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Some Inequalities Concerning to the Polar Derivative of a Polynomial with Restricted
Zeros

Idrees Qasim and Sivaramakrishnan Chinnakali

abstract: In this paper, we establish some results concerning the polar derivative of a polynomial whose
zeros all lie inside or outside a circle of radius k, where k ≤ 1. Our results not only refine certain prior
inequalities related to polar derivatives of polynomials but also generalize several well-known polynomial
inequalities.
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1. Introduction

Let Fn denote the space of complex polynomials f(z) :=
n∑

j=0

ajz
j of degree n ≥ 1. If f ∈ Fn, then

concerning the estimate of |f ′(z)| on the unit circle, we have the following well-known result:

max
|z|=1

|f ′(z)| ≤ nmax
|z|=1

|f(z)|. (1.1)

Inequality (1.1) was found by Bernstein [3] (see also [18]). If we consider the class of polynomials f ∈ Fn

having no zero in |z| < 1, then the bound in inequality (1.1) can be considerably improved. In fact, Erdös
conjectured and later Lax [9] verified that if f ∈ Fn and f(z) ̸= 0 for |z| < 1, then inequality (1.1) can
be replaced by

max
|z|=1

|f ′(z)| ≤ n

2
max
|z|=1

|f(z)|. (1.2)

Inequality (1.2) was further improved by Jain [7] who proved that, if f ∈ Fn and f(z) ̸= 0 in |z| < 1,
then for every complex number β, |β| ≤ 1,∣∣∣∣zf ′(z) + n

β

2
f(z)

∣∣∣∣ ≤ n

2

{∣∣∣∣1 + β

2

∣∣∣∣+ ∣∣∣∣β2
∣∣∣∣}max

|z|=1
|f(z)|. (1.3)

Inequality (1.1) can be seen as a special case of following inequality which is also due to Bernstein [4].

Theorem A. Let F ∈ Fn having all zeros in |z| ≤ 1 and f(z) be a polynomial of degree at most n such
that |f(z)| ≤ |F (z)| for |z| = 1, then

|f ′(z)| ≤ |F ′(z)| for |z| ≥ 1. (1.4)
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In particular, if p(z) does not vanish in |z| < 1, then

|p′(z)| ≤ |q′(z)| for |z| ≥ 1, (1.5)

where q(z) = znp(1/z).
Inequality (1.4) is sharp and equality holds if f(z) = eiγF (z) for some γ ∈ R.
Inequality (1.1) can be obtained from inequality (1.4) by taking F (z) = Mzn, where M = max

|z|=1
|f(z)|.

Malik and Vong [13] generalized inequality (1.4) and with the same hypothesis as in Theorem A, they
proved ∣∣∣∣zf ′(z)

n
+ β

f(z)

2

∣∣∣∣ ≤ ∣∣∣∣zF ′(z)

n
+ β

F (z)

2

∣∣∣∣ (1.6)

for |z| = 1 and for every β satisfying |β| ≤ 1, whereas Jain [6] proved that for |z| = 1,∣∣∣∣f ′(z)

n

∣∣∣∣+ ∣∣∣∣F (z)

2

∣∣∣∣ ≤ ∣∣∣∣F ′(z)

n

∣∣∣∣+ ∣∣∣∣f(z)2

∣∣∣∣.
An inequality for minimum modulus was obtained by Aziz and Dawood [1]. It states:
If p(z) is a polynomial of degree n which has all zeros in |z| ≤ 1, then

min
|z|=1

|p′(z)| ≥ n min
|z|=1

|p(z)|. (1.7)

For any complex number α consider the operator Dα which maps a polynomial f(z) of degree n into

Dαf(z) := nf(z) + (α− z)f ′(z).

The operator Dαf(z) is known as polar derivative of f(z) with respect to α. Dαf(z) is a polynomial of
degree at most n− 1 and it generalizes the ordinary derivative in the sense that

lim
α→∞

Dαf(z)

α
= f ′(z).

