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Stability Analysis of a Delayed SEIQR Epidemic Model with Diffusion and Elementary
Saturated Incidence Rate

Essaid ANAAMA* Salma SOLHI and Khalid HILAL

ABSTRACT: The present study delves into the impact of delay and spatial diffusion on the dynamical
behavior of the SEIQR epidemic model. The inclusion of delay in this model renders it more realistic,
modeling the latency period of the disease. Additionally, introducing diffusion into the SEIQR model aims to
provide better insight into the effects of spatial heterogeneity and individual mobility on disease persistence
and extinction. Initially, we derived a threshold value RO for the delayed SEIQR model with diffusion.
Subsequently, using the theory of partial functional differential equations, we established that if RO < 1

and Lad > A and A > —, the disease-free equilibrium is asymptotically stable, and no endemic equilibrium
e
. . BAe™HT M 1 . . .
exists. In contrast, if RO > max ( 1, ————— ] and — < A < —, a unique, asymptotically stable endemic
(p 4+ aA) nid @ o

equilibrium is present. Next, by constructing an appropriate Lyapunov function, we determined the threshold
parameters that ensure the global asymptotic stability of the disease-free equilibrium. Finally, we illustrated
the theoretical results through numerical simulations.

Key Words: SEIRQ epidemic model,Incidence rate, Ordinary differential equations, Delayed differ-
ential equations, Partial differential equations.
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1. Introduction

Epidemiological models that incorporate a latent period or incubation period have been extensively
studied in the literature due to the crucial role this period plays in the transmission dynamics of various
diseases. During the incubation period, individuals are infected but not yet infectious. There are two
widely used approaches to model this period: introducing a time delay (see [5]) or adding an exposed
compartment (see [9]). Both approaches allow modeling the transmission process more realistically, and
comparing their effects has been the subject of several works (see [11,1]).

In this work, we propose a delayed SEIQR epidemic model with spatial diffusion and saturated incidence
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function, extending and generalizing several previous delay and diffusion epidemic models presented in
[2,3,1,27]. The model is governed by the following system of partial differential equations (PDEs):

I90) _ gty + 4 (o) - 2D +02(0)
9E (z, 1) Be bS8 (w,t — 7)(T(x,t — 7) + € (z,t — 7))
o = AAE(x,t) + T oS(o i) — (0 + pE(z,b),

gf(x, 1) = dAT(2,t) + o€ (x,t) — (v + 04 + € + 1) L(x, 1), (1.1)
é%i(x, t) = dAQ(z,t) + 64Z(z,t) — (g + p) Oz, t),
(@, t) = dAR(z,t) + vI(x, t) + 7, 9(z, t) — uR(z,t).

ot

Here, the variables S, &,7Z, @, R denote, respectively, the number of susceptible, exposed, infectious symp-
tomatic, quarantined (or isolated) infected, and recovered individuals at location = and time ¢. The
Laplacian operator A models spatial diffusion, and the parameters d, u, 8, a, q, o, v, 64, 74, €, A all
have standard epidemiological meanings, as detailed in [1,11,12,22].

Several pioneering works form the theoretical foundation for our analysis. Classical epidemic models with-
out delay were introduced in [12], while delay systems modeling incubation were developed by Cooke [5].
Diffusive epidemic models were treated in [6,23,24], and the combined effect of delay and diffusion was
first investigated in [1,2,3,27]. Mathematical techniques related to the well-posedness of such systems
in Banach spaces can be found in [7,8,13,14,16,17,19,25]. More recently, works such as [22] refined the
understanding of the basic reproduction number Ry in structured populations.

The importance of saturated incidence rates has also been widely documented in the literature (see [4,26]).
Such incidence functions account for behavioral changes in response to increasing disease prevalence, cap-
turing saturation effects when susceptible individuals adjust their contact patterns. This approach has
been particularly emphasized in models of vector-borne diseases [4].

The boundary and initial conditions associated with system (1.1) are given by:

S(z,t) = p1(x,t) >0,
E(x,t) = pa(z,t) >0,
I(z,t) = @3(x,t) >0, for (x,t) € Q x [-T,0], (1.2)
Q(x,t) = pa(z,t) >0,
R(x,t) = ps(z,t) >0,

oS o0& 0I 0Q IR

L2 0. t>0 o0 1.3

v v dv v O P2 D PO (13)
where % denotes the outward normal derivative, ensuring no flux across the boundary, meaning no
individuals cross the domain boundary (see [15,19]).

The present work builds upon this extensive literature, combining delays, spatial diffusion, and satu-
rated incidence functions into a unified SEIQR epidemic model. Our main focus is to establish conditions
for:

- Well-posedness and existence of equilibrium (Section 2),

- Local stability of the disease-free and endemic equilibria (Section 3),

- Global stability of the disease-free equilibrium via a suitable Lyapunov functional (Section 4),

- Numerical simulations to illustrate theoretical results (Section 5).

