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Outer independent {2}-domination in trees

M. Esmaeilian, J. Amjadi, M. Chellali and S.M. Sheikholeslami*

ABSTRACT: An outer independent {2}-dominating function (OI{2}D-function) of a graph G is a function
f: V(G) — {0,1,2} such that no two vertices assigned 0 under f are adjacent, and f(N[v]) > 2 for all
v € V(G), where N[v] stands for the set of neighbors of v plus v. The weight of an OI{2}D-function is the
value w(f) = B, cv (@) f(u), and the minimum weight of an OI{2}D-function of G is the outer independent {2}-
domination number 7,2} (G) of G. In this paper, we first determine the exact value of the outer independent-
{2}-domination number for perfect binary trees, an then we provide a lower bound and an upper bound for
the outer independent {2}-domination number for trees in terms of the covering number, the independence
number, the number of leaves and the number of stems (support vertices).
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1. Introduction

All graphs considered in this paper are finite, undirected and simple. Let G = (V; E) be a graph of
order |V(G)| = n. For any vertex v € V(G), the open neighborhood of v is the set N(v) = {u € V|
uwv € E(G)} and the closed neighborhood of v is the set N[v] = N(v) U {v}. For a set S C V, the open
neighborhood of S is N(S) = J,cg N(v) and the closed neighborhood of S is N[S] = N(S)U S. The
degree of a vertex v in a graph G is denoted by degs(v), or simply deg(v) if the graph G is clear from
the context. A leaf is a vertex of degree 1 and a stem is a vertex adjacent to a leaf. Note that for a
path on two vertices, both vertices can considered as stems and leaves. A stem 1is strong if it has at least
two leaf neighbors and it is weak if it has exactly one leaf neighbor. The set of leaves and stems of G are
denoted by L(G) and S(G), respectively, and let ¢(G) = |L(G)| and s(G) = |S(G)].

The distance dg(u,v) between two vertices u and v in a connected graph G is the length of a shortest
(u,v)-path in G while the diameter, diam(G), of G is the maximum distance among all pairs of vertices
in G.

We write P, for the path of order n. A tree is an acyclic connected graph. A star is the graph K 4,
with ¢ > 1, where the vertex of degree t of the star is called the center. A double star S, is a tree
obtained from two disjoint stars K , and K; s by adding an edge joining their centers. A rooted tree T
is a tree with a distinguished special vertex r, called the root. For each vertex v # r of T, the parent of v
is the neighbor of v on the unique (r,v)-path, while a child of v is any other neighbor of v. A descendant
of v is a vertex u # v such that the unique (r,u)-path contains v. We denote by C(v) and D(v) the set
of children and descendants of v, respectively and we define D[v] = D(v) U {v}. Also, the depth of v,
depth(v), is the largest distance from v to a vertex in D(v). The mazimal subtree T, at v is the subtree
of T induced by DIv].

A subset D C V is a dominating set of G if every vertex in V' — D has a neighbor in D. An independent
set is any set S C V(@) such that no edge of G has its two endvertices in S. The independence number
(@) is the maximum cardinality of an independent set in G. A wvertex cover of a graph G is a set of
vertices that covers all the edges, and the minimum cardinality of a vertex cover is the wertex cover

* Corresponding author.
2010 Mathematics Subject Classification: 05C69.

Submitted March 01, 2025. Published September 23, 2025

Typeset by BS% style.
1 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.75955

2 J. Amiapi, M. ESMAEILIAN, M. CHELLALI AND S.M. SHEIKHOLESLAMI

number denoted by S(G). Notice that the vertex cover number is sometimes called the outer-independent
domination number and denoted by 7,;(G). For a comprehensive survey of domination in graphs and its
variations, we refer the reader to [5] and [6].

A {2}-dominating function of G is a function f : V(G) — {0,1,2} such that f(N[v]) > 2 for
every vertex v € V(G). The weight of a {2}-dominating function is w(f) = f(V) = >_,cy f(v). For any
{2}-dominating function f on G, let V; = {v € V' | f(v;) = i} for i € {0,1,2}. Since these three sets
determine f, we can equivalently write f = (Vo, V1, Va). Note that w(f) = |Vi| + 2|Vz|. The concept of
{2}-dominating functions was first defined by Domke, Hedetniemi, Laskar and Fricke [3] and investigated
for example in [1], [2] and [7].

In this paper, we continue the study of a variant of {2}-dominating function recently investigated
in [4], called outer-independent {2}-dominating function defined as follows. An outer-independent {2}-
dominating function (OI{2}D-function) on a graph G is a {2}-dominating function f = (Vp, V1, V) such
that 1 is independent. The outer-independent {2}-domination number v,;(2}(G) of G is the minimum
weight of an OI{2}D-function. A v,y (G)-function f is an OI{2}D-function of G with f(V') = 7512} (G).
For the sake of simplicity, we will write OI{2}-domination number instead of outer-independent {2}-
domination number. It is worth noting that if G is a non-connected graph with components G, ..., G,
then 7,12} (G) = P Yoi{2}(G), and as a result we will only consider throughout this paper connected
graphs.

In this paper, we first determine the exact value of the OI{2}-domination number for perfect binary
trees. Then we provide a lower bound and an upper bound on the OI{2}-domination number for trees in
terms of the covering number, the independence number, the number of leaves and the number of stems.

We close this section by the following results that are useful in what follows.

Proposition 1.1 If v is a stem in a graph G, then there exists a v,iq2y(G)-function that assigns 2 to v
and 0 to every leaf neighbor of w.

Proposition 1.2 If G is an isolate-free graph, then there exists a Yoiq21(G)-function f = (Vo, V1, Vz)
such that S(G) C Vs.

Proposition 1.3 ([4]) For every integer n > 1, V,i(21(Pn) = [@-‘

2. Perfect binary trees

In this section we provide the exact value of the OI{2}-domination number for perfect binary trees.
A binary tree is an arborescence in which each vertex can have no more than 2 children. A perfect binary
tree is a binary tree in which every internal vertex has two children and all leaves have the same depth
or level, i.e. the distance from a leaf to the root is the same for any leaf of the tree. In the following,
we consider a perfect binary tree T" with root v and level k& > 0. Since the number of vertices in the
level ¢ is 2, let vy 1, ... v¢ 9 denote the set of vertices in the ¢’th level from left to right. Note that when
t =0, vg,1 is the root v of T'. Thus for level ¢ > 1, vertices v; 251 and vy 25 are the two children of v;_ .
Furthermore, for each ¢t > 1 and j € {1,2,...,2'}, let T, ; be the component of T' containing vy, ; after
the removal of the parent of v; ;. Note that if ¢ € {1,...,k — 1}, then T}, ; is also a perfect binary tree.

Now we are ready to state the following.

Theorem 2.1 For any perfect binary tree T with level k > 1,

28 322425+ 42142 if k=0 (mod 3)
Yoigoy(T) = ¢ 28 +3(20 + 23 4 ... + 2674) if k=1 (mod 3)
2k +3(2+ 24 + .- 4281 if k=2 (mod 3).

Moreover, T' has a unique voi(21(T)-function when k = 1,2 (mod 3) and T has exactly four Yooy (T)-
functions when k=0 (mod 3).

