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Toeplitz Determinants for a Subclass of Analytic Functions Involving Touchard
Polynomials
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ABSTRACT: In this paper, we introduce a new subclass of univalent functions that generalizes existing
subclasses of univalent functions. By employing subordination principles, we derive initial Taylor-Maclaurin
coefficient estimates for functions in this subclass. Additionally, we establish bounds for the Fekete-Szego
functional and Toeplitz determinants. To further strengthen the applicability of our findings, we incorporate
Touchard polynomials, demonstrating their role in Geometric Function Theory (GFT). Our results unify and
generalize several known subclasses, offering potential applications of Touchard polynomials in the field of
GFT.

Key Words: Univalent functions, starlike functions, convex functions, Fekete-Szego estimate, Toeplitz
determinants, Touchard polynomials.

Contents
1 Introduction 1
2 Definitions and Preliminary Results 2
3 Coefficient Estimates 4
4 Fekete—Szego Estimates 5
5 Toeplitz Estimates 8
6 Applications of Touchard Polynomials 10

1. Introduction

Let A represent the class of functions § of the form:
O =¢+ D aid, (1.1)
j=2

defined on the unit disk A = {¢ : ¢ € C,|¢| < 1}, which are analytic and satisfying the normalization
conditions f(0) = 0 and §/(0) = 1. Additionally, let S denote a subclass of A that are univalent in A. Tt
is well known that for two analytic functions f; and fo defined in A, the function f; is subordinate to fs,
written as f; < fa, if there exists an analytic function ¢ such that: ¢(0) =0 and |¢(¢)| < 1 for all ¢ € A
, 11(0) = f2(#(€)). In the specific case when f, is univalent in A, this subordination relationship reduces
to the following equivalent conditions:

fi < f2, (CeA) & §1(0)=12(0) and fi(A) Cf2(A).

The class of starlike functions S* and the class of convex functions C are among the most well-studied
subclasses of S. These subclasses are defined as follows:

S*:{fES:Re<<ff;£§))>O, CEA}
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and

Cz{feS:Re(HCg,/;g)) >0, CGA}.

Consider ¢(¢), an analytic function defined on A with a positive real part, such that ¢(0) = 1,

¢'(0) > 0 and it maps the unit disk A onto a region that is starlike with respect to 1 and symmetric
about the real axis of the form

() =1+ Bi{+Bo(®* + B3’ +---,  Bi1>0. (1.2)

Ravichandran et al. [32] introduced a general class associated with starlike functions and convex
functions of complex order 7 # 0, defined as follows:

S:(¢):{f68:1+71_ (Cff(g) —1) < 6(0), <eA} (1.3)
and
C.(¢) = {f €S 1+ iif(g) <6(0), Ce A} . (1.4)

It is noteworthy that Sj(¢) = S*(¢) and C1(¢) = C(¢), which corresponds to the general classes in
terms of subordination defined by Ma and Minda [21].
A function f € § is said to belong to the class P, if it satisfies the following criteria:

e ( GF(€) + (<)
(1 = w0 + ucf ()

This class was introduced by Altmtas [5] and further investigated in [6,18,26,31].

In the theory of univalent functions, significant attention has been given to estimating the bounds of
Hankel matrices and Toeplitz matrices. They play a crucial role in various branches of mathematics and
have numerous applications (see [42] for more details). Hankel determinants and Toeplitz determinants
are closely related; while Toeplitz matrices have constant entries along the main diagonal, Hankel matrices
are characterized by constant entries along the reverse diagonal. Thomas and Halim [38] introduced the
symmetric Toeplitz determinant 74(j) for f € A, defined as follows:

)>0, 0<pu<l, CeA.

a; i+l Gjg—1
‘ @j+1 R
T(G) =] . : . S
Uj+q-1 @jtq—2 “*° G5

where j > 1, ¢ > 1, and a; = 1. Specifically,

a a 1 a2 Qs
T2 =2 " and Ts(1)=laz 1 asof. (1.5)
43 a2 az a 1

Recently, researchers have been actively deriving estimates for the Toeplitz determinant |7, (j)| for
functions belonging to various subclasses of univalent functions (see, for example, [1,2,3,11,15,34,19,20,
25,27,30,31,34,35,36,40,41,43,44].