Now for a polynomial f(z) of degree n and for complex numbers α1, α2, ..., αt, 0 < t < n, we construct a
sequence of polar derivatives

Dα1f(z) = nf(z) + (α1 − z)f ′(z)

Dα2Dα1f(z) = (n− 1)Dα1f(z) + (α2 − z)(Dα1f(z))
′

DαtDαt−1 ...Dα1f(z) = (n− t+ 1)Dαt−1 ...Dα1f(z) + (αt − z)(Dαt−1 ...Dα1f(z))
′.

The points α1, α2, ..., αt; t = 1, 2, ..., n − 1 may be equal or unequal. The tth polar derivative ft(z) :=
Dαt

Dαt−1
...Dα1

f(z) of f(z) is a polynomial of degree at most n− t with f0(z) = f(z).

Aziz and Shah [2] extended inequality (1) to the jth polar derivative of a polynomial and obtained several
sharp inequalities concerning the maximum modulus of the polar derivative of the polynomial. In fact
they proved:

Theorem B. If f(z) is a polynomial of degree n. Then for complex numbers α1, α2, ..., αt with |αi| ≥ 1,
1 ≤ i ≤ t < n, we have

|ft(z)| ≤ n(n− 1)(n− 2)...(n− t+ 1)|α1α2 . . . αt||z|n−1 max
|z|=1

|f(z)| for |z| ≥ 1.

The inequality is sharp and equality holds for f(z) = Mzn, where M = max
|z|=1

|f(z)|.

There have been many recent papers concerning the polar derivative of polynomials; see [11,14,15,16,17]
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and the references therein.

NOTATIONS
From now onward we will use the following notations:

St
0f(z) := f(z).

St
1f(z) := Dα1f(z) +Dα2f(z) + ...+Dαtf(z) =

t∑
i=1

Dαif(z).

St
2f(z) := Dα1

Dα2
f(z) +Dα2

Dα3
f(z) + ... =

t∑
1=i<j

Dαi
Dαj

f(z).

St
3f(z) :=

t∑
1=i<j<k

Dαi
Dαj

Dαk
f(z).

...

St
tf(z) := DαtDαt−1 ...Dα1f(z) = ft(z).

nt := n(n− 1)(n− 2)...(n− t+ 1), n0 = 1,

ξ := α1α2 . . . αt

and
Aαt := (|α1| − k)(|α2| − k)...(|αt| − k).

In this paper, we prove some results concerning to the polar derivative of a polynomial. Some results
are deduced which provide refinement of inequalities (1.5) and (1.7).

2. Main Results

In this section we state our main results. Our first result is central to this paper.

Theorem 2.1 Let F ∈ Fn having all zeros in |z| ≤ k, where k ≤ 1 and f(z) be a polynomial of degree
m(≤ n). If |f(z)| ≤ |F (z)| for |z| = k, then for all real or complex numbers β with |β| < 1 and αi with
|αi| ≥ k, 1 ≤ i ≤ t < n, and |z| ≥ k∣∣∣∣zt t∑

i=0

(n−m)t−iS
t
if(z) +

β

(1 + k)t
ntAαtf(z)

∣∣∣∣ ≤ ∣∣∣∣ztFt(z) +
β

(1 + k)t
ntAαtF (z)

∣∣∣∣. (2.1)

The result is sharp and equality holds for f(z) = eiγF (z), γ ∈ R.

As a generalization of inequality (1.4) to the tth polar derivative one would expect an inequality of the
form

|ft(z)| ≤ |Ft(z)| for |z| ≥ 1.

However, from Theorem 1 we get more refined inequality. In fact from inequality (2.1) for β = 0 and
k = 1, we get ∣∣∣∣ t∑

i=0

(n−m)t−iS
t
if(z)

∣∣∣∣ ≤ ∣∣∣∣Ft(z)

∣∣∣∣ for |z| ≥ 1.