This contribution extends prior works such as [1,27,2,3], incorporating spatial diffusion and delayed trans-
mission within a fully nonlinear framework that can better capture spatial heterogeneity and mobility
effects. By doing so, we contribute to the ongoing development of realistic epidemiological modeling for
emerging infectious diseases.
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2. The well-posedness and existence of equilibrium
2.1. The well-posedness

This subsection is concerned with the well-posedness of solutions for (1.1), which requires establishing
the global existence, uniqueness, non-negativity, and boundedness of solutions. In order to do so, we
introduce some notation. We let X denote the Banach space of continuous functions from € into R?, and
CX represent the Banach space comprising continuous functions mapping [—7, 0] to X, where X denotes
a specific mathematical object. This space is equipped with the supremum norm. Given a < b and
t € [a,b], and considering a continuous function w : [a — 7,b] — X, we can define u; as an element of CX.
This element is obtained by evaluating u: at 6 € [—7, 0], where u:(6) is given by u(t + 6). Furthermore,
we identify any element ¢ € Cx as a function from Q x [—7,0] to R® defined by ¢(x,t) = ¢(t)(z).

To establish the existence and uniqueness of a global positive solution, we present the following:

Theorem 2.1 The uniqueness, non-negativity, and global existence of a solution for the system (1.1)-
(1.3) can be established for any initial condition ¢ € Cx that satisfies (1.2). The solution obtained is also
nonnegative and remains so globally.

Proof: Let ¢ = (1,92, p3, 04, p5) € Cx, and let € Q. Define the nonlinear term g = (g1, 92, 93, 94, g5) :

Cx — X by:

Pe1(x,0) (p3(x,0) + gpa(x,0))
1+ ap(x,0)

_ 6901(3:) _T) (503(377 _T) + qtpz(ﬂ?, _T)>

g1(p)(x) = A — pp1(,0) —

)

92(0) () 1+ apr (7, —7) — (b +0)p2(,0),
93(p)(x) = 002(2,0) — (1 + G4 + € +7)s(x, 0),
94(#)(x) = dg03(2,0) = (11 + 7g)pa(, 0),
95(#)(x) = vps(x,0) + Y94 (w,0) — pps (., 0).
The system (1.1)-(1.3) can then be reformulated as an abstract differential equation in the phase space

Cxi

= DBu+g(u), t>0, (2.1)
U(O) =peE CX7
where:
S(.,t) dAS
E(,t) dAE
Q(.,t) dAQ
R(.,1) dAR

It can be shown that g is locally Lipschitz in Cx. By the theory of semilinear parabolic equations with
delay (see [7,13,14,21,25]), system (2.1) admits a unique local solution on a maximal interval [0, t;ax)-
Nonnegativity of the Solution
The zero function:

0=(0,0,0,0,0)

acts as a lower solution for system (1.1)-(1.3). By the comparison principle for parabolic systems (see
[9]), the solution components satisfy:

S(x,t),E(x,t), I(x,t), Qx,t), R(x,t) >0 V(x,t) € QX [0, tmax)-

A Priori Estimates (Uniform Boundedness)
Step 1: Upper bound for &

From the first equation in (1.1):

oS
— —dAS < A-
N dAS < uS
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This can be compared to the ordinary differential equation:

d .
9 _A—uS, 8(0) = max s (2,0)
dt e
which has the explicit solution:
~ ~ A
S(t) = S(0)e " + E(l — e Hh

This implies:

A
S(avt) < ma{ 2 e (.0
M zeQ
Step 2: Upper bound for the total population
Define:

L(z,t) =e " S(z,t — 1)+ E(x,t) + I(x,t) + Qz,t) + R(z, 1)

which satisfies:

oL
9L AL < e MTA— L
ot =€ H

This can be compared to the simpler ODE:

a _ e "A —puL, L(0) = max L(z,0)
dt €N

This gives:

e MTA
L(z,t) < max ,max L(z,0)
H €N

Since all components are uniformly bounded, the solution can be extended globally, i.e., tp.x = +00.
This completes the proof. O

2.2. Existence of equilibrium

In this subsection, we aim to determine the equilibrium of the SEZRQ models. To achieve this, we
will solve the following system:

BS( +¢€) _

25(1 LS S
+q&)e kT _
T as (c+wé=0,

0 —(Y+0,+e+p)I=0,
YL +74Q — uR =0,
6L = (g + 1) Q=0

Then the disease-free equilibrium is defined as follows:
PO = (807 5071.07 QO» RO)
0 0 0 0 o_ A
where £V =7"= Q" =R =0and S’ = —.
Furthermore, the system (1.1) has a unique endemic equilibrium
P =(8%&ET", Q" RY),

where
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S* = A
~ uRo+aA(Ry — 1)’
. _ ol(1=ah)(1+ ad) + Rolu — ad)(u + ad))
B(uRo + aA(Ro — 1)) (0 + q(p + e+ +d,))’
(o
* 6‘] I*,
Vgt 1
1 (1 + )