Proof: Let T be a perfect binary tree with level £ > 1, and let v be the root of T. Define on T the
following functions according to the values of k.
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(i) If £ = 0 (mod 3), then consider the four functions defined as follows: let fi(v) = 2, fi(u) = 2 for
all u such that d(u,v) =k — 1, fi(u) = 1 for all u such that d(u,v) <k — 3 and d(u,v) = 0,2 (mod 3)
and f1(z) = 0 otherwise. Let fa(vi1) = fa(vi2) = 1, fo(u) = 2 for all u such that d(u,v) = k — 1,
fa(u) = 1 for all u such that d(u,v) < k — 3 and d(u,v) = 0,2 (mod 3) and fo(z) = 0 otherwise. Let
fa(vi1) = f3(v) = 1, fas(u) = 2 for all u such that d(u,v) = k — 1, f3(u) = 1 for all u such that
d(u,v) <k —3 and d(u,v) =0,2 (mod 3) and f5(z) = 0 otherwise. Let fa(vi2) = fa(v) =1, fa(u) =2
for all w such that d(u,v) =k —1, fa(u) =1 for all u such that d(u,v) < k—3 and d(u,v) = 0,2 (mod 3)
and fy(x) = 0 otherwise.

(ii) If k =1 (mod 3), then let f(u) = 2 for all u such that d(u,v) =k — 1, f(u) = 1 for all u such that
d(u,v) <k —3 and d(u,v) =0,1 (mod 3) and f(z) = 0 otherwise.

(iii) If k = 2 (mod 3), then let f(u) = 2 for all u such that d(u,v) =k — 1, f(u) =1 for all u such that
d(u,v) <k —3 and d(u,v) = 1,2 (mod 3) and f(z) = 0 otherwise.

It is easy to verify that each of the functions defined above is an OI{2}D-function of T of weight as
indicated in the statement according to the possible values of k, thereby yielding the upper bound.

Our aim in the following is to simultaneously prove the inverse inequality and that the functions
defined previously in items (ii) and (iii) are the unique 7,23 (T')-functions for their respective values
of k and the four functions defined previously in item (i) are the only v,{2; (T)-functions when k = 0
(mod 3). We proceed by induction on k. Since the result is true when k € {1, 2,3}, establishing the base
case, let us assume that k > 4. Let f be a 7,;{2}(T)-function, and consider the following three cases.

Case 1. k=1 (mod 3).

First assume that f(v) = 0. Note that k£ > 4 and £k — 1 = 0 (mod 3). Then the function f restricted to
V(T,, ) for i € {1,2} is an OI{2}D-function of T}, ,, and thus the induction hypothesis on T, , and T, ,
leads to

w(f) =221 +327+2°+-+ 2" ) p2) =2F 431+ 22 420+ 2P 41

and the desired equality follows.
Assume now that f(v) = 1. Since one of the two children must be assigned at least 1, assume, without
loss of generality, that f(v1,1) = max{f(v11), f(v1,2)} > 1. We distinguish three situations.

1. f(Ul,l) = 2.
Since k > 4 and f is an OI{2}D-function of T' we must have f(N[vz1]) > 3, and likewise f(N[ve2]) >
3. But then reassigning vy the value 1 instead of 2 provides an OI{2}D-function of T of weight
less than w(f) leading to a contradiction.

2. f(vi,1) =1and f(vi2) = 0.
Since f is an OI{2}D-function we must have f(va3) > 1 and f(ve4) > 1 and thus the function
f1,2 is an OI{2}D-function of T, ,. If f(vz;) > 1 for some i € {1,2}, then the function f; is
an OI{2}D-function of T,, , and applying the induction hypothesis on each T} ; for i € {1,2}, we
obtain

1,1

w(f) =w(fi1) +w(fie) +1
>2(25 1 +3(27+ 2%+ + 280 +2) +1
=28 4320 423 ... 28 o,
Hence we assume that f(ve;) = 0 for each i € {1,2}, leading to f(vs,;) > 1 for each ¢ € {1,2,3,4}.

Then the function fs; is an OI{2}D-function of T,,, for i = 1,2. Using the induction hypothesis
we obtain

w(f) = w(f21) + w(fa2) + w(fi2) +2
>2(2" 7 +32+20+ - 4280 4+ (2T 4322+ 254 4 270) 4 2) 42
=2F 4320 +2% 4+ 42 41
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3. f(vi,1) =1and f(vi2) =1.

If f(ve;) > 1 for some i € {1,2} and f(ve;) > 1 for some ¢ € {3,4}, then reassigning v the value
0, provides an OI{2}D-function of T of weight less than w(f), a contradiction. Hence, without
loss of generality, we may assume that f(ve1) = f(v2,2) = 0. It follows that f(vs,;) > 1 for each
i €{1,2,3,4} and thus the function f5; is an OI{2}D-function of T, , for i € {1,2}. Now, assume
that f(vs;) > 1 for some i € {3,4}. Then the function f; 5 is an OI{2}D-function of Ty, , and as
before we get w(f) > 28 +3(20+23 4. .. 4+2F"4) 4 1. Hence we can assume that f(vq ;) = 0 for each
i € {3,4}. It follows that f(vs;) > 1 for each i € {5,6,7,8}, and thus fz, is an OI{2}D-function of
T, , for each i € {3,4}. Applying the induction hypothesis on Ty, , for i € {1,2,3,4}, we get

w(f) =w(fe1) +w(fe2) +w(fe3) +w(fee) +3
> 4282 132 +20 +. - +289)) +3
=2k 1320 423 ... 2k,

Consequently, o123 (1) = 2F 1-3(20 23 + ... 4 28=%) "and therefore the function f restricted to each
Ty,.; 18 @ Yoigay (T, )-function which is additionally unique. Hence f is a unique 7,42y (7')-function.

Finally assume that f(v) = 2. First, suppose that f(vi1) = f(vi,2) = 0. Since f is an OI{2}D-
function we have f(vq;) > 1 for each i € {1,2,3,4} and thus the function f;; is an OI{2}D-function of
T, , for each i € {1,2}. Using the induction hypothesis on Ty, ,, we get

w(f) =w(fi1) +w(fi2) +2
>2(2M 4322 + 20+ +2870) 1 2) 42
=2"+3(2° + 2%+ 4281 43,

We now suppose, without loss of generality, that f(vy11) > 1. Since f is an OI{2}D-function of T' we
must have f(v12) > 1 or f(va,;) > 1 for each i € {3,4}. Thus reassigning v the value 1, provides an
OI{2}D-function of T of weight less that w(f) leading to a contradiction.

Case 2. k=2 (mod 3).

We first note that since £ = 2 (mod 3) and k is assumed to at least 4, we have k > 5. As before, three
situations will be considered depending on f(v) € {0,1,2}. So we start by assuming that f(v) = 0. Then
the function f restricted to each T,, , for i € {1,2} is an OI{2}D-function of T, ;. Since k —1 = 1
(mod 3), we deduce by using the induction hypothesis on each T, , that

w(f)>2(2" 14302+ 28+ 42 F)) =28 32+ 2%+ 4284,

Consequently, the desired equality is obtained, that is v,(2) (1) = 2F 4-3(2+2%+- - -4+2F=4) and therefore
the function f restricted to T, , is a Yoi{2} (To, ,)-function which is additionally unique. Hence f is a
unique v,; 23 (7')-function.

Assume now that f(v) = 1. As seen in Case 1, we have max{f(v1,1), f(v1,2)} = 1. Hence, without
loss of generality, let f(v1,1) = 1. We distinguish two situations.