If we take F (z) = M(z/k)n, where M = max
|z|=k

|f(z)| in Theorem 1, we get the following result:
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Corollary 2.1 If f(z) is a polynomial of degree m, then for real or complex numbers αi with |αi| ≥
k, 1 ≤ i ≤ t < n, k ≤ 1, m ≤ n and β with |β| < 1,∣∣∣∣zt t∑

i=0

(n−m)t−iS
t
if(z) +

β

(1 + k)t
ntAαt

f(z)

∣∣∣∣
≤ nt

|z|n

kn

∣∣∣∣ξ + β

(1 + k)t
Aαt

∣∣∣∣max
|z|=k

|f(z)| for |z| ≥ k. (2.2)

The result is sharp and equality holds for f(z) = M(z/k)n, where M = max
|z|=k

|f(z)|.

Remark 2.1 If α1 = α2 = ... = αt = α, then on dividing both sides of inequality (2.2) by |α|t and
letting |α| → ∞, we get a generalization of a result due to Jain [8].

If α1 = α2 = ... = αt = α, then on dividing both sides of inequality (2.1) by |α|t and letting |α| → ∞,
we get the following generalization of inequality (1.6).

Corollary 2.2 Let F ∈ Fn having all zeros in |z| ≤ k, k ≤ 1 and f(z) be a polynomial of degree m(≤ n).
If |f(z)| ≤ |F (z)| for |z| = k, then for all real or complex number β with |β| < 1 and 1 ≤ t < n, we have∣∣∣∣ztf (t)(z) +

β

(1 + k)t
ntf(z)

∣∣∣∣ ≤ ∣∣∣∣ztF (t)(z) +
β

(1 + k)t
ntF (z)

∣∣∣∣ for |z| ≥ k.

From Theorem 1, we also get the following result:

Corollary 2.3 Let p ∈ Fn, p(z) ̸= 0 in |z| < k, k ≤ 1 and q(z) = (z/k)np(k2/z), then for real or complex
numbers αi with |αi| ≥ k, 1 ≤ i ≤ t < n and β with |β| < 1, we have∣∣∣∣ztpt(z) + β

(1 + k)t
ntAαt

p(z)

∣∣∣∣ ≤ ∣∣∣∣ztqt(z) + β

(1 + k)t
ntAαt

q(z)

∣∣∣∣ for |z| ≥ k.

Inasmuch as, f(z) is a polynomial of degree m ≤ n, taking in particular f(z) = (z/k)n min|z|=k |F (z)| in
Theorem 1, we get the following corollary:

Corollary 2.4 If F (z) is a polynomial of degree n having all its zeros in |z| ≤ k, k ≤ 1 then for complex
numbers αi, β with |αi| ≥ k, 1 ≤ i ≤ t < n, |β| < 1 and |z| ≥ k,∣∣∣∣ztFt(z) +

β

(1 + k)t
ntAαt

F (z)

∣∣∣∣ ≥ nt
|z|n

kn

∣∣∣∣ξ + β

(1 + k)t
Aαt

∣∣∣∣ min
|z|=k

|F (z)|. (2.3)

If α1 = α2 = ... = αt = α, then on dividing both sides of inequality (2.3) by |α|t and letting |α| → ∞,
we get the following generalization of a result due to Dewan and Hans [5].

Corollary 2.5 If F (z) is a polynomial of degree n, having all its zeros in |z| ≤ k, k ≤ 1, then for any
real or complex number β with |β| < 1,∣∣∣∣ztF (t)(z) +

β

(1 + k)t
ntF (z)

∣∣∣∣ ≥ nt
|z|n

kn

∣∣∣∣1 + β

(1 + k)t

∣∣∣∣ min
|z|=k

|F (z)| for |z| ≥ k.



Inequalities Concerning Polar Derivative of a Polynomial 5

From Corollary 3 and Lemma 4 (to be mentioned later), we obtain the following generalization of in-
equality (1.3) to the tth polar derivative of a polynomial and to the polynomials which does not vanish
in |z| < k, k ≤ 1.