Where the basic reproduction number is giving by:

Ry = PATT (a(v+ 0 +p) +0)
(4 al) (o +p) (v +6q + )

1
Then, P* = (S*,&*,T%, Q*, R*) exist if Ro > 1 and & < A < ~.
(6% «

3. Local stability of the equilibria for the SEIRQ models

We define the perturbations of the variables as S=8- S*, E=€— E*, I=7- A 0=0-0*
and R =R — R*, where (§*,&*,7*, Q*, ’R*)T is any arbitrary equilibrium point. For simplicity, we will
drop the bars. By doing so, the system (1.1) can be expressed in the following form:

) (S(@,t) + S)(Z(x, 1) + I7) + q(E(, t) + £7)) .

gé(x,t):dAS(x,t)+A—ﬁ(8( | 13+)CZ((S((x’t)+SS*) e —u)(S(?t)))%—S%
o r,t—7)+S(Z(x,t — 1)+ %)+ q(E(x, t — 7)) + EF

a(m,t):dAS(x,t)—Fe 6] I +ta@@t— 189

7(0— + N’)(‘S(gjat) + 5*)3
gf(x,t) =dAZ(z,t) + o(E(z,t) + &) — (v + g + e+ 1) (T(x,t) +I%),
Q

?(w,t) =dAQ(z,t) + 0g(L(w,t) + I%) — (vg + 1) (1) + Q7),
E(m,t) = dAR(z,t) +y(Z(2, 1) + T*) + 74(Q(x, ) + Q*) — p(R(z,t) + R¥).

(3.1)
Thus, the arbitrary equilibrium point P* = (§*,&*, 7%, Q*,R*)—r of the system (1.1) can be trans-
formed into the zero equilibrium point (0,0,0,0,0)" of the system (3.1).
Next, we will investigate the stability of the zero equilibrium point of the system (3.1). Let u(t) =
(S(,1),E(,1),Z(.,1), (1), R(-, 1)) T and ¢ = (p1, P2, ¥3, P4, ps5) € CX. The system (3.1) can be refor-
mulated as an abstract differential equation in the phase space CX with the following structure:

W(t) = DAu(t) + L (ug) + g (u), (3.2)

where D = diag{d,d, d,d,d}, and the linear operator L : Cx — X as well as the function g : C,, — X are
given, respectively, by

B B(T* +q&¥) v 0) _ BS" (¢3(x,0) + gpa(z, 0))
ser (T gj; (1res, )f;? ) (52 + apaton )
€ q € w3, —T qp2\T, —T
L(@)(:E) = (1+a$*)2 §01(x,—7)+ (1+O¢S*) _(M"'_O’)S@Q(l’ao)
op2(x,0) — (1 + dq + €+ 7)p3(x, 0)
8qp3(,0) — (1 + vq)pa(z, 0)
7593(17 0) + ’Yq4p4($, 0) - /U'S05(xv O)
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and
91(p)(z)
92() ()
9(p)(@) = | gs(p)(@) |,
94(p)(x)
95(p) ()
where
BT +¢€) BS* (p3(,0) + gp2(z,0))
g1()() —mwl(fw) + 1+ as")
LA B(p1(x,0) +S87) ((p3(2,0) + T%) + q (p2(z,0) + 7)) LS
(14 as*)”
_ BeMT(Ir +4¢E7) 2.0) — Be HTS* (p3(,0) + qp2(z,0))
93(p)(x) =0&" — (p+7 + €+ 04)L"7,
9a(p)(x) =0,T" — (b + 1) Q"
95(p)(x) =1T" +7,Q" — uR".

For ¢ = us, o = (1, 92, 3, P4, 4,05)T € Cx. The linearized system of (3.2) at the zero equilibrium point
is given by
4= DAu(t) + L (us),

and its characteristic equation is

Aw — DAw — L (e}*) =0, (3.4)
where w € dom(A), w # 0, and dom(A) C X.
Let 0 =19 < m1 < --- be the sequence of eigenvalues for the elliptic operator —A with Neumann

boundary condition on €, and E (1;) be the eigenspace corresponding to n; in L?(Q).
We can find an orthonormal basis {¢;;,7 =1,...,dim E (n;)} of E (n;), and Y;; = {a¢;;j,a € R}. Then,
we have

400 dim E(n;)
Q) =@PYiandVvi= P v
i=0 j=1
Moreover, we put
bij 0 0 0
0 Oij 0 0
7,1] = 0 ) 12] = 0 ) S)] = QSLJ ) ;Lj = 0 )
0 0 Gij
0 0 0 0
0 (3.5)
0
and f’j: 0 ,0=0,1,2,...,7=1,2,... . dim E (1;)
0
bij

It is evident that the set ( ilj, izj’ f’j, fj, fj) forms a basis for (LQ(Q))S. Hence, any element w of X
can be written in the in the following form
w = (wl,CLJQ,CU3,W4,W5)