2. Definitions and Preliminary Results

Let P denote the class of Carathéodory functions p such that
p(z):1—1—012—1—6222—1—63234-...:1-|—§:cjzj7 (2.1)
j=1

which are analytic and univalent in A such that Rep(z) > 0 for all z € A. To establish the desired
bounds in our study, we require the following lemmas.
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Lemma 2.1 [10] Let p € P be of the form (2.1). Then,
el <2
forallj e N:={1,2,3,---}.
Lemma 2.2 [12] Let p € P be in the form of (2.1) and let 8 be any complex number. Then,
lcg — Bei| < 2max{1, |26 — 1|}
This result is sharp for the functions

1+ 1+¢

12 1=

Lemma 2.3 [21](Also see [17]) Let p € P Let p € P be in the form of (2.1) and let o be any real
number. Then,

p1(¢)

and  p2(C)

—4da+2, o<,
ey —act| < {2, 0<a<l1
da — 2, a> 1.

Lemma 2.4 [16]be in the form of (2.1). Then

1
Co — *C%

1
<2— —leg|?
50| <2 5lal

Using the unified technique of subordination introduced by Ma and Minda [21] and motivated by
the works of Caglar et al. [9] and Pei et al. [27], we define a new subclass of S, which establishes a
connection between S*(¢) and C,(¢), as defined in (1.3) and (1.4).

Definition 2.1 For 0 < p <~y <1, a function f € S of the form (1.1) belongs to the class N M (7;¢),
if the following conditions are satisfied:

1( O+
1+T<u—umo+u@«>

where ¢ is given by (1.2), 7 € C* = C\{0} and ¢ € A.

- 1) < 8(¢),

Remark 2.1 For specific choice of the parameters, in the above definition we have the following subclasses
that was considered in the earlier investigation:

1. NMY(7;¢) = S8*(7; ) consists of functions f € S of the form (1.1), if
(Cf'(C)
f(¢)

2. NM;i(7;¢) = C(1;¢) consists of functions § € S of the form (1.1), if
1 W«»
2 () <o

The above two classes were investigated by Ravichandran et al. [32]. We note that, NM8(1; @) =
S*(¢) and NM;i(1;¢) = C(¢) were introduced by Ma and Minda [21].

3. NMy(1;6) = NR(1;¢) consists of functions | € S of the form (1.1), if

1(CO) + Q)
1*7( i0)

1
1+ =
=

- 1) < ¢(Q).

) < ().
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1 1-2
4. For ¢(¢) = +(1<a)< ;0 < a< 1, we have the following:
vy | p| 7| Class Author
01 0| 7|S8(r) | Frasin [13]
1|1 1] 7] Culr)
1
5. For ¢(¢) = %, we have the following:
v T Class Authors
010 T S*(7) Nasr and Aouf [24]
1|1 T C(T) Nasr and Aouf [25]
0|0 l—a S*(a) ;0<a<1 Robertson [33]
111 l1-a Cla);0<a<1
0] 0] 7ecos | S;(r) ;0] <% | Al-Oboudi and Haidan [}]
1] 1] 7e%cosl | Co(r) ;0] <%

3. Coefficient Estimates

In this section, we derive the initial coefficient estimates for class of functions belonging to N. MZ(T; ?).

Theorem 3.1 If f € NM(7;¢) is of the form (1.1), then

7| B
lag| < o———
2y —p+1
and
B? 1
ir| ( By + 31_32_M
las| < 2y —p+1
8= 23y —p+1) '

Proof: Consider f € NM(7;¢). Then there exists a Schwarz function u € A such that

. 2
?101<+1(0201)<2+~- (Cen),

where ¢ € P given by

UQ) = izgg =1+ el

By Definition 2.1, we have

1 ¢FQ+¢31"(0) ] _
2 e e et Y =
In the view of (1.2), it can be computed that,
1 1 3 1 5] o
o(u(Q)) =1+ §Blcl< + [231 (Cz - 2) + 43201} ¢t
Moreover
L[ ¢ie) +¢m¢) } A RN
g e T
L 2By —pd Das = (20 —p+ YA+ pag

T

C2+...

(3.3)
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Comparing the corresponding coefficients in (3.2) and (3.3), we have

2y — 1 1
Gr=nt D, pe,

-
23y — 1 — (2vy — 1)(1 2 1 2 1
(’Y M+ )a3 (7 u’+ )( +lu)a2:731 Cgfﬁ +*BQC%.
T 2 2 4
From (3.4), we can compute
TB161
ag = ———.
T 22y —p+1)

Taking modulus and applying Lemma 2.1 to (3.6), we get

jarf < TP
T 2y—p+1

Now, inserting (3.4) to (3.5), and after simplification we have

B3(1
. [23102— <Bl — By — 1(+'U)T> cﬂ
2y —p+1

8By —p+1)

az =

Taking modulus and applying Lemma 2.1 to the above equation, we get

)

B%(1
|7| (BlJr‘Blel( a2l
2y —p+1

23y —p+1)

lag| <

This completes the proof of this theorem.