L. f(vip) =1and f(vi,2) =0.
As for Ttem (2) of Case 1, the function f 3 is an OI{2}D-function of T, ,. Moreover, if f(va;) > 1
for some ¢ € {1,2}, then the function fi; is an OI{2}D-function of T, , and by applying the
induction hypothesis on T} ; for each 7 € {1,2}, we obtain

w(f) =w(fin) tw(fiz) +1
>2(28 1 320+ 23+ 4280 41
=2k 32t 2t 4. g2k 1,

So now we can assume that f(ve;) = 0 for each i € {1,2}. It follows that f(vs;) > 1 for each
i €{1,2,3,4}, and thus the function fo; is an OI{2}D-function of T, , for each i € {1,2}. Now,
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using the induction hypothesis, we obtain

w(f) =w(f2,1) + w(f22) +w(f1,2) +2
>2(2F 24327 +2%+- + 280 4 2) + (2T 4320+ 20 4 4 2870)) 42
=28 4328 + 24 + ... + 2871 43

2. f(vl,l) =1 and f(’l)l,g) =1.
If f(ve,;) > 1 for some ¢ € {1,2} and f(ve,;) > 1 for some ¢ € {3,4}, then reassigning v the value
0 instead of 1 provides an OI{2}D-function of T of weight less than w(f), a contradiction. Thus,
without loss of generality, we may assume that f(vs1) = f(ve2) = 0. It follows that f(vs;) > 1
for each i € {1,2,3,4} and so the function f;; is an OI{2}D-function of T, , for each i € {1,2}.
On the other hand, if f(vs,;) > 1 for some i € {3,4}, then the function f; 2 is an OI{2}D-function
of T, , and as before we get w(f) > 2% +3(2" +2* + ... +2"=*) + 3. Hence we will assume that
f(v2;) = 0 for each i € {3,4}. It follows that f(vs,) > 1 for each i € {5,6,7,8}, and thus f,; is an
OI{2}D-function of Ty, , for each i € {3,4}. Now, applying the induction hypothesis on T, , for
each i € {1,2,3,4}, we get

w(f) =w(fo,1) +w(fo2) +w(fe,3) +w(fea)+3
>4(2" 24322+ 25+ 4 2876) 1 2) + 3
=2k 132t 2t ... 28 45,

Finally, assume that f(v) = 2. As in Case 1, we can see that f(v11) = f(v1,2) = 0. Since vertices
assigned 0 under f is an independent set, we have f(vg;) > 1 for each i € {1,2,3,4} and so the function
f1,i is an OI{2}D-function of T, , for i € {1,2}. Using the induction hypothesis on T, ,, we get

1,4

w(f) =w(fin) tw(fiz) +2
>2(28 1 +320+ 2% 4 4 275)) 42
=2k 432t 421 4. 2k 2

Case 3. k=0 (mod 3).

As with the two previous cases, we will consider three situations depending on whether f(v) € {0,1,2}.
Suppose first that f(v) = 2. As in Case 1, we can see that f(v11) = f(v1,2) = 0. Also, since vertices
assigned 0 under f is an independent set, f(ve;) > 1 for each i € {1,2,3,4}. Thus the function f; ; is an
OI{2}D-function of T,, , for i € {1,2}, and by using the induction hypothesis on Ty, ., we get

w(f) =w(fi1) +w(fi2) +2
>2(2" 432 +28 4+ +29)) + 2
=2F 4322 425 4. 2 12

1,i 1,49

Consequently, v,i(23 (1) = 2F 4+ 3(22 4+ 2% + ... +2F%) + 2. and therefore the function f restricted to
each Ty, , is a Yoi(2} (To, ;)-function which is additionally unique. Hence f is considered as one of the
Yoif2} (T')-functions. For the remaining three 7,12} (T')-functions, simply consider the assignments of the
vertices v, v1,; and vy 2 as follows: 1,1,0 or 1,0,1 or 0,1,1, respectively.

Suppose now that f(v) = 1. As in Case 1, we have max{f(vi1), f(vi2)} = 1. Without loss of
generality, let f(vy,1) = 1. We distinguish two situations.

L. f(vip) =1and f(vi,2) =0.
As for Item (2) of Case 1, the function f; 5 is an OI{2}D-function of Ty, ,. For the sequel, we start by
assuming that f(vq;) = 0 for each i € {1, 2}. It follows that f(vs;) > 1 for each i € {1,2, 3,4}, and
thus the function fs; is an OI{2}D-function of T, , for each i € {1,2} which are not v,;{23(7%,)-
functions (since by looking at Case 1, when the root is assigned 0, the weight of T, , equals
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Yoif2}(T2,i) + 1). Now, using the induction hypothesis we obtain

w(f) =w(fen) +wfz2) +w(fi2) +2
>2(28 24320+ 28 4 4280 1)+ (2K 32+ 20 -+ 2870)) 4 2
=2F +3(22+25 +... 421 4.

Henceforth, we will assume that f(ve;) > 1 for some i € {1,2}, say ¢« = 1, and consider the
following.

° f(?}gg) =0.
Clearly, f(vs,3) > 1 and f(vs.4) > 1, since no two vertices assigned 0 are adjacent. Hence fs o is
an OI{2}D-function of T, , which is not a v,42} (7%, ,)-function (based on the same argument
as above). In addition, define the function g on T, , by g(ve,1) = 2 and g(z) = f(x) for any
other vertex of T, ,. Clearly, g is an OI{2}D-function of T,, , which is not a vsi(2} (To. ,)-
function (see the corresponding situation in Case 1). Now, applying the induction hypothesis
we obtain

w(f) =w(f21) +w(fa2) +w(fi2) +1
>2(28 24320+ 2%+ 4250 + 1) + (25 432420+ 4 2F)) 41
=2k 43224254 ... 428 43

o f(va2) > 1.

If f(v2,2) = 2, then the function f5 o is an OI{2}D-function of T, , which is not a vsi12} (To. , )-
function (see Case 1, when f(v) = 2). Also, considering the OI{2}-function g on T, , as defined
for the previous item, we obtain w(f) > 2% +3(22+2%+-..+2*=4) 1+ 3. Hence, we assume that
f(v2,2) = 1. Since f(v1,2) was assumed to be at least 1, so by analogy to the previous situation
when f(vg2,2) = 2, we have to assume that f(v1,2) = 1. Now, if max{f(vs2i—1), f(vs2i)} > 1
for each i € {1,2}, then the function fy; is an OI{2}D-function of T,,, for each i € {1,2},
and by using the induction hypothesis we have

w(f) =w(f2,1) +w(fz2) +w(fi2) +2
>2(2F2 4320 + 23+ 4 2870)) - (2P 432+ 20+ 4 287F)) 42
=2F 4322425+ + 281 2.

Consequently, Vo001 (T) = 2% + 3(2% + 2° + -+~ + 287%) + 2, and therefore the function f
restricted to each T, ,, Ty, , and Ty, , is a Yoiq23 (15, ,)-function, v,i(21(7T%, ,)-function and
Yoi{2} (T, , )-function respectively, which are additionally unique. Hence f is considered as one
of the four 7,123 (T')-functions already provided above.

Henceforth we can assume in the following that max{f(vs2;—1), f(vs2;)} = 0 for some i €
{1,2}, say i = 1. Since no two vertices assigned 0 under f are adjacent, we have f(v41) > 1
and f(vgz2) > 1, and so the function f3; is an OI{2}D-function of T,,, for each i € {1,2}.
Moreover, if max{f(vs3), f(vs4)} > 1, then the function f; 2 is an OI{2}D-function of Ty, ,
and by using the induction hypothesis we obtain '

w(f) =w(fs1) +w(fs2) +w(fe2) +w(fiz) +3
> 2(2F3 4 3(22 425 4+ 26TT) 1 9) 4 (262 4 3(20 4+ 28 4. 4 2K0))
+ (232t 42t 4+ 2878)) 43
=2F 4322 +2° 4 +2F ) + 4.

Finally, we assume that max{f(vs3), f(vs4)} = 0. As seen above for f3; and f;2, we will
similarly have the functions f33 and f34 as OI{2}D-functions, and by using the induction
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hypothesis we will have

w(f) =w(fs1) +w(fsz2) +w(fsz) +w(fsa) +w(fiz) +4
>4(2" P 4322+ 28+ 428 1 2) + (28 328 42+ 4 2F70)) 44
=2"+3(22 4+ 25+ +2F%) +6.

2. f(vi,1) =1and f(vi2) = 1.