Corollary 2.6 If p ∈ Fn and p(z) ̸= 0 in |z| < k, k ≤ 1 then for complex numbers αi, β with |αi| ≥
k, 1 ≤ i ≤ t < n, |β| < 1 and for |z| = k,∣∣∣∣ztpt(z) + β

(1 + k)t
ntAαt

p(z)

∣∣∣∣
≤ nt

2

{∣∣∣∣ξ + β

(1 + k)t
Aαt

∣∣∣∣+ ∣∣∣∣zt + β

(1 + k)t
Aαt

∣∣∣∣}max
|z|=k

|p(z)|. (2.4)

The following result can also be deduced from Theorem 1:

Corollary 2.7 Let F ∈ Fn having all zeros in |z| ≤ k, where k ≤ 1 and f(z) be a polynomial of de-
gree m(≤ n). If |f(z)| ≤ |F (z)| for |z| = k, then for all real or complex numbers β, αi with |β| < 1,
|αi| ≥ k, 1 ≤ i ≤ t < n and for |z| ≥ k,∣∣∣∣ ztnt

t∑
i=0

(n−m)t−iS
t
if(z)

∣∣∣∣+ ∣∣∣∣ Aαt

(1 + k)t
F (z)

∣∣∣∣ ≤ ∣∣∣∣ ztnt
Ft(z)

∣∣∣∣+ ∣∣∣∣ Aαt

(1 + k)t
f(z)

∣∣∣∣.
We next prove the following result:

Theorem 2.2 If p(z) is a polynomial of degree n which does not vanish in |z| < k, k ≤ 1, then for
complex numbers β, αi with |β| < 1, |αi| ≥ k, 1 ≤ i ≤ t < n and |z| ≥ k,∣∣∣∣ztpt(z) + β

(1 + k)t
ntAαtp(z)

∣∣∣∣+ nt

{
|z|n

kn

∣∣∣∣ξ + β

(1 + k)t
Aαt

∣∣∣∣− ∣∣∣∣zt + β

(1 + k)t
Aαt

∣∣∣∣} min
|z|=k

|p(z)|

≤
∣∣∣∣ztqt(z) + β

(1 + k)t
ntAαt

q(z)

∣∣∣∣, (2.5)

where q(z) = (z/k)np(k2/z).

The inequality is sharp and equality holds for f(z) = eiγF (z), where γ ∈ R.

Using Lemma 4 in Theorem 2, we get the following result:

Corollary 2.8 If p(z) is a polynomial of degree n which does not vanish in |z| < k, k ≤ 1, then for
complex numbers β, αi with |β| < 1, |αi| ≥ k, 1 ≤ i ≤ t < n and |z| ≥ k,∣∣∣∣ztpt(z) + β

(1 + k)t
ntAαtp(z)

∣∣∣∣ ≤ nt

2

[{
|z|n

kn

∣∣∣∣ξ + β

(1 + k)t
Aαt

∣∣∣∣+ ∣∣∣∣zt + β

(1 + k)t
Aαt

∣∣∣∣}max
|z|=k

|p(z)|

−
{
|z|n

kn

∣∣∣∣ξ + β

(1 + k)t
Aαt

∣∣∣∣− ∣∣∣∣zt + β

(1 + k)t
Aαt

∣∣∣∣} min
|z|=k

|p(z)|
]
. (2.6)

If t = 1, Corollary 8 gives refinement of a result due to Liman et al. [12].

If α1 = α2 = ... = αt = α, then on dividing both sides of inequality (2.8) by |α|t and letting |α| → ∞,
we get the following:
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Corollary 2.9 If p ∈ Fn such that p(z) ̸= 0 for |z| < k, k ≤ 1, then for any β with |β| < 1 and |z| ≥ k,∣∣∣∣ztp(t)(z) + β

(1 + k)t
ntp(z)

∣∣∣∣ ≤ nt

2

[{
|z|n

kn

∣∣∣∣1 + β

(1 + k)t

∣∣∣∣+ ∣∣∣∣ β

(1 + k)t

∣∣∣∣}max
|z|=k

|p(z)|

−
{
|z|n

kn

∣∣∣∣1 + β

(1 + k)t

∣∣∣∣− ∣∣∣∣ β

(1 + k)t

∣∣∣∣} min
|z|=k

|p(z)|
]
.