Corollary 3.1 Iff € 8*(7;¢) is of the form (1.1), then

|T| (Bl+ ’Bl _BQ—B%TD
B) .

lag| < |7|By and |ag| <

Corollary 3.2 Iff € C(1;¢) is of the form (1.1), then

|T|B1 7| (B1 + | By — Bz — Bi7|)

lag| < 5

and Jaz| <

Corollary 3.3 If f € NR(7; ) is of the form (1.1), then

B2
T|<Bl+‘Bl BQ_J

|T|Bl 3

)

lag| < and |ag| <

8
4. Fekete—Szego6 Estimates

Now, we compute the estimate of the famous Fekete—Szego functional for the class N M3 9).

Theorem 4.1 Iff € NM](7;¢) and is of the form (1.1) and f is any complex number, then

2B
o= = 22 e

288y —p+1) -ty —p+l), B2
(27— p+1)2 VB
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Proof: For § € C and from (3.4) and (3.5), we can write

BT
2 ! 2

4.1
az — fa; 13y 0 (c2 /scl), (4.1)
where

o BitB(3y—pu+1) _B%(u—!—l)TQ—317(27—u+1)+327(2’y—,u+1)
(2y — p+ 1) 2B17 (2y —p+1)

Application of Lemma 2.2 to (4.1), we obtain:

2
—— —max1{1l, |2k — 1|} .
B < g e (126 - 1)

The proof of Theorem 4.1 is complete. O

Corollary 4.1 Iff € 8*(7;¢) is of the form (1.1) and B is any complex number, then

(28~ 1)Byr - 22

1l

Corollary 4.2 Iff € C(;¢) is of the form (1.1) and 8 is any complex number, then

2B 38 —2 B
|a3—/8a§|§§|7|max{1, ( 52 )317—2

lag — Ba3| < 2By |7|max {1,

Corollary 4.3 If f € NR(7; ) is of the form (1.1) and 8 is any complex number, then
88 —3 B
()02

Theorem 4.2 If f € NMJ(7;¢) and is of the form (1.1) and « is any real number, then

B
MEPPLIINA

Bir|[t —2v| . (2y—p+1)*(=Bi+6)
283y —pu+1) - 2B27(3y—p+1)
B 2y — 1)?2(-B 2y — 1)?(B
o< ] B @1 nt12(CBi1€) 2yt (Bt 6)
23y —p+1) 2BiT(3y —p+1) 2BI7(3y —p+1)
Bifrli2y —1] (27 p+1)2(Bi+6)
23y —p+1) — 2B%r(3y—u+1)
where B2
1
@:B2+ 1(:u’+ )T and
2y —p+1
Bir(u+1) (4.2)
———— Bi+ B
. Bira(3y—p+1) 2y—p+1
(2y —p+1)? 2B,
Proof: For a € R and from (3.4) and (3.5), we can write
BT
2 1 2
— — — 4.3
as (07073 4(3’}/_#_’_1) (CQ Vcl) ’ ( )

where v is stated as in (4.2).
Using Lemma 2.3 in (4.3), we get the desired estimate. This completes the proof of the Theorem 4.2. O
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Corollary 4.4 If f € 8*(1;¢) and is of the form (1.1) and « is any real number, then

Birii=2n| =B+ Byt Bir
2 = 2B27
B ‘T| . 7B1+BQ+BZT B1+BQ+B2T
_ 2 < 1 f 1 < 1
as —aa <3 =5 ' 2B3r =="p
Bl‘TH2V1—1| 1f o> Bl—‘ng—i-B%T
2 - 2B3T

B%T(Za— 1) +B1 —BQ
2B, ’

where 11 =

Corollary 4.5 If f € C(1;¢) and is of the form (1.1) and « is any real number, then

Bllt — 20| o 2(Bi7 - D1+ B2)
6 3BT
2- _ 2
a5 — aa2| < { B! o ABT =Bt By) _ABY Bt By)
0 3BYT 3BZr
Brlizve = 1| 5 2(BiT+ Bi+ By)
6 3BT

B?r(3a—2)+2(B; — B
where vy = 17(3a i;_ (B1 2).
1

Corollary 4.6 If f € NR(7;¢) and is of the form (1.1) and « is any real number, then