If f(ve,;) > 1 for some i € {1,2} and f(ve;) > 1 for some ¢ € {3,4}, then reassigning v the value
0 instead of 1 provides an OI{2}D-function of T of weight less than w(f), a contradiction. Hence,
without loss of generality, assume that f(va1) = f(v2,2) = 0. It follows that f(vs;) > 1 for each
i €{1,2,3,4} and so the function fs; is an OI{2}D-function of T, , but it is not a ysi12} (7o, ,)-
function for each i € {1,2} (see Case 1, when f(v) = 0). Now, if f(va3) > 1 or f(vz4) > 1, then the
function fi 2 is an OI{2}D-function of T, , which is not a 'ym{z}(Tl 2)-function (see Case 2 when
f(v) = 1). But then replacing f1 2 by a minimum OI{2}D-function provides an OI{2}D-function
of T with weight less than w(f) leading to a contradiction. Therefore, we assume that f(ve;) =0
for each i € {3,4}. It follows that f(vs,;) > 1 for each i € {5,6,7,8}, and thus fo, is an OI{2}D-
function of T, , for each i € {3,4} which is not, as above, of minimum weight. Now, applying the
induction hypothesis on T, , for each i € {1,2,3,4}, we get

w(f) = w(f2,1) + w(fo2) + w(fo3) + w(f2,a) +3
>4(2F 4320+ 2° +- 420 +1) +3
>k 4322 425 4. 42 4

Finally, assume that f(v) = 0. Since vertices assigned 0 under f are not adjacent, we must have
min { f(v1,1), f(v1,2)} > 1. Without loss of generality, assume that f(vi 1) = max{f(vi1), f(vi,2)}. First
let f(v1,1) = 2. If f(va;) > 1 for some ¢ € {1,2}, then by reassigning vy ; the value 1 instead of 2, we
obtain an OI{2}D-function on T" with weight less than w(f), a contradiction. Hence f(v21) = f(v22) = 0.
It follows that f(vs;) > 1 for each i € {1,2,3,4}, and thus fy; is an OI{2}D-function of T, , which is
not a Yoif2} (7o, )-function for each i € {1,2} (see Case 1 when f(v) = 0). But then by considering a
Yoi{2} (Tu, ; )-function instead of fy; we obtain an OI{2}D-function of 7" with weight less than w(f), a
contradiction. Thus f(v1,1) = 1 and by our earlier assumption we also have f(v;2) = 1. Since vy ; must
satisfy f(N[v11]) > 2, it follows that min{f(ve1), f(v22)} > 1 and likewise min {f(va3), f(v24)} > 1
because of f(v12) = 1. Assume, without loss of generality, that f(ve1) > 1 and f(vez) > 1. If
f(va,2) = 0, then min{f(vs3), f(vs4} > 1 and thus the function fs o is an OI{2}D-function of T, ,
which is not a 7,423 (7%, ,)-function (see Case 1 when f(v) = 0). But then considering a 7,2} (T, 2)
function instead of fao we obtain an OI{2}D-function of T of weight less than w(f), a contradiction.
Hence f(ve2) > 1, and likewise f(v24) > 1. Now, if f(ve;) = 2 for some i € {1,2,3,4}, then it follows
from k > 4 that reassigning such a vy ; the value 1 instead of 2 provides an OI{2}D-function of T with
weight less than w(f), a contradiction. Therefore, f(vq;) = 1 for each i € {1,2,3,4}. On the other
hand, if f(vs1) = f(vs2) = 0, then, since vertices assigned 0 are not adjacent, we have f(vy;) > 1 for
i €{1,2,3,4}. In this case, the function f3; is an OI{2}D-function of T, , for each i € {1,2} and by the
induction hypothesis we have

w(fe,1) = w(fs1) +w(fs2) +1
>2(2" P 4322+ 28+ 42T +2) +1
=2F"2 1320 + 28 420 ... 4280y 4o

Clearly, in this case, considering a 7,2} (T, , )-function instead of fz ; would provide an OI{2}D-function
of T' with weight less than w(f), a contradiction. Therefore, max {f(vs1), f(vs1)} > 1. It follows that fs 1
is an OI{2}D-function of T, ,, and we deduce from the minimality of f that fa1 is a vi2} (T%,., )-function
which is additionally unique. Likewise, fa; is a ¥,;{2} (T, , )-function which is additionally unique for each
i € {2,3,4}. Hence f is a one of the four v,;(2} (T')-functions already provided above. This completes the
proof. O
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3. Trees

In this section, we present two sharp bounds on the OI{2}-domination number for trees in terms of
the covering number, the independence number, the number of stems and the number of leaves. We start
by giving the following lower bound.

Theorem 3.1 For any tree T,

48(T) + 2“
3

Yoig2y (T) > {

Proof: We proceed by induction on the order n of T'. If n = 1, then clearly 3(T) = 0 and 74;12}(T) =
2> [402 ] 1fn =2, then T = Py and 7,102 (T) = 2 = | 52|, Moreover, if n = 3, then T = Py

and we have 7,21 (1) = 2 = [%3)”—‘ These establish the base cases. Let n > 4 and assume that
if 7" is a tree of order n', with n' < n, then v;o(2}(T") > [%S/)H—‘ Let T be a tree of order n. If
diam(7T") = 2, then T is a star K ,_1, where v,103(T) = 2 = [w—‘ If diam(7T") = 3, then T is a

double star S, (r > s > 1), where 7,21 (T) = 4 = [w] Hence, in the following we may assume

that diam(7") > 4, and let f be a v,{2; (T)-function.

If T has a strong stem u with at least two leaves, say u; and us, then let 7" = T —u;. By Observation
1.1, we may assume that f(u) = 2 and f(u;) = 0. Therefore, the function f restricted to 7" is an OI{2}D-
function of 7" and thus vei12} (") < Voif23 (T'). Moreover, it is easy to see that 5(T') = B(T"). Now, by
the induction hypothesis on 7" we obtain o123 (1) > Yoif2y (") > [46(7;”2—‘ = {45(?”—‘. Henceforth,
we can assume in the sequel that T has no strong stem.

Let v1vg ... v, be a diametral path in T and root T in vg. Since T has no strong stem, degp(ve) = 2
and any child of vs is either a leaf or a stem of degree 2.

First assume that degp(vs) > 3. Observe that if vs is a stem, then vs has exactly one leaf neighbor,
say w. By Observation 1.1 we can assume that f(w) = f(v1) =0 and f(v2) = f(v3) = 2. While, if vg is
not a stem, then let us be a child of v3 other than vy and u the leaf adjacent to us. Again by Observation
1.1, we assume that f(vy) = f(uz) =2 and f(vy) = f(u1) = 0. Now, consider the tree 77 =T — {v1, v2}.
In either of the above two situations, the restriction of f on T” is an OI{2}D-function on 7" of weight
w(f) — 2. Furthermore, again in either situation, it is easily observed that 3(T) = S(T") + 1. Therefore,

it follows from the induction hypothesis that 7,21 (7)) —2 = w(f) =2 > Yoig2} (T") > [w—‘ , leading

t0 Yoig2) (T) > {w—‘ +2> {%ﬁ—‘, as desired.

