)} <1

a = 3.8, and ¢(1) —¢(0) = 1:

PR {F(”) (152 * 2(21.2)> - r(i.s)} <t

: _ 1
Substitute L = %,

Calculate the terms:
o T'(1.2) ~ 0.9182,
o I'(4.8) ~ 17.837,

o 5+ apyy = 13+ 1q ~ 04167 +0.2273 = 0.6440.

=
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Now, substitute these values:

1
17.837

1 1 1
— ¢0.9182-0.644 = —{0.591 .0561} = — - 0.6474 ~ 0.0432.
15{098 0.6440 + } 15{0593+0056} B 0.647 0.043

Since 0.0432 < 1, the condition of Theorem (3.1) is satisfied.
Conclusion: By Theorem (3.1), the boundary value problem:

U 3
cpgf?tu(t):115<u(t)_ (é) ) te0,1],

with the given boundary conditions, has a unique solution on the interval [0, 1].

Theorem 3.2 Assuming that h fulfills (Hy,) and that 8 > 0 exists; such that:
| f(t,u) |[< B, VteJVae>0

And if there exists v > 0 such that:

800 - w0 (06 -0) (5 + 550w ) + 1y ) <7

then the problem (1.1) has at least one solution on J.

Proof: We define a subset S of X by:
S={uelC(/R) |ullo <7}

Define two operators A: S — X and B: S — X by:

) === DR ZUON ) g ([ s, 6)00) ~ w1
i KO U = O ) — o ([ s utos1as)
i OO0 ) gy ([ st o1 )
ot [ W0 ) s, uls)is
and
Bu(t) = gt [ W0 ) Gl

Then, the equation (3) is transformed into the operator equation as
u(t) = Au(t) + Bu(t)

We demonstrate in multiple phases that the operators A and B meet all the requirements of theorem
(2.3).
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Step 1. Let u,v € S. Then:
—TI'5—a) —(0))*—*

i=| =
< ([ nts s (0 - (s

L PGB =)@ = v o on2 x ([ his s (s)ds
Sy (066) = 00 x [ 1o uls)w 5)as)

|Au(t) + Bo(t

T () — B(0)° x ( / h(s,u<s>>w'<s>ds)
211104 /'L/) Y2 h(s, u(s))ds
1 )T 1 s,u(s))ds
e [ e (s, u(9)d
< B0 = a)((1) = $(0)° +m 0) (1) — $(0)°

2(6 — )

B —p(0)* | AEQA) — ¥(0))*
(a4 1) (a4 1)

4
ALG — o)) — ()
6

5 (0600 (5 + 5507 * Ty ) O — 0O

Step 2. Let u,v € S. Then

[Au(t) - Av(t)] <

< |lu —v|leo  ( by condition (4)).

Step 3. Let (uy,),, be a sequence such that u, -« € C(J,R). For t € J, we have:

|Bun(t) — Bu(t)| < M/o () (Wh(t) = ()" | hl(s,un(s)) = (s, u(s)) | ds

- L) ~ $(0)°
= 2(a+1)

l[un — ull

Therefore
| Bun (t) — Bu(t)| o — 0 as |lup, —ul —0

to demonstrate the compactness of B. Let 2 C S be a bounded set. In C(J,R), we must demonstrate
that B(Q) is substantially compact. For random ¢ € J and u € 2. We possess:

BQA) —¢(0)*

Bul <
1Bull < 9 (a + 1)

= cste.