Burli-2w| . 3(Bir - 3B+ 3By
8 - 8Bt
2 2
05— aa2| < BTl y 3BT —3Bi+3By) _  _3(Bir+3B1+3B;)
8 8BiT 8Bt
Bl <1 o 3(Bir+ 35 +35)
8 - 8BIT
B?7(8ac—3 9(B;1 — B
where v3 = i7(8a 1)8;1( ! 2).
Theorem 4.3 If f € NM(1;¢) and is of the form (1.1), then
|7|B1 .
sas v it |Be| < By,
a37(27*u+1)(1+u)a2 < ) 2By —p+l) 1B
2(3y — 1 2 = B
By —u+l) __ImBal gy B,
2By —p+1)

Proof: From (3.5), we have

2By —p+1) 2y —p+l)(A+p) 5, 1 A\, 1, 5
- as — - a2—§Bl 02—5 —l—iBgcl.

Rewriting, we get

(2y—p+1)A+p) 5 B ( c%) . -

_ — _ o ' B
4 2By —p+1) 2T ABy—p+rn\? 2 37— pt 1)
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Applying Lemma 2.4 to the above equation and simplifying, we obtain

v a0 o B BBy Wy
as — Qg | > — — |Cl|' ( . )
2By —p+1) 2By —p+1)  8(B3y—p+1)
Therefore
B
__MB <
g~ Gy A DA +p) o 203y —p+1)
28y —p+1) %~ |7 Ba| .
————— if |By|>B
23y —p+1)
This completes the proof of the Theorem 4.3. O
Corollary 4.7 If f € 8*(1;¢) and is of the form (1.1), then
B
1 MTI if |BQ| < Bla
as — iag < B
% if |Bs| > B.
Corollary 4.8 If f € C(7;¢) and is of the form (1.1), then
B
B |Ba| < By,
2, 6
as — §a2 < By|
|TT2 if |Bs|> By
Corollary 4.9 If f € NR(7;¢) and is of the form (1.1), then
B
; |T‘8 L if By < By,
as — gag < B
% if |By|> By

5. Toeplitz Estimates

In the following theorems, we derive the Toeplitz estimates for the class of functions belonging to

NM(T;0).
Theorem 5.1 Iff € NM(1;¢) is of the form (1.1), then

B, B D7T\?
2),12 B%|T2(1+’1—2—1('[H— )T)
@) < B2|7| N B 2y—p+l])
T (2y—p+1)? 43y —p+1)2

Proof: From (3.6) and (3.7), we have

B2(1+4 u)t ?

212 92 T2 23102— Bl—BQ—l(i’u) C%

2 2 T°Bicy 2y—p+1

a5 —as = 5 — 6130 = 02 . (5.1)
4(2y —p+1) (By—n+1)

After simplification, we get

By Bi(1 ?
e 722 {2@ _ <1 _ b2 W) Cﬂ
1+1

42y —p+1)? 64(37 — pu+ 1)2

Taking the modulus and applying the triangle inequality along with Lemma 2.1, we obtain the desired
estimate for 73(2). O

a3 — a3 =

(5.2)
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)

Corollary 5.1 Iff € S*(;¢) is of the form (1.1), then

B
B?|r|? <1+ ‘1 - B—j — Bi7
4

|T2(2)] < B|7|* +

Corollary 5.2 If f € C(1;¢) is of the form (1.1), then

B
B?|r|? <1+ ‘1 - ?j — BT

2
B )
4 36 '

Corollary 5.3 If f € N'R(7; ) is of the form (1.1), then

T2(2)] <

B Byt
B2|7|? <1+‘1_Bj_§

B2 2
T2 < 2T

>2
-9 64 ’