Hence, from now on, we assume that deg,(v3) = 2. As a result, we may assume that the maximal
subtree rooted at any child of vy with depth 2 is a path P; attached by one of its leaves at vy. Now,
assume that vy is a stem and let w be a leaf neighbor of vy. By Observation 1.1, we assume that
fw) = f(vs) = f(v1) = 0 and f(vq) = f(ve) = 2. Let T/ = T — T,,. Clearly, the restriction of f
on T" is an OI{2}D-function on 7" of weight 7,;23(T) — 2, and applying the induction hypothesis it

follows that Yeir23(T) — 2 > Yoiq23 (17) > [%/)H—‘ Moreover, since vy is a stem, vy belongs to some

B(T")-set and thus one can easily see that 3(T) = B(T") + 1. Therefore, V,i(21(T) > Yoif2y(T") +2 >

[4’6(2&_‘ +2 > {w—‘, as desired. In the following, v, is assumed to be different from a stem. If

vg has a child ws with depth 2 other than vz, then let vjwswow, be a pendant path in T. Since ws
plays the same role as v3, we have deg(ws) = deg(wy) = 2. By Observation 1.1, we may assume that
f(v2) = f(we) = 2, and thus f(v;) = f(w;) =0 for ¢ € {1,3}. Also, since no two vertices assigned 0 are
adjacent, we deduce that f(vy) # 0. Now, let T/ = T — T,,,. Clearly, the restriction of f to T’ is an
OI{2}D-function of T" with weight v,;{21(T) — 2. Also as before, one can see that §(T) = B(T") + 1.

Applying the induction hypothesis, it follows that V21 (1) > Voiq21 (1) +2 > [4B(7;)+2-‘ > {4ﬁ(€)+2—‘.

Hence, we can assume that v, has no child with depth 2 other than vs. Moreover, we recall that v, is not
a stem. Now, if degp(vs) > 4, then vy has at least two children wy and zy that are stems. Let w; and z;




OUTER INDEPENDENT {2}-DOMINATION IN TREES 9

be leaf neighbors of wy and zy, respectively. By Observation 1.1, we assume that f(ws) = f(z2) = 2 and
f(w1) = f(#1) = 0. It follows that the restriction of f to the tree T/ = T — {21, 22} is an OI{2}D-function
of T with weight 7,421 (T) — 2. Since 3(T') = B(T") + 1, it follows from the induction hypothesis that
Yoi{2} (T') = Yoiray (T)+2 > [45(7;:”2—‘ > {4ﬁ(€)+2] If degp(v4) = 3, then vy has exactly one child wy as
a stem. Let wy be a leaf adjacent to wy. By the definition of an OI{2}D-function, we have f(T},) > 5. In
this case, consider the tree 7" = T'—T,,, and define the function g on V(T") as follows: if f(T,,) = 5, then
let g(vs) = min {2, f(vs)+1} and g(z) = f(x) for x € V(T") —{vs}, while if f(T,,) > 6, then let g(vs) = 2
and g(z) = f(z) for x € V(T') — {vs}. Clearly, g is an OI{2}D-function on 7" of weight at most w(f) —4,
and thus 7,21 (T") < Yei{2} (T) —4. On the other hand, one can see that 3(T) = 8(1")+3. Now, applying

the inductive hypothesis, we obtain 7,23 (T) > Yoig2y (") +4 > [w-‘ +4 = {w-‘ +4 =

[%_‘, as desired.
From now on, we will assume that deg(vs) = 2. We distinguish the following cases.

Case 1. f(vs) =2 or f(vg) =0.

Let T" = T —T,,. It is not hard to see that 5(T") = B(T")+2, and that Z?zl f(v;) = 3. So, the restriction

of f to T is an OI{2}D-function on 7" of weight w(f) — 3. It follows from the induction hypothesis that

Yoif2) (T) > Yoif2) (T") +3 > ’745(7:; )+1—‘ +3> ’74(5(71)3*2)4&—‘ +3> ’745(€)+2—‘ )

Case 2. deg(vs) > 3 and f(vs) = 0.

Let 7" =T —T,,. Asin Case 1, (T) = B(T’) + 2 and it is easy to see that Z?:l f(v;) = 4. Also,

since no two vertices assigned 0 are adjacent, all neighbors of v5 are assigned a non-zero value, and thus

2weN(vs)—{us} f (&) = 2 because of deg(vs) > 3. Consequently, the function f restricted to 7" is an

OI{2}D-function of 7" of weight w(f) — 4 and the induction hypothesis leads to v,i12} (T") > [%1

Case 3. deg(vs) > 3, f(vs) =1 and f(vq) > 1.

If > e N(vs)—{vs} /() = 1, then the function f restricted to 7" is an OI{2}D-function of 7" = T'—T,,, of

4B(T)+2
3

weight w(f)—3 and as before we have v,;(21 (1) > { -‘ - Hence we assume that >, o n 0 )— 0,1 f(2) =

0. Therefore, vy is not a stem, and has no child (besides v4) with depth 1 and 3, and so any child of v
besides v4 has depth 2. Let z3 be a child of vs with depth 2 and let vs232921 be a path in T. Since T
has no strong stem, we have deg(z3) = 2. Also, note that z3 cannot be a stem, for otherwise it will be
assigned 2 under f. Now, if deg(z3) > 3, then all children of z3 are stems of degree two, and in this case,
we can consider the tree T” obtained from T by removing vertices z; and 2. Clearly similar situations
have been already considering yielding the desired result. Thus we can assume deg(z3) = deg(z2) = 2.
By Observation 1.1, f(z2) = 2 and f(z3) = f(z1) = 0. Let 7" = T — T,,. Then B(T") + 1 = B(T),
and the restriction of f to T is an OI{2}RDF of T" of weight w(f) — 2. As before, using the induction
hypothesis we get voi(2} (1) > {w‘s)ﬂ—‘

According to Cases 1,2, and 3, we may assume that deg(vs) = 2, f(vs) # 2 and f(vq) > 1. We
proceed by further cases.

Case 4. f(vs) =2 or f(vs) =0.

Let 7" =T — T, . It is not hard to see that 8(T) < 8(T") + 3, Z?:l f(v;) =4, and thus the restriction
of f to T is an OI{2}D-function on 7" of weight w(f) — 4. It follows from the induction hypothesis that
Yoi{2} (T') = Yoif2y (1) +4 > [%—‘ +4> [w—‘ +4= [%3)”}

Case 5. deg(vg) > 3 and f(vg) = 0.
Since f(vg) =0, f(N(vs) — {vs}) > 2. Consider the tree T’ =T — T,,., and observe that the function f
restricted to 7" is an OI{2}D-function on T" with weight w(f) — 4, leading to Yoi123 (T") +4 < Yoif23 (T).

. . . . 48(T)+2
Using the induction hypothesis, we can see as before that 7,12} (T") > [%—‘

Case 6. deg(vs) > 3 and f(vg) = 1.
Then clearly Z?Zl f(vi) = 4. Now, if }° N (ye)—{vsy /() = 1, then the function f restricted to 7" is an

OI{2}D-function of T" of weight w(f) — 4 and as before we have v,;(21 (1) > {%3”2—‘ Hence assume
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that ZweN(vg)—{vs} f(x) =0. It follows that vg has no child with depth 0, 1,3 and 4. If vs has a child z3
with depth 2, then as in Case 3, we can see that v,;(2} (1) > [w]

By the discussion before Case 3 and using Cases 4,5 and 6, we may assume that deg(vg) = 2, f(vg) # 2,
f(vs) > 1 and f(vq) > 1. First let f(vg) = 0. Then the function f restricted to T/ = T — T, is an
OI{2}D-function of 7" of weight at most w(f) — 4 and since S(T) = S(T") + 3, the desired result follows
by using the induction hypothesis. Hence assume that f(vg) = 1. Since f(vs) > 1 and Z?Zl f(vi) =3,
then the restriction of f to the tree TV =T — T, is an OI{2}D-function of 7" of weight w(f) — 3. Since
B(T) = B(T") + 2, the desired result follows by applying the induction hypothesis. This completes the
proof. O

Stars and double stars show that Theorem 3.1 is sharp.

In the next, we present an upper bound on the OI{2}-domination number for trees in terms of the
independence number, the number of stems and the number of leaves. It should be noted that in the
proof of the result that follows, relating the independence number of a tree T and the independence
number of a subtree of T" will be given without straightforward proof, but which are in fact based on the
following remark. In any tree, there is a maximum independent set that contains all leaves. Moreover,

we recall that a(P,) = [5].