400 dim E(n;) (36)

:Z Z (Wi, Giz) By + (wa, diz) B + (ws, diz) B + (wa, diz) Biy + (ws, diz) B
=0 =1
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Subsequently, through a simple analysis and by utilizing (3.5) and (3.6), we demonstrate that (3.4) is
equivalent to

<w17¢i]> 0
(wa, Pij) 0
()\I5+771D—M) <w37¢ij> = 0 ,iZO,l,Q,..., ]21,2,,dlmE(Th), (37)
(wa, dij) 0
(ws, Pij) 0
where M is given by
A CA 120 __BaS" __ B 0 0
1+ as*)? (1+aS*) 1+ aS*)
B(I*+qg*) —uT = AT _ BgS* — QT ,— AT BS* —UT p— AT
, 7(1—&-(18*)26 HTe (M+J)+(1+a8*) HTe (1+a$*)e HTe 0 0
0 o —(u+y+e+dq) 0 0
0 0 8q —(n+v) O
0 0 v Yq —H
Thus the characteristic equation is
A +dn; +p) N+ dn; + 4 6) (N +aX + A+ e+ (@N +yA+2)e V) =0, i=0,1,... (3.8)
where
I* +q&*
a:3(nid+u)+o+’y+e+5q+ﬁ(7+qz),
(14 aS*)
B(Z* +¢&%) B(Z" +q¢&")
b= (nd+p+o)(md+p+ ————)+ (md+p+7+e+6)2(md + p) + 0 + ————),
(mid + p+ o) (md + p 11057 )+ (mid + p+ q)(2(mid + ) (Lt s ) )
T +g¢&*
c=wﬂ+u+v+e+%de+u+®WM+u+EL—tigx
(14 aS*)
L aBS .
(1 —ggs*) ’
= - e HT : :
Y= "0 1as)" (g (md +p+~+e+08g) + 0+ q(md+p),
— BS* —puT
P T H s (mid + 1) (q (mid + p +7 + €+ 84) + 0).

3.1. Stability of disease-free equilibrium P

A
Based on the aforementioned analysis, in this section, we set (S*,£*,7*, Q*, R*) = P = <, 0,0,0, 0> )
"
As a result, the characteristic equation (3.8) takes the form of ¢ = 0,1, ...

BAe HT

(X +dn; + i+ 64) A+ dni + p)* {/\2+)\(B+C’)+BC’eATM_’_aA()\quqC’wLU)} =0, (3.9)

where

B =dni+p+o,

C=dn+p+d,+v+e
Theorem 3.1 Assuming Rog < 1, the disease-free equilibrium P is said to be locally asymptotically stable
for all T > 0.

Proof: When 7 is equal to zero, the equation (3.9) can be expressed as a cubic equation as follows:

] 2 ) 2 _ qBA o BA
A+dni + )" AN+ dni + 1+ dq) {/\ +AXC+B u+aA) PET

(¢C+o0)| =0,i=0,1,...
(3.10)
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where

B=dn,+p+o,
C=dn+p+ds+v+e

As Ry < 1, we have

c+p_ _18A :C+mﬁ+ﬂu+®w+%+v+dﬂ—Rw+m+UW>Q
1+ alA qu+d,+y+e) to
and
A 5 1-R
0B~ P40t o) = (dn)? +dy |p oy + et 8y 4 LT F 07+ I —Ro) + (¥ 0)o

[T e qu+04+v+e) +o

+ (4 o) (p+v+e+3,)(1 —Rg) > 0.

Based on the Routh-Hurwitz criteria, it can be concluded that all the roots of equation (3.10) possess
negative real values. Hence, the disease-free equilibrium point P is deemed locally asymptotically stable
when 7 is equal to zero.

Furthermore, if instability occurs for a specific value of the delay 7, it signifies that a characteristic
root of (3.9) intersects with the imaginary axis. In case (3.9) contains a purely imaginary root iw, where
w > 0, separating the real and imaginary parts of (3.9) yields:

—MUT — T
w? - BC = quw phe sin(wTt) + &(qC + o) cos(wT),
w+al 1+ al (3.11)
_ BAeHT BAe HT i ’
w(C + B) 7qw,u+a1\ cos(wT) T ol (gC + o) sin(wT).

By squaring both sides of the equations in (3.11) and subsequently adding them together, we obtain:

wﬁ+Gﬂ+32_<WmeM)vuﬂ+@%f_<ﬁmz”@c+002:0 (3.12)

A4 oA JT e

AeHT
It is easy to see that BC — phe
n+al

(qC +0) > 0, and as Ry < 1, we deduce that

BAe™HT
w+al

(BCF—( @C+002>&

Moreover, as Rg < 1, we have

—pr\ 2 —pr —pr
CQ+B2_ % :C’Q_|_ B_|_ & B — %
n+al 1+ al w4+ al

=C?