Theorem 5.2 If f is of the form (1.1) and belongs to the class N M (7;¢), then

Bi(1+
Loy BirPl—2q| (B +|B - B, — BLLEWT
2|7|* B3 2y —pu+1
14 5 + 5 i A< By—B
(2y—p+1) 4By —p+1)
B2(1 + )T
Bi|rt|> By + |By — By — 22—~
[T3(1)] < 1+ 2|7|*Bf + 1l < 1+’ ' ’ 2y—p+1]/. B,—B,<A<B,+B
(2y —p+1)2 43y —p+1)? Lo e n e
B (1+
2 52 Bi|rP?2n = 1| { By + Bl*Bz*M
- 2|7|* B3 2y—pu+1]) B, 4B > A
(27 —p+1)? 43y —p+ 1) Lo e
where
2 — 1) - Bir(1 2y — 1
A LABiTBy —p+ 1) — Bir( tu)(v pED
2y —p+1)
B (p+1)
———— > B +B
2Bir By —ptl) 2y —pt1 e (5.3)
2y —p+1)? 2B,
Proof: From (1.5) we have
T3(1) = 1+ 2a3(az — 1) — a3.
Using Triangular inequality to the above equation, we get
| T(1)] <1+ 2|a3| + |as|as — 2a3]. (5-4)
Taking o = 2 in (4.3), we get
Bl’T
as —2a3 = ——————— (ca — 1), 5.5
3 2 4(37_M+1)(2 771) ( )

where 7 is same as stated in (5.3).
Using (3.6), (3.8), and (5.5) in (5.4), along with Lemma 2.3, we obtain the desired estimate for 73(1). O
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Corollary 5.4 If f is of the form (1.1) and belongs to the class S*(;¢), then

Ts(1)] <

where

B1‘7'|2|1 — 2771| (Bl + ‘Bl — 32 — B%’TD

1+27]*B} + 1 i 3B?r < By— B
Bi|7? (B, + |B; — B, — B?

1+ 2jr2B2 4+ 2T (B |41 2 17‘); By — By < 3B < By + B,
Bi|r2|2m — 1| (By + | By — By — B?

1+2|7>B? + i i2m — 1 14 55 1T|)9 By + By > 3B;T,

_SB%T + Bl - B2

n 2B,

Corollary 5.5 If f is of the form (1.1) and belongs to the class C(T; ¢), then

Ts()] <

where

1

L rPBE | Bulr?L = 2m (By + |By - By — Bir|)

. 9B27 < B,-B
2 36 ’ 1m=mm5

2B2 B 2 B+ |B — B 732

14 ‘T|2 : — ( 1 {3é : 1T|)§ By — B1 <2B{7 < By + By
232 B 22 — 1/ (B B 2

. \7-|2 2 17?1272 = 1] ( 13+6 |B1 — By BlTD; By + By, > 2B?7,

_ZB%T + B1 — B2

72 2B,

Corollary 5.6 If § is of the form (1.1) and belongs to the class NR(T; @), then

()] <

where

In [39], Jacques Touchard introduced a class of polynomials known as the Touchard polynomials, also
referred to as Bell polynomials or exponential polynomials [8]. These polynomials are intrinsically linked
to the problem of partitioning a set of ¢ elements into non-empty subsets, where each subset is distinctly
labeled. The expression N;(X) denotes the number of such partitions. When X = 1, the Touchard
polynomials reduce to the Bell numbers, which count the total number of partitions of a set with n
elements. Furthermore, let Y represent a random variable that follows a Poisson distribution with an

1+

1+

1+

B2(1+p)r
2\r[2B? By|7|?|1 — 2n3] (Bl + ‘Bl — B, — % ) .
9 L 64 ; ngf < By— B
B2(1+
2|7—|2BQ B1|7'|2 (Bl =+ ‘Bl — B2 — % ) "
a o . Ba-Bi< O BiT< By B
Bi(1+ p)r
2712 B2 B1|7'|2|2773—1| (Bl+‘B1—B2—1('u') > 1
|T| 1 3 Bt B> £B2T
’ 64 ’ -9 1

_13B37 +9(B; — Bs)

3 18B,

6. Applications of Touchard Polynomials

expected value §. The j-th moment of this distribution is given by:

E(Y7) = N;(3).
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This connection illustrates the significance of Touchard polynomials in addressing set partition problems
and analyzing moments of random variables. The generating function for the Touchard polynomials takes
the form:

A= MG
Ni(Q)=e Y == ((€Am>0,A>0).
Expanding on these results, the polynomial representation for higher-order moments is given by:

& S 1\ymyJ—1
:C+§:€“U(;L$7(J(QEA)
i=2 ‘

By applying the ratio test, it can be shown that the series has an infinite radius of convergence. One
may refer to [22,29,37] for the application of these expansions. It is worth mentioning that, for m = 0,
the series reduces to the one defined by Powal in [28]. Furthermore, the function 7,)({) as considered
n [14], is given by:

Xn(Q) =CTIELO) (C#£0)
The above expansion can be expressed as:
_ 1 m)\] 1
R

= 1+ Xl(/\, m)C + X2()‘7 m)CQ +

¢ (6.1)

where

(A, m) =Xe ™, Ao(\,m) =A22""1e™* and so on. (6.2)
The function X)) (¢) is analytic in A and satisfies the conditions X\ (0) = 1, (X2)’(0) > 0, and it maps
the unit disk A onto a region that is starlike with respect to 1 and symmetric about the real axis.
Considerable attention has been given to Touchard polynomials in GFT, as discussed in [7,14,22,29,37]

and the references therein.
We introduce the new class M} (7; A, m) in Definition 6.1 by setting ¢(¢) = X2 (¢) in Definition 2.1.