Theorem 3.2 If T is a nontrivial tree of order n, then

sy (T) < | 3G E 452(T) -3,

Furthermore, this bound is sharp for stars and double stars.

Proof: Since 7,;(2)(T') is an integer, it is enough to show that for any nontrivial tree T', 7,423 (T) <

3a(D)+4s(D)=3UT) e will proceed by induction on order n > 2. If n = 2, then T = P, and Yoio(T) =

3a(72)+4s(T)736(T)
2

2 < , establishing the base case. Let n > 3 and assume that every tree T” of order n’,

with 2 < n/ < n satisfies 7,421 (T") < 3Q(T/)+4S(2T/)_3Z(T/). Let T be a tree of order n. If T is a star, then
the function that assigns 2 to the center vertex and 0 to leaves of the star is an OI{2}D-function of T'
of weight 2. Since a(T) = {(T) = n — 1 and s(T) = 1, we have v,(2}(T) = 2 = 3O‘(T)+4S§T)_3€(T). If
diam (T') = 3, then T is a double star T 2 Sy.s with » > s > 1. In this case, let u and v be the stems
of the double star having respectively r and s leaf neighbors. Then s(T) = 2,a(T) = ¢(T) = r + s and
the function that assigns 2 to v and v and 0 to the leaves of T is a *yoi{g}(T)—function of weight 4, and so
Yoig2y(T) =4 = SQ(T)+4S§T)73Z(T). Hence, we may assume that diam (7') > 4 and thus n > 5.

If T has a strong stem v, then consider the tree 7" = T — u, where u is a leaf neighbor of v. Clearly,
s(T") = s(T),£(T) = £(T") + 1 and it is easy to see that a(T) = a(T") + 1. Now if f' is an 7,421 (1")-
function such that f(v) = 2 (Observation 1.2), then f’ can be extended to an OI{2}D-function of T" by
assigning 0 to u, leading to Vo123 (T") < Voif23(1”). Applying the induction hypothesis, it follows that
Yoi2} (T) < Yoigey (T') < 3a(T )+4s(2T)73€(T) _ 3(a(T)71)+4s2(T)73(€(T)71) _ 3a(T)+4s§T)73€(T). Hence, in
the sequel, we assume that 7" has no strong stem. If A(T") = 2, then T is a path and by Proposition 1.3,

we have Y2} (T) = [221]. Since a(P,) = [2] and s(P,) = £(P,) = 2, 2E1HD30D) _ 3[5]+2 >

[%—‘, as desired. Hence suppose that 7" has maximum degree at least 3. Let z be a vertex with

maximum degree, and root T" at z.

First, assume that z is the unique vertex in T having degree at least three. Thus any other vertex
of T has degree 1 or 2. Let A = {a € C(z) | depth(z) = 0 (mod 3)}, B = {z € C(z) | depth(z) =1
(mod 3)}, C = {x € C(z) | depth () =2 (mod 3)} and set |A| = a,|B| =b,|C| = c. Clearly, a+b+c > 3
because of the degree of z. Also, since each component of T'— z is a path, let Py, ..., P, denote all paths of
T — z whose endvertices are in A. Note that P; may have order 1. Similarly, let Q1,...,Qp and W1, ..., W,
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denote all paths of T'— z whose endvertices are in B and C, respectively. Note that ¢(T) = a+ b+ ¢ and
s(T) < a+b+c. In addition, let my, = [V (Py)| + --- + |V(F,)]|, and likewise mp and m, are defined.
Also, let p, be the number of paths in {P,..., P,} whose orders are odd, and likewise we define p, and
pe. Clearly, every maximum independent set S of T' contains (@] vertices of each path H whether
P;’s, Q;’s or W;’s. Also z belongs to S if p, + py + p. = 0. Therefore, we have
a b c
V(£ V(Qi)| V(W)
oT) <Y [0+ [T+ [
i=1 i=1 i=1

< Mg + My +Me + Pa + Py + Pe

- 2
where t = 1 if p, + pp + p. = 0 and t = 0 otherwise. On the other hand, let us define the function f on
V(T) as follows:

+t,

2 ifa=b=0,
f(z)=< 0 ifa=c=0,
1 othewise,

and for any vertex x in T, f(z) = 0 if depth (z) = 2 (mod 3) and f(z) = 1, otherwise. It can be seen
that f is an OI{2}D-function on T of weight

2me 49 ifa=b=0,

3
_ 2my,+2b . o
w(f) = { 22 fa=c=0,
Zmat2mptImetat2b 4 | oiheqise
3 )

and by calculation, we can see that v,,(2} (T) = w(f) < 3O‘(T)+4S§T)73£(T).

In the following we can assume that z is not the unique vertex in T with degree at least three. Let v
be a vertex of degree at least three in 7" at maximum distance from z in the rooted tree. Clearly, every
vertex in T, besides v is of degree at most two. Now, let A; = {& € C(v) | depth (x) = i (mod 6)} for
i€{0,1,...,5} and set |4;| = a;. If v; € Ay and vvyvy. .. Vg2 is a pendant path in T, for some integer
t > 0, then consider the tree 7" = T — Ty,,. Obviously, a(T") < «(T) — 3t — 1, s(T’) = s(T) — 1 and
((T") = £(T) — 1. On the other hand, any 72} (7")-function can be extended to an OI{2}D-function of
T of weight 4t + 2 by assigning 0 to every vertex z with d(vy,2) = 2 (mod 3) and 1 to other vertices.

Now, applying the induction hypothesis on T" follows that

Yoif2} (T) < Yoigzy(T") + 4t + 2
3@+ 43(2T’) “3UT) s

3(a(T) — 3t — 1) + 4(s(T) — 1) = 3((T) — 1)

2

)

<

< 3a(T) +4s(T) — 3¢(T
— 2 b
as desired. Moreover, if v; € As and vvivs ... ve be a pendant path in T for some integer ¢ > 1, then
consider the tree 77 = T — T,,. It is clear in this case that a(T") < «(T) — 3t, s(T7) = s(T) — 1 and
((T') = £(T) — 1. Also, any 7,{23(T")-function can be extended to an OI{2}D-function of T' of weight
4t + 1 by assigning 0 to every vertex = # vy with d(v1,2) =0 (mod 3), and 1 to any other vertex of Ty, .
Using the induction hypothesis on 7" with the fact ¢ > 1, it follows that

'Yoi{Q}(T) < ’Ym‘{Q}(T/) +4t+1
< 3a(T") —|—4s(2T’) —3¢(T") a1
3(a(T) —3t) +4(s(T) — 1) = 3((T) — 1)
2
< 3a(T) + 4s(T) — 34(T)
< 5 ,

+4t+2

IN

+4t+1
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as desired. Hence, we can assume that A1 UAs = (). Now, assume that v; € A3 and let vvivs ... vgi14 be a
pendant path in T for some integer ¢ > 1. Consider the tree 7/ = T'—T,,,. Clearly, a(T") < o(T') — 3t — 2,
s(T") = s(T) — 1 and £(T") = £(T) — 1. Also, any 7,123 (T")-function can be extended to an OI{2}D-
function of T' of weight 4t + 4 by assigning 2 to v1, 0 to every vertex x with d(v1,2) =1 (mod 3) and 1 to
any other vertex of T,,. Using the induction hypothesis on 7" with the condition that ¢ > 1, we obtain

Yoi{2} (T) < Yoi{2} (T') + 4t + 4

< 3a(T") —|—4s(2T’) —30(T") a4
3(a(T) — 3t —2) +4(s(T) — 1) — 3(¢(T) — 1)
2
)