Remark 2.2 For t = 1, Corollary 9 gives generalization of a result due to Dewan and Hans [5].

Taking α1 = α2 = ... = αt = α, then on dividing both sides of inequality (2.5) by |α|t and letting
|α| → ∞, we get the following result:

Corollary 2.10 If p ∈ Fn and p(z) ̸= 0 in |z| < k, k ≤ 1, then for complex number β with |β| < 1 and
|z| ≥ k,∣∣∣∣ztp(t)(z) + β

(1 + k)t
ntp(z)

∣∣∣∣+ nt

{
|z|n

kn

∣∣∣∣1 + β

(1 + k)t

∣∣∣∣− ∣∣∣∣ β

(1 + k)t

∣∣∣∣} min
|z|=k

|p(z)|

≤
∣∣∣∣ztq(t)(z) + β

(1 + k)t
ntq(z)

∣∣∣∣,
where q(z) = (z/k)np(k2/z).

Taking β = 0, t = 1 in Corollary 10, we obtain the following refinement of inequality (1.5).

Corollary 2.11 If p ∈ Fn and p(z) ̸= 0 in |z| < k, k ≤ 1, then for |z| ≥ k,

|zp′(z)|+ n
|z|n

kn
min
|z|=k

|p(z)| ≤ |zq′(z)|. (2.7)

In particular for |z| = k, we get

|p′(z)|+ n

k
min
|z|=k

|p(z)| ≤ |q′(z)|.

We end this section by noting that, it is natural to ask as to what happens to Theorem 2 if we let all the
zeros to be in |z| ≤ k. Our next Theorem answers the same question:

Theorem 2.3 If p(z) is a polynomial of degree n having all zeros in |z| ≤ k, k ≤ 1, then for complex
numbers β, αi with |β| < 1, |αi| ≥ k, 1 ≤ i ≤ t < n and |z| ≥ k,∣∣∣∣ztpt(z) + β

(1 + k)t
ntAαt

p(z)

∣∣∣∣− ∣∣∣∣ztqt(z) + β

(1 + k)t
ntAαt

q(z)

∣∣∣∣
≥ nt

{
|z|n

kn

∣∣∣∣ξ + β

(1 + k)t
Aαt

∣∣∣∣− ∣∣∣∣zt + β

(1 + k)t
Aαt

∣∣∣∣} min
|z|=k

|p(z)|,

where q(z) = (z/k)np(k2/z).

For β = 0, t = 1, we get the following result:

Corollary 2.12 If p(z) is a polynomial of degree n having all zeros in |z| ≤ k, k ≤ 1, then for complex
number α with |α| ≥ k and |z| = k,

|Dαp(z)| − |Dαq(z)| ≥
n

k
(|α| − k) min

|z|=k
|p(z)|. (2.8)
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Remark 2.3 If we divide both sides of inequality (2.8) by |α| and let |α| → ∞, we get the following
inequality.

|p′(z)| − |q′(z)| ≥ n

k
min
|z|=k

|p(z)|. (2.9)

The above inequality provides generalized refinement of inequality (1.7).

3. Lemmas

For the proofs of these theorems we need the following lemmas. The first Lemma is due to Ahmad
Zireh [19].

Lemma 3.1 If p(z) is a polynomial of degree n having all zeros in |z| ≤ k, k ≤ 1, then for all αi with
|αi| ≥ k, 1 ≤ i ≤ t < n, we have

|pt(z)| ≥
nt

(1 + k)t
Aαt |p(z)| for |z| = 1.

The next lemma is due to Laguerre [10, p.38].

Lemma 3.2 If all the zeros of an nth degree polynomial f(z) lie in a circular region C and ω is any zero
of Dαf(z), then at most one of the points ω and α may lie outside C.