Definition 6.1 For 0 < u <+~ <1, a function § €S of the form (1.1) belongs to the class M (T; A, m),
if the following conditions are satisfied:

L Q1O \
T ((1 ~ RO + pcF (O 1) <)

where X)) (¢) is given by (6.1), 7 € C* and ¢ € A.

The following theorem is stated using the parameter setting of Definition 6.1 in Theorem 3.1.

)
203y —pu+1)

Similarly, we present the following results by applying the parameter settings from the previously
established theorems.

Theorem 6.1 If f € M (7;\,m) is of the form (1.1), then

e 2 (u+ 1)1

)\e—A _ )\22m—1e—>\ _
2y —p+1

7] ()\e_”\ +

|T|/\€
las| < o———
2v—pu—+1

and Jaz| <

Theorem 6.2 If f € MJ(m;\,m) and is of the form (1.1) and j3 is any complex number, then

i

2By —p+1)—(p+1)@2y—p+1)

Ae M — A2t
(2y —p+1)?

-0 7m X
as a3 3 ) a ,
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Theorem 6.3 If f € N))(1;\,m) and is of the form (1.1) and « is any real number, then

Al =2 2y p 12O 1)
23y —p+1) = e M(By—p+1)
Y _ 9 7 B )

wsaad<d AT Grmpr PO - pt 1O+ 1)
23y —p+1) 2Xe M3y —p+1) Xe (37— p+ 1)

A Nrll2v 1] @y—pt 1P (O+1)

2By —p+1) T 2 M3y —p+1)

where
e M (u+1)
- - A2 -1
Ae P (u+1 Ae —ut1 -
o pgmt M AN, AeraByopt ) 2yl
2y— el (2y —p+1) 2
Theorem 6.4 If§ € NJ(m;\,m) and has the form (1.1), then
e
—— if 2™ <1,
(2y—p+1)A+p) , 2By —p+1)
4 283y —p+1) a2| < 7| AZ2m 2=
——if oa2ml >,
3y—p+1

Theorem 6.5 If f € NJ(;\,m) is of the form (1.1), then

e Mp+ 1)

A2e=2M 7|2 (1 + (1= a2m-1 —
2yv—p+1

2
N2e=2M 7|2 )
2)| < .
|7—2( ) _(2’77N+1)2 4(37,M+1)2

Theorem 6.6 If § is of the form (1.1) and belongs to the class N} (7; A\, m), then

e M1+ p)T
2|72 22X . -t )
(2y —p+1)? A3y —p+1)? ’
if A< e (A2mt—1)

A2e=2M7[2|1 — 29 (1 + ‘1 —agml -

e M1+ p)T
2 -2\ 2 1 1— 2m—1 _
orpaze s ¢ ( +’ ! 2y—p+1 |)
7s(L)] = 2y —p+1)? 43y —p+1)? ’
if A2ml—1<A<A2m 41
e M1+ p)T
2, ,—2A\ 2 m—1 1 1— 2m71 _
272 A2e 2 +>‘6 |71%12n |< +‘ A R .
(2y —p+1)? 43y —p+1)? ’

if e (A2 4+1) > A,

where
2,—2X _ _\2,—2A _
A:4)\e Ty —p+1) = Ne 14+ p)(2y—p+1) and
2y —p+1)?
e M (u+1)
———— a2l
n_2)\e‘>‘r(3”y—u+1) 2y —pHl +
(29— p+1)° 2
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Concluding remarks and observations

In this paper, we investigated the estimates of the second and third Taylor-Maclaurin coefficients for

a newly introduced subclass of univalent functions. Additionally, we derived bounds for the Fekete—Szego
functional and Toeplitz determinants. The integration of Touchard polynomials further strengthens the
theoretical foundation of our work, providing a bridge between GFT and combinatorial mathematics.
The results for different subclasses can be readily obtained, as highlighted in the remarks; hence, we omit
the details. Future research may focus on refining these estimates, extending the analysis to higher-order
determinants.
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