< +4t+4

3a(T) + 4s(T) — 3¢(T
2 b

<

as desired. Likewise, if we assume that v; € A4 and considering a pendant path vvivg ... vet45 in T for
some integer ¢ > 1, then for 7/ =T — Ty, we will get a(T") < a(T) — 3t — 2, s(T") = s(T) — 1,4(T") =
UT) — 1, and Yoig2}(T) < Yoig23 (1) + 4t + 4. By applying the induction hypothesis on 7" with the

3a(T)+4s§T)_3Z(T). Consequently,

condition that ¢ > 1, we obtain the desired result, that is, 701{2}( ) <
if u e A; for i € {3, 4} then we can assume that depth( )

In the next, we assume that v; € As. Consider a pendant path VU1V2 . .. Vge4+3 in T such that ¢ > 2
and let 7" =T —T,,. Clearly, o(T") < a(T) — 3t — 1, s(T") = s(T') — 1 and £(T") = ¢(T) — 1. Also, any
Yoi{2} (T")-function can be extended to an OI{2}D-function of T' of weight 4t + 3 by assigning 0 to every
vertex x # vy with d(vi,z) =0 (mod 3) and 1 to other vertices. Using the induction hypothesis on T"
with the condition that ¢ > 2, we obtain

Yoif2} (T) < Yoigzy (1) + 4t +3
3@+ 43(2T’) “3UT) s

3(a(T) — 3t — 1) + 4(s(T) — 1) = 3((T) — 1)

2

)

<

< 3a(T) + 4s(T) — 3¢(T
— 2 b
Therefore, in the sequel, if u € Ay, then we can assume that depth (u) € {2,8}. Hence if Ay # 0, let by
and by be the number of vertices in A; with depths 2 and 8, respectively.
Finally assume that v; € Ag and consider a pendant path vvivy...vg41 in T such that ¢ > 3. Let
T =T —T,,, and observe that a(T") < a(T) — 3t, s(T') = s(T) — 1 and £(T") = ¢(T) — 1. Also, any
Yoif2} (T")-function can be extended to an OI{2}D-function of T' of weight 4t + 2 by assigning 2 to vy,
0 to every vertex z with d(vi,z) = 1 (mod 3) and 1 to any other vertex of T,,. Using the induction
hypothesis on T” with the condition that ¢ > 3, we obtain

+4t+3

'YOi{Q}(T) < ’YOi{Q}(T/) +4t+2
3a(T") + 4s(T") — 3¢(T")

< 9 + 4t +2

< 3(a(T) — 3t) + 4(5(72“) —1)=3((T)—-1) 442
< 3a(T) + 4s(T) — 34(T)

< 5 :

Hence, Ay # (), then for every u € Ap, we can assume that depth (u) € {0,6,12}. Note that Ay has
at most one vertex with depth 0, for otherwise v would be a strong stem, which contradicts our earlier
assumption. Therefore, if Ag # 0, then ¢; be the number of vertices in Ay with depth i for i € {0, 6,12}.
In the following let n = a3 + a4 + by + by + ¢1 + c2 + 3, and ' = ag + a4 + ¢1 + ¢ + c3. Note that n > 2,
since deg(v) > 3.
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Let (v =)wowy - - - wi(= z) denote the vertices on the (v, z)-path in T, and consider the following two
cases.

Case 1. deg(w;y) > 3.

Let T" = T — T,. It is easy to see that «(T") < «(T) — (2a3 + 3aq4 + 2b1 + 5bs + ¢1 + 4eog + Te3),
s(T") = s(T) —n and £(T") = £(T) — n. Moreover, it can be seen that any 7,2} (7")-function can be
extended to an OI{2}D-function of T' of weight "}/Oi{g}(Tl) + 3as + 4a4 + 2by + 6by + ¢1 + 5eg + 9ces + ¢,
where t =1if ' > 1 and ¢t = 2 if ' = 0. Now, applying the induction hypothesis and the fact n > 2, we
have

'Yoi{2}(T) < 70i{2}(T/) + 3as + 4aq + 2by + 6bs + ¢4 + 5cg + 9z +
3a(T’ 4s(T") — 30(T'

ks 5(2 V= 30T7) | 5y 4 dag + 20y + 6by + 1 + 5ea + 9cs + 1

3(a(T) — (2a3 + 3aq + 2by + 5by + 1 + 4o+ Te3)) +4(s(T) —n) — 3(4(T) — n)

2

+ 3ag + 4aq + 2by + 6by + ¢ + 5o + 9c3 + t

< 30[(T) + 4S(T) - 3£(T) . as + 2(14 + 3b1 + 4[)2 + 201 + 362 + 463 — 2t

- 2 2

<

IN

Case 2. deg(w;) = 2.

Let r be a smallest index in {1,...,k — 1} such that degy(w,41) > 3. Observe that since degp(z) > 3,
such an index r exists. In this case, let 7" = T — T,, and consider a 7,2} (T")-function f. Clearly,
s(T") = s(T) —n and £(T") = ¢(T) — n. We consider the following situations.

e r = 6m for some integer m > 1.
It is easy to see that a(T") < a(T) — (2a3 + 3a4 + 2by + 5ba + ¢1 + 4c2 + Tez + 3m), and f can be
extended to a OI{2}D-function of T' of weight vy, 2y (T")+3a3+4a4+2by +6ba+-c1+5c2+9c3+4m+-t,
where t = 1ify’ > 1 and t = 2 if ' = 0. Applying the induction hypothesis and the fact n > 2, we
have

Yoii2} (T) < Yoigy (T') + 3ag + 4ag + 2b1 + 6by + ¢1 + ez + 9cs + 4m + ¢

3a(T’ 4s(T") — 30(T"
< Oé( )+ 8(2 ) ( )+3a3+4a4+2b1+6b2+c1+502+903+4m+t
S(Q(T) — (2&3 + 3ay4 + 2by + bby + ¢4 + 4eg + Tes + 3m)) + 4(8(T) - 77) - 3(1€(T) — 77)
2

—|—3a3—|—4a4—|—2b1+6b2+cl+502+903+4m+t

< 3a(T) + 4s(T) — 34(T) az +2ag +3b1 +4bo + 21 +3c2 +4des +m — 2t

- 2

<

—~

[\

3a(T) + 4s

—~~

T) — 30(T)

IA
)

e 7 = 6m + 1 for some integer m > 0.
As before, one can see that a(T") < o(T') — (2as +3a4+2b1 +5ba +c1 +4ca + Tez +3m), and f can be
extended to a OI{2}D-function of T" of weight 7,12y (1) +3a3+4as+2b1 +6bs+c1 +5c2+9c3+4m+1.
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Applying the induction hypothesis and the fact n > 2, we get

701‘{2}(T) < ’yoi{g}(T/) + 3as + 4ayq + 2by + 6by + ¢4 + 5o +9c3 +4m + 1
< 3a(T") + 4s(T") — 3¢(T")
- 2

3(a(T) — (2a3 + 3aq + 2by + 5by + ¢1 + 4ca + Tes +3m)) + 4(s(T) —n) — 3(4(T) — n)

2

+ 3ag + 4aq + 2b1 + 6by + ¢ + 5o +9c3 +4m + 1

< 3a(T) +4s(T) = 36(T")  as + 2a4 + 3b1 + 4bo + 2¢1 +3c2 +4cs +m — 2

- 2 2

3a(T) + 4s(T) — 34(T)

+ 3agz + 4a4 + 2by + 6by + 1 + 5cg +9¢c3 +4m + 1

<

<

e r = 6m + 2 for some integer m > 0.
It is easy to see that a(T") < «(T') — (2a3 + 3ayg + 2b1 + 5by + ¢4 + 4co + Tez +3m + 1), and f can
be extended to an OI{2}D-function of T" with weight v,;(21(1") + 3a3 + 4a4 + 2by + 6bz +c1 + 5c2 +
9¢c3 + 4m + 3. Now, if az > 3 or 7 —az > 1 or m > 1, then applying the induction hypothesis and
the fact n > 2, we get

Yoit2}(T) < %i{z}(T/) + 3as + 4as + 2b1 + 6b2 + c1 + 5ca + 9ez +4m + 3
< 3a(T") + 4s(T") — 3¢(T")
- 2
3(a(T) — (2a3 + 3as + 2b1 + 5ba + 1 +4ea + Tes +3m + 1)) +4(s(T) —n) — 3(4(T) —n)
2
+ 3as + 4a4 + 2by + 6bs +c¢1 + 5c2 +9c3 +4m + 3

+ 3a3 + 4as + 2b1 4+ 6b2 + c1 + 5¢c2 +9¢c3 +4m + 3

<

< 3a(T) +4s(T) = 34(T) a3 +2a4 +3b1 +4b2 +2¢1 +3c2 +4cs +m —3
- 2 2

< 3a(T) + 4s(T) — 3¢(T)

— 2 .