Lemma 3.3 If F ∈ Fn, f(z) is a polynomial of degree m ≤ n and H(z) = µf(z)− F (z), where µ is an
arbitrary number, then

Ht(z) = µ

t∑
i=0

(n−m)t−iS
t
if(z)− Ft(z).

Proof:

In order to prove the result we use mathematical induction on t. Since F (z) is a polynomial of degree
n and f(z) is a polynomial of degree m(m ≤ n), therefore, µf(z)− F (z) is a polynomial of degree n and
hence by definition of polar derivative, we have for any real or complex number α1,

Dα1
H(z) = Dα1

{µf(z)− F (z)}
= n{µf(z)− F (z)}+ (α1 − z){µf(z)− F (z)}′

= µ{(n−m)f(z) +mf(z) + (α1 − z)f ′(z)} − {nF (z) + (α1 − z)F ′(z)}
= µ{(n−m)f(z) +Dα1

f(z)} −Dα1
F (z).

= µ

1∑
i=0

(n−m)1−iS
1
i f(z)− F1(z).

Hence the result is true for t = 1. Except for one value α′
1 (say) of α1, Dα1

H(z) will be a polynomial of
degree (n− 1). Let us take any α1(̸= α′

1) and fix it up. Thus Dα1
H(z) is a polynomial of degree (n− 1),
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so that for any arbitrary number α2, we have

Dα2
Dα1

H(z)

= Dα2
[µ{(n−m)f(z) +Dα1

f(z)} −Dα1
F (z)]

= (n− 1)[µ{(n−m)f(z) +Dα1
f(z)} −Dα1

F (z)]

+ (α2 − z)[µ{(n−m)f(z) +Dα1
f(z)} −Dα1

F (z)]′

= µ[(n−m){(n− 1)f(z) + (α2 − z)f ′(z)}+ (n− 1)Dα1
f(z) + (α2 − z)(Dα1

f(z))′]

− [(n− 1)Dα1
F (z) + (α2 − z)(Dα1

F (z))′]

= µ[(n−m)(n−m− 1)f(z) + (n−m){Dα1
f(z) +Dα2

f(z)}+Dα2
Dα1

f(z)]

−Dα2
Dα1

F (z).

= µ

2∑
i=0

(n−m)2−iS
2
i f(z)− F2(z).

Hence the result is true for t = 2.
Assume that the result is true for k < t, we prove the result for k + 1. Except for one value α′

k (say) of
αk, Dαk

Dαk−1
...Dα1H(z) will be a polynomial of degree (n− k). Let us take any αk(̸= α′

k) and fix it up.
Thus Dαk

Dαk−1
...Dα1

H(z) is a polynomial of degree (n− k), so that for any arbitrary number αk+1, we
have

Hk+1(z) = Dαk+1
Hk(z)

= (n− k)Hk(z) + (αk+1 − z)H ′
k(z)

= (n− k)

(
µ

k∑
i=0

(n−m)k−iS
k
i f(z)− Fk(z)

)

+(αk+1 − z)

(
µ

k∑
i=0

(n−m)k−iS
k
i f(z)− Fk(z)

)′

= µ

(
k∑

i=0

(n−m)k−i(n−m− k + i)Sk
i f(z) +

k∑
i=0

(n−m)k−i

(
(m− i)Sk

i f(z)
))

+µ

(
(αk+1 − z)

k∑
i=0

(n−m)k−i(S
k
i f)

′(z)

)
− Fk+1(z)

= µ

(
k∑

i=0

(n−m)k+1−iS
k
i f(z) +

k∑
i=0

(n−m)k−iDαk+1
Sk
i f(z)

)
− Fk+1(z)

= µ

(
k∑

i=0

(n−m)k+1−iS
k
i f(z) +

k+1∑
i=1

(n−m)k−(i−1)Dαk+1
Sk
i−1f(z)

)
− Fk+1(z)

= µ

(
(n−m)k+1f(z) +

k∑
i=1

(n−m)k+1−i)

(
Sk
i f(z)

+Dαk+1
Sk
i−1f(z)

)
+Dαk+1

Sk
kf(z)

)
− Fk+1(z)

= µ

(
(n−m)k+1f(z) +

k∑
i=1

(n−m)k+1−iS
k+1
i f(z) + Sk+1

k+1f(z)

)
− Fk+1(z)

= µ

(
k+1∑
i=0

(n−m)k+1−iS
k+1
i f(z)

)
− Fk+1(z).