+ <B_|_ (W)> (dm+ Q(N+U)(M+5q+6+’7)(1_R0)+(M+U)a>
©+ al qu+o,+ety)+o

> 0.

Thus, it can be deduced that equation (3.11) has no positive roots and the characteristic equation (3.9)
does not have any purely imaginary root for all values of 7. Given that P is asymptotically stable for
7 =0, it will remain asymptotically stable for all 7 > 0. O
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3.2. Stability of endemic equilibrium P*

In this part, we will examine the local stability of the endemic equilibrium P*. Initially, we set
(8*,&*,I*, Q*, R*) = P*. Thus, the characteristic equation (3.8) becomes

A+ dn; +p) (N +dn; + p+ ) (NP +aX? +bA +c+ (X +yA+2)e ) =0, i=0,1,... (3.13)

where

I* 5*
a=3(md+u)+0+’y+€+5q+7ﬁ( 4 2),
B(Z* +qE)

b= (md+p+o)(nd+p+ )+ (mid + p 4y + e+ 6g)(2(mid + p) + o + ),

(1+aS*)? (1+as*)?
I 4 ¢&*
C:(md+u+7+6+5q)(md+u+0)(md+u+Lﬂ]z)),
(14 aS¥)
= __985" e—hT
(1 —BkgiS*) ’
- __ P2 -wr , ,
y (1Eg3*)e (q(md+p+v+e+0q) +0+q(md+p),
— —uT i .
P T dras” (mid +p) (q(md+ p+y+e+0q) +0).
BAe™HT I 1 . I )
Theorem 3.2 I[f Rg > max |1,——————— | and = < A < — then the endemic equilibrium P* is
(1 + al)nd a a

locally asymptotically stable for all T > 0.

Proof: When 7 is equal to zero, the characteristic equation (3.15) can be expressed in the following form

A +dn+p+6) A+dn+p) (N +(@+2)X 2+ (b+y)A+c+2) =0, i=0,1,... (3.14)
where
T* + ¢&*
a:3(7lid+u)+0+’y+e+5q+7ﬂ( ' 2),
1+ asS*)
I* 5*
b=(77¢d+M+J)(77¢d+u+ﬁ(§ +Sq)2))+(nid+u+7+e+5q)(2(nid+,u)—|—a
a*
ﬁ(I*+q5*))
(14 as8*)? 7
I* 5*
¢ = (ud+ ity + e+ 8)md + i+ 0)nd + o+ EETL)y
(1+asS*)
_ B
(1—5&8*)’
y:*m(Q(derﬂﬁLereﬂsq)+a+q(17,;d+u)),
_ pS* , ,
2= T Htasy) AT M @Mmdt ptytetdo)+o).

As Ry > 1, we deduce that
B(Z* +4q€¥) o(p+o)

a4z =3nd+2p++y+e+0, + >0,
7 g T (1+aS)?  otqlptytetdy)
T + q&*
b+y =(mid)® + nid (47 + €+ 0) + (mid + pp+ v + € + &) (md+u+m>
a *

B(I*+q5*)>+md< o(p+o) )

+ (mid + p +
(mid + U)<(1+a8*)2 o+q(p+y+9g)

o(p+o)
1d id > 0,
i+ 1) (n +U+q(u+v+6+5q)>
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B(I" +q€%)

ctz=nd(md+p)(u+v+e+dg) +(md+p+o)(md+p+v+e+d,) 01as )2
a *

o(p+o) >
+ n;d (n;d + id >0,
m:d (0 “)<77 c+q(utytetoy)

BAe HT

and as Rg > ——M8M——
" O= (u+ah)nd

, we have

B(Z" +q¢&7)
(14 asS*)?
BS*eHT
(14 aS*)

B(T* + q€*>>

2(mid 4 p) + v+ e+ 64+
><(n w+ T a5

(a+z)(b+y)—(c+2)= <md+u+

X (mid+p—+v+e+dq) + (nid + p) (q(mid + p+v+e+9q) +0)

(1+ aS*)?

' B(I" +4qE%)

) +md+ pty+eto,) (Thd+u+ﬂ(l*+qg*)>
BT +4E")
(14 as*)?

_ : s BEEIE)) [ (e )
+ (mid+ p+ v+ e+ dq) (2(md+u)+ + (1+aS*)2>X Ro Ro (1 + o) nd

+(md+u+w+e+5q)2) + (md+ p+ o) (nid+u+

S* 5
(e @tk e 8 +o gt + ) ) x (o)

> 0.

Based on the Routh-Hurwitz criteria, all roots of equation (3.14) possess negative real parts. Conse-
quently, when 7 is zero, the endemic equilibrium point P* is locally asymptotically stable.