Hence assume that a3 < 2, m =0, n—a3 = a4 + by + b +¢1 + co + ¢c3 = 0. It follows that
az = 2 and r = 2. Let v2izi252% be a pendant path in T for i = 1,2. Let T/ = T — T,: and
consider a 7123 (T")-function f. Clearly we may assume that f(v) > 1 and so f can be extended to
an OI{2}D-function of T' by assigning the value 0 to 23 and 1 to 21,23, 2. On the other hand, we
have a(T") < a(T) — 2, s(T") = s(T) — 1 and £(T") = £(T) — 1. Applying the induction hypothesis
we get Voi{2} (T) < 3a(T)+4séT)—3£(T) )

e r = 6m + 3 for some integer m > 0.
It is easy to see that a(T") < a(T) — (2a3 + 3a4 + 2by + 5ba + ¢1 + 4eg + Tez +3m + 1), and f can
be extended to a OI{2}D-function of T" with weight 7,21 (1") 4 3az + 4ay + 2by + 6b + ¢ + 5c2 +
9c3 +4m + 2+t wheret =1if y > 1 and ¢t = 2 if y’ = 0. Applying the induction hypothesis we
have

Yoi{2} (T) < Yoi{2} (T’) + 3as + 4ay + 2by +6by + 1 +5¢o +9¢c3 +4m + 2+t
_ 3a(T’) + 4s(T") ~ 3UT")

- 2

3(a(T) — (2a3 + 3ayq + 2by + 5by + ¢1 +4ca + Tes +3m+ 1)) +4s(T) — 34(T) — 1

2

+ 3as + 4ay + 2by + 6by +c1 +5co +9c3 +4m + 2+t

< SQ(T) + 4S(T) — 3€(T) a3 + 2a4 4+ 3by + 4by + 2¢1 + 3co +4cg3 +m — 1 — 2t

- 2 2

+3a3+4a4+2b1+6b2+01+502+903+4m+2+t

<

. (3.1)

Now, if by +by > 2, then clearly the above inequalities lead to yoi2} (T') < 304(T)+455T)*34(T), Hence,
assume that by + b < 1. It follows from n > 2 that ¥ =n — (b +b2) >l andsot =1. f m > 1
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. Hence assume that
< 3a(T)+4s(T)—30(T)
i 2 .

or n—ag > 1oraz> 2, then (3.1) implies that 412} (T) < 30¢(T)+4s§T)—3€(T)

n = a3 = 2. Similar to previous item one can see that 7,2} (7T)

o r = 6m + 4 for some integer m > 0.
It is easy to see that a(T") < o(T) — (2a3 + 3ay4 + 2by + 5by + ¢1 + 4o + Tes + 3m + 2), and f can
be extended to a OI{2}D-function of T" with weight 7,2} (T") 4 3a3 + 4ay + 2by + 6ba + ¢1 + 5c2 +
9c3 + 4m + 4. Applying the induction hypothesis and the fact n > 2 we have

70i{2}(T) < ’yoi{g}(T/) + 3as + 4ay + 2by + 6bg + ¢4 + 5cg + 9ez + 4m + 4
< 3a(T") + 4s(T") — 3¢(T")
- 2

3(a(T) — (2a3 + 3aq + 2by + 5by + ¢1 +4ea + Tes +3m +2)) +4s(T) — 34(T) —n

2

+ 3as + 4ay + 2by + 6by + ¢1 + 5¢o + 9¢3 +4m + 4

< 3a(T) +4s(T) = 3U(T)  az +2as + 3by +4by + 2¢1 +3c +4eg +m — 2

- 2 2

3a(T) + 4s(T) — 34(T)

+3a3+4a4+261+662+01+562+903+4m+4

<

<

e r = 6m + 5 for some integer m > 0.
It is easy to see that a(T") < a(T') — (2a3 + 3aq + 2by + 5by + ¢1 + 4o + Tez +3m+2), and f can be
extended to a OI{2}D-function of T' of weight 7,; 2y (T")+3a3+4a4+2b1 4-6bs+c1 +5c2+9c3+4m+5.
Applying the induction hypothesis and the fact n > 2 we have

Yoi{2}(T) < Yoig2y (T") 4 3az + 4ay + 2by + 6by + ¢1 + 5ca + 9ez +4m +5
3a(T") + 4s(T") — 30(T")
2
3(a(T) — (2a3 + 3as + 2by + 5ba + ¢1 + 4ea + Tes + 3m +2)) +4s(T) — 34(T) —n

2
+3a3+4a4+2b1 +6b2+01 +562+963+4m+5
3a(T) +4s(T) = 3U(T)  asz +2a4 +3by +4bs + 2¢1 +3c2 +4eg +m — 4
2 2 '

<

—|—3a3—|—4a4+2b1—|—6b2—|—01+502+903+4m+5

<

<

(3.2)

If by +by+co+c3 > 1, then it follows from (3.2) and 5 > 2 that ’yoi{g}(T) < 3@(T)+4S§T)—3Z(T), Assume
that by +bz+ca+c3 = 0. If az > 2, then similar as in Item 3 one can see that vo(2y (') < 30‘(T)+45§T)*3Z(T) )

If ¢; + a4 > 2, then (3.2) leads to yoi23(T) < SQ(T)JFZLS;T)*?’Z(T). Hence assume that as < 1 and that
c1 + ag < 1. It follows from 1 > 2 that either a3 =c¢; =1 or ag = a4 = 1. If m > 1, then (3.2) leads to
Yoit2}(T) < 3a(T)+4s;T)*3Z(T), Hence let m = 0. First let a3 = ¢; = 1. Then T, is a path of order 6. say
Ps = z1292324vz. Let T' =T — {21, 29, 23, 24} It is easy to see that a(T") < o(T) — 2, s(T7) = s(T) — 1
and ((T") = £(T')—1. On the other hand, any 7,;{2} (T")-function with f(v) > 1 (note that such a function
exists by Observation 1.1), can be extended to an OI{2}D-function by assigning the value 1 to 21, 22, 24
and 0 to z3. Applying the induction hypothesis on 7", it follows that 7,21 (7)) < 3a(T)+4S§T)73Z(T).
Henceforth, we assume that a3 = a4 = 1. Then T, is a path of order 10, say Pig = u1uUsU3U4v2122232425.
Let T/ =T — {22, 23, 24, 25 }. 1t is easy to see that a(T") < a(T) — 2, s(T") = s(T) and £(T") = ¢(T). On
the other hand, any v,;{2)(7")-function with f(z;) > 1 (which actually exists), can be extended to an
OI{2}D-function by assigning the value 1 to 29, 24, 25 and 0 to z3. Applying the induction hypothesis on

T', we get Yoif2}(T) < 30‘(T)+452(T)73Z(T)‘ This completes the proof. O
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