This proves that the result is true for k + 1 also. Hence by the principal of mathematical induction we
conclude that the result is true for all t, 1 ≤ t < n. 2
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Lemma 3.4 If p(z) is a polynomial of degree n, then for complex numbers β, αi with |β| < 1, |αi| ≥
k, k ≤ 1, 1 ≤ i ≤ t < n and |z| ≥ k,∣∣∣∣ztpt(z) + β

(1 + k)t
ntAαt

p(z)

∣∣∣∣+ ∣∣∣∣ztqt(z) + β

(1 + k)t
ntAαt

q(z)

∣∣∣∣
≤ nt

{
|z|n

kn

∣∣∣∣ξ + β

(1 + k)t
Aαt

∣∣∣∣+ ∣∣∣∣zt + β

(1 + k)t
Aαt

∣∣∣∣}max
|z|=k

|p(z)|,

where q(z) = (z/k)np(k2/z).

Proof:

Let λ be an arbitrary number with |λ| > 1 and M = max|z|=k |p(z)|, by Rouche’s Theorem all the

zeros of the polynomial g(z) := p(z) + λM(z/k)n lie in |z| < k, k ≤ 1, so that h(z) := (z/k)ng(k2/z) =
q(z) + λM will have all zeros in |z| > k and |h(z)| = |g(z)| for |z| = k. Therefore, for any arbitrary
number δ with |δ| < 1, the polynomial δh(z)+g(z) has all its zeros in |z| < k, k ≤ 1 and hence by Lemma
1, for all αi with |αi| ≥ k, i = 1, 2, ..., t, (t < n) and for |z| ≥ 1, we have

ntAαt |δh(z) + g(z)| ≤ (1 + k)t|zt(δht(z) + gt(z))|.

Since, |αi| ≥ k, for i = 1, 2, ...t, by Lemma 2 the polynomial δht(z) + gt(z) has all its zeros in |z| < k.
By Rouche’s Theorem for any real or complex number β with |β| < 1, the polynomial (1+k)tzt(δht(z)+
gt(z)) + ntAαt

β(δh(z) + g(z)) has all its zeros in |z| < k. Equivalently, for |z| ≥ k

δ{(1 + k)tztht(z) + ntAαt
βh(z)}+ {(1 + k)tztgt(z) + ntAαt

βg(z)} ̸= 0.

Note that |δ| < 1, hence we have for |z| ≥ k,∣∣(1 + k)tztht(z) + ntAαt
βh(z)

∣∣ ≤ ∣∣(1 + k)tztgt(z) + ntAαt
βg(z)

∣∣ . (3.1)

Replacing values of h(z) and g(z) in inequality (3.1) and then using Lemma 3, we get for |z| ≥ k,∣∣∣∣(1 + k)tztqt(z) + ntAαt
βq(z) + λnt{(1 + k)tztM +AαtβM}

∣∣∣∣
≤
∣∣∣∣(1 + k)tztpt(z) + ntAαtβp(z) +

λ

kn
nt{(1 + k)tα1α2...αtM +AαtβM}zn

∣∣∣∣. (3.2)

By choosing a suitable argument of λ on the right hand of equation (3.2) which is possible by Corollary
1, we get for |z| ≥ k,∣∣∣∣(1 + k)tztqt(z) + ntAαt

βq(z)

∣∣∣∣− |λ|nt

∣∣∣∣(1 + k)tzt +Aαt
β

∣∣∣∣M