Furthermore, since all roots of equation (3.14) have negative real parts for 7 equal to zero, it implies
that if instability arises for a specific value of the delay 7, then a characteristic root of (3.13) must
intersect the imaginary axis. If (3.13) has a purely imaginary root iw, where w > 0, then by segregating
real and imaginary components in (3.13), we get:

w? — bw = yw cos(wt) — (2 — zw?) sin(wr), (3.15)
aw? — ¢ = ywsin(wr) + (2 — zw?) cos(wr). .
Taking square on both sides of the equations of (3.15) and summing them up, we obtain
w® + (a® = 2b — 2?) w* + (b — 2ac — y? + 222)w® + 2 — 2% = 0. (3.16)

It is easy to see that ¢ — z > 0 , we deduce that ¢ — 22 > 0. Moreover, we have

BT +4eM)
(1+a8*)?

qpfS* o(p+o) )
d+ WS i) (e >0,
+<” ptot G asn© )(” LY PP

a2 —2b— 2% = (i + p+ 7 + e+ 6,)> + (md+u+
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B +4q7)

(11 a5’ )} +[(mid+p+v+e+6q)

b2 —2ac — y* + 22z = {(md+/¢+7+e+6q) (md+,u+

x(nid+u+0)+(( ps”

+nid (U_,_ q(z(:-t j—z)e+5q)>]

- [(md+u+ M) (md+ p+ o) + (Mgw)}

1+ aS*) (14 asS*)

I* +¢€*)\?
(a? — 2b0—2> (b2—2ac—y +2xz)—c + 22 =(pd+p+y+e+6y)> (md—}—p—l—u)

1+ a8*)?

T* E* 2
M) >+md(md+u+0) [(md+u+v+6+5q)4

(mid 4+ p 4+ + €+ dq (id+ +
<77 pty )2+ (mid+p (17 05"
Z*+q8*>) 2 ( 5(I*+q8*)>2
+ | md + +md+pt+y+etg)’ x (md+p+ ——"—~
(n 1t as)? (mid+ p+v+e+3dq) md+ht s

B(T* +q€*)\?

+ (HQS*)Q) +(md+u+a)2}

(mid + p+ 7 + €+ 34)° + (md+u+

BS*
(14 aS*)
B(T* +q5*)) (Be‘“q(deru)S*))
1+ aS*)? (1+as*)

o(p+o) ) BS* e )
i (U+q(u+y+e+5) +(1+a5*)6 (@nid+p+v+e+dq) +o0)

x [md ((md+u+7+€+5q)( e*ﬂf(q(nid+u+v+e+6q>+0))

+<nd+ +

1+ a8S*)
)(+ a+q<2(i‘$il+aq>)+6(I<ffi§f§‘z”))
B(I*+q€*)) (ﬁe’wq(deru)S*)}
1+ asS*)

(
><<< b e”T(q(nzd+u+7+6+5q)+U)) (mid + -+ o) (nid + i + €+ 84)
(6
o

(1 + aS*)?

B(T* +q€*)\?

+ X (mid + p+0)* + (mid+ p+ 0)% (mid + p+ v + €+ §4)°
(HQS*)Q) (mid+ p+ 0)2 + (i -+ )2 (i + s+ + €+ 6)

(md+ﬂ+

B(I* +q5*))2 |: ( qﬁe*l”s*)
d 8q)? (mid = T d d+ =
+(mid+p+y+e+dq) (m +u+ (1 +as)? X [mid(p+o)+ | m +(1+a3*)

nid BAe=hT BS*  r | ’
X (Rio (RO_ m))} + (me H (77zd+M)(Q(W1d+u+7+e+5q)+‘7))

S* 2 T (mid + p) S\ 2 S* 2
+(ahese) = Kﬂe tiasn )+ (Ghasye it tera +o) }
> 0.

Thus, it can be concluded that for all values of 7;, equation (3.16) does not have any positive roots and the
characteristic equation (3.13) does not have any purely imaginary roots. As P* is locally asymptotically
stable at 7 = 0, it will remain asymptotically stable for all 7 > 0. O

4. Global stability

This section aims to demonstrate the global asymptotic stability of the disease-free equilibrium P
when Ry < 1, through the construction of a suitable Lyapunov function.



12 E. ANAAMA, S. SOLHI anp K. HILAL

Theorem 4.1 If Ry < 1, then the disease-free equilibrium P of system (1.1) — (1.3) is globally asymp-
totically stable for all T > 0.

Proof: We consider the following Lyapunov functional

Ly = /Q le—w /As(x’t_f) (1 — m> du+ E(z,t) + (1 + 0) /OT £zt — u)du

m

(n+o)
q(p+v+e+dg)+o

Calculating the time derivative of L; along solution of system (1.1)-(1.3), we obtain

dLi(t) _ Cur (A +aS(x,t—1)) o o
d _/ﬂ{e (1 (N+0zA)S(x7t—T)>(dAS( t—7)+ A - pS(a,t —7)

_ﬁS(az,t —7)(Z(x,t — 1) + ¢€(z,t — 7))
1+ aS(z,t—71)
+e“”ﬁ8(x,t —7)(Z(z,t — 1) + qg€(z,t — 7))
1+ aS(z,t—71)
(n+o0)
q(p+v+e+dg) +o