Now, for equi-continuity of B take ¢1,t2 € J with t; < ta, and let u € 2. Thus, we get

B
A(a+1)

|Bu (t2) — Bu (t1)] < {(¥ (t2) = (0)" + (¥ (t2) — 9(0))"}



10 S. SOLHI, E. ANAAMA, A. KAJOUNI anp K. HILAL

The last estimate leads us to the conclusion that when to — ¢;, we have ||Bu (t2) — Bu (¢1)|| — 0. then
B is equicontinuous as a consequence. Accordingly, the operator B is compact by the Ascoli-Arzela

theorem. Thus, on J, there is at least one solution to issue (1.1).
O

Example 3.3 Consider the following nonlinear fractional boundary value problem with o = 3.5 (so
3 < a<4)and 9(t) =t (the identity function):

CDy Y u(t) = h(t,u(t), te[0,1],
with boundary conditions:
u(0) =u'(0) =0, CDyY*u(l)=CDy Y u(l) = 0.

Here, C’D(?;f;75 is the ¢-Caputo fractional derivative with ¢ (t) = ¢, which simplifies to the standard
Caputo derivative.
Define the Function h(t,u(t)): Let’s choose:

h(t,u(t)) = % arctan(u(t)).

This function is continuous and satisfies:

1. Lipschitz condition: The derivative of arctan(u(t)) is bounded by 1, so:

|h(t,u(t)) — h(t,v(t))] = % arctan(u(t)) — % arctan(v(t))’ < i|u(t) —v(t)].

— 10

_ 1
Thus, L = 15.

2. Boundedness condition: Since |arctan(u(t))| < 7, we have:
1
|h(t, u(t))] = ’ arctan(u(t))’ <

Thus, § = .

Verify the Inequality Condition:
We need to check if:

Calculate the terms:
o T(1.5) = ¥ ~ 0.8862,

2

o T'(4.5) ~ 11.6317,

5 1 _ 5 1 25 , 12 _ 37 .
. §_~_2(2‘5)_ﬁ+5_@+@_®~0.6167.

Now, substitute these values:
T
20 11.6317

Thus, we can choose v = 0.1, since 0.0995 < 0.1.
Conclusion: By Theorem(3.2), the boundary value problem:

{0.8862 -0.6167 + = 210 {0.5467 + 0.0859} = 210 -0.6326 ~ 0.0995.

CDy P u(t) = % arctan(u(t)), t€[0,1],

with the given boundary conditions, has at least one solution on the interval [0, 1].
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4. Conclusion

This article addresses the existence and uniqueness of solutions for a class of nonlinear fractional
boundary value problems involving -Caputo derivatives. Fractional calculus, particularly fractional
differential equations (FDEs), has gained significant attention in recent years due to its applications in
various scientific and engineering fields. The authors extend the classical Caputo derivative by introducing
the ¥-Caputo fractional derivative, which provides greater flexibility and accuracy in modeling real-world
phenomena by incorporating an arbitrary function . This generalization allows for a more nuanced
analysis of fractional differential equations.

The main focus of the paper is to establish sufficient conditions under which the nonlinear frac-
tional boundary value problem admits a unique or at least one solution. The authors employ powerful
mathematical tools, including Krasnoselskii’s fixed point theorem and the Banach contraction
principle, to derive these conditions. The use of 1-Riemann-Liouville fractional integrals and derivatives
plays a crucial role in the analysis, providing a solid foundation for the theoretical results.

Two key theorems are presented: Theorem (3.1) guarantees the existence of a unique solution under
a Lipschitz condition on the nonlinear function h(t,u(t)), while Theorem (3.2) ensures the existence
of at least one solution under boundedness and continuity assumptions. These results are significant as
they generalize previous work on fractional boundary value problems and provide a framework for solving
more complex problems involving ¥-Caputo derivatives.

The theoretical findings are complemented by illustrative examples, which demonstrate the practical
applicability of the theorems. These examples show how the conditions of the theorems can be verified
for specific functions and parameters, highlighting the versatility of the approach.

In conclusion, this article makes a valuable contribution to the field of fractional calculus by extending
the classical theory to include y-Caputo derivatives and providing new insights into the solvability of
nonlinear fractional boundary value problems. The results open up new avenues for research and have
potential applications in areas such as physics, biology, and engineering, where fractional models are
increasingly used to describe complex systems.
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