I(a:,t—r)] dz

> + dAE(z,t) — (u+0)E(x, 1)

+ (4 o) [E(x,t) — E(xyt — T)]

(dAZ(z,t —7) + 0&(2,t —7) + (u+ v+ e+ 8,) I(z,t — T))} dx

:/Q{e_‘”dAS(x,t—T)— A((L—:C;S/\()x"s,t(x’z))i) dAS (z,t — T)

(—e“”(A —uS(x,t —1))?
(u+ah)S(z,t—7)

(1 +0) (n+7+e+dq) ((1+a8<x,t—f))Ro
gp+v+e+d,) +o 1+ aS(z,t —71)

) + dAE(x,t) + dAL(x,t — T)

- 1) (Z(x,t — 7) + g€ (x,t — T))} dz

Recall that [, AS(z,t — 7)dx = 0, [AE(x,t)dx =0, [,AZ(z,t — 7)dr = 0 and using Green’s
formula, we have

dL(t) </ {6“7 dA ||VS(:L',th)||2 B efl“'(AfllLS(fE,t*'r))Z

dat  ~ Ja (b+ad) S%(z,t—1) (u+ad)S(z,t—1)

((u+0)(u+7+6+5q)
qp+y+et+dy) +o

) (Ro — 1) (Z(z,t — 7) + g€ (z, ¢ —T))}dx

Thus, if Ry < 1, it guarantees that % < 0 for all ¢ > 0. Furthermore, it has been demonstrated that
the most extensive compact invariant set within {(S,&,Z,Q,R) | %t = 0} is the singleton {P}. As a
result, according to LaSalle’s invariant principle [8], P is deemed globally asymptotically stable under
the condition that Ry < 1. O

5. Numerical

In this section, we conduct numerical simulations to demonstrate the theoretical findings. To keep
things simple, we limit ourselves to a spatial domain = [0, 1] that is confined to one dimension. As a
result, we suggest employing the system (1.1) alongside Neumann boundary conditions

oS o0& 0I 0 OR
7:7:7:7Q:7:0, t20,$:0,1
ov OJv Ov Ov ov

and initial conditions
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Furthermore, in order to utilize a numerical algorithm to solve system (1.1), we must discretize each
equation of the system as a finite difference equation. The Crank-Nicolson method [6] is an effective finite
difference method used for numerically solving partial differential equations. This method is second-order
in both time and space and offers numerical stability. Below, we provide a brief description of how the
Crank-Nicolson method can be applied to our problem. We start by dividing the spatial interval [0, 1]
and the temporal interval [0,ty] into finite grids:
t
ti=0G—1DAt, j=1,2,...,N; + 1 where At := ﬁf
|

z; =G —1DAz, i=1,2,...,N,; +1 where Az := N
Hence, by utilizing discretization, we can represent S(z,t) as S;; (i=1,..., Ny +1,j=1,..., N, + 1),
E(z,t) as B j(i=1,..., Ny +1,j=1,...,Ny+1), I(z,t) as I, ; (i=1,..., N, +1,j=1,...,N,+ 1),
O(x,t) as Qij(t=1,...,N,+1,5=1,...,N,+ 1), and R(z,t) as
Rij(i=1,...,N;+1,7=1,..., Ny +1). Furthermore, we can discretize system (1.1) as follows:

Sijy1—8ij _d <3i+1,j+1 = 251541+ Sicign | Sivny = 2805+ 31‘Lj>

At 2 Az? Az?
BSii(Zi; + q€i )
A— Sz L >J ) »J
* Hoi g 14+ aSi,j ’
Cijrr—Cij d(Eipj1 =28+ E1n n Eiv1,j — 285+ &1
At 2 Ax? Ax?
e HT Sz | —T I’L | —T + gi | —T
N BSij—rjatLij—r/at +a€ij—r/at) (1 +0)Ess,
14+ aS;j—r/at
Zijin—Tij _d{(Zitzjn1 —2Lij +Tic1jn n Ziv1, — 2L ;+ 71 (5.1)
At 2 Ax? Ax?

+0&ij— (v +ptetig)Liy,
Rij+1—Rij _d (Ri+1,j+1 ~2Riji+ Ricager | Rivry = 2Riy + Rz‘Lj)

At 2 Az A2
+7Zij +74Qi; — LR,
Qijt1 —CQij _d (Qi+1,j+1 —20Q; 11+ Qi—15+1 n Qit1,; —2Qi; + Qi—l,j)
At 2 Az? Az?
+064Li; — (Vg + 1) Q-

Consequently, we obtain a recursive scheme that is stable from a numerical perspective. The parameters
used in our numerical simulations are presented in both Table (1) and Table (2).

Assuming the parameter values from Table(1), we obtain Rg = 0.2765. According to Theorem (3.1),
the disease-free equilibrium P(1,0,0,0,0) is locally asymptotically stable, which implies that the disease
will vanish (as depicted in Fig. 1). Furthermore, assuming the parameter values from Table (2), we
have 0.9921 > o = 0.004 > 0.000396 and Ry = 27.5406 > _PATHT = 11.3355 > 1. By Theorem
(1 + aM)nid
(3.2), the endemic equilibrium P*(8.6454, 898.8622,237.6111, 377.7837,960.334) is locally asymptotically
stable, which indicates that the disease will vanish (as illustrated in Fig. 2).

Finally, to numerically demonstrate the global stability of equilibrium points, we need to perturb the
initial conditions of system (1.1). To accomplish this, we present the solutions of system (1.1) for four
distinct initial conditions. We begin with the disease-free equilibrium, using the same values as the
first simulation, resulting in Ry = 0.2765. According to Theorem (4.1), the disease-free equilibrium
P(1,0,0,0,0) is globally asymptotically stable, which implies that regardless of the initial densities of
susceptible, exposed, infectious, quarantined, and recovered individuals, the disease will ultimately die
out, leaving only susceptible individuals(see Fig. 3).
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Table 1: The parameters and their corresponding values utilized in the numerical simulations.

Parameter Description Value
A Recruitment rate of the population 0.004
p Natural death of the population 0.004
€ the death rate due to the disease 0.04
g isolation Rate of infected 0.04
o Rate of exposed individuals to the infected 0.04
B8 Transmission rate 0.04
q the fraction of transmission rate for exposed 0.004
y Recovery rate 0.04
Yq Recovery rate of isolated infected 0.004
d Rate of diffusion 0.00004
« the parameters that measure the inhibitory effect 0.04
T Time incubation 8

Table 2: The parameters and their corresponding values utilized in the numerical simulations.

Parameter Description Value

A Recruitment rate of the population 1.008

I Natural death of the population 0.0004

€ the death rate due to the disease 0.00004
g isolation Rate of infected 0.001547
o Rate of exposed individuals to the infected 0.000714
B Transmission rate 0.0004

q the fraction of transmission rate for exposed 0.07

¥ Recovery rate 0.000714
Yq Recovery rate of isolated infected 0.000573
d Rate of diffusion 0.008

@ the parameters that measure the inhibitory effect 0.004

T Time incubation 8

Figure 1:  The spatiotemporal solution was obtained through numerical integration of system (1.1)
subject to conditions (1.2) and (1.3), with Ry = 0.2765.
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Figure 2: Spatiotemporal solution found by numerical integration of system (1.1) under conditions (1.2)

. BAe™ T
and (1.3) when Ro = 27.5406 and —- 2 — 11.3355
(u+ al)nd
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Figure 3: The disease-free equilibrium point P*(1,0,0,0,0) is globally asymptotically stable.
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6. Conclusion

In this paper, we have formulated and analyzed a delayed SEIQR epidemic model with spatial diffusion
and a saturated incidence function, which generalizes several previously studied models (see [1,11,2,3]).
By incorporating both time delay and spatial heterogeneity, the proposed system reflects more realistic
transmission dynamics, especially for diseases where individuals undergo an incubation period before
becoming infectious.

We first established the local stability of the disease-free equilibrium P and the endemic equilibrium
P* by analyzing the corresponding characteristic equations under homogeneous Neumann boundary
conditions. One key observation, as highlighted in Theorem ?7?, is that the basic reproduction number
Ry is independent of the diffusion coefficient d, meaning that spatial diffusion does not influence the local
stability of the disease-free equilibrium. This confirms and generalizes the findings of previous works on
non-spatial epidemic models (see [1,11]).

However, for the endemic equilibrium P*, the diffusion coefficient d plays a more intricate role. As shown
in our analysis, if Rg is reformulated to account for diffusion in a specific manner:

BAeHT

e —
*= (u+ah)nd

the transition from ordinary differential equations (ODE) to reaction-diffusion equations (PDE) signifi-
cantly influences the stability of the endemic equilibrium. This highlights how spatial mobility can impact
long-term disease persistence in heterogeneous environments.

We further demonstrated the global stability of the disease-free equilibrium P when Ry < 1, using a
Lyapunov functional approach. This generalizes classical global stability results (e.g., Proposition 2.2 in
[1]) to our spatially explicit delayed model, extending the theoretical understanding of epidemic models
with spatial diffusion.

Finally, numerical simulations were presented to illustrate and validate our theoretical results, showing
how different parameter combinations and initial conditions influence disease dynamics, confirming both
local and global stability properties.

In summary, this work bridges delay differential equations (DDEs), reaction-diffusion systems (RDEs),
and epidemiological modeling, offering a unified framework for understanding how incubation periods,
spatial heterogeneity, and saturated incidence jointly shape the spread and control of infectious diseases.
Future research could further investigate the role of spatially varying coefficients, heterogeneous bound-
ary conditions, or even nonlocal diffusion operators, to better capture the complexity of disease spread
in real-world settings.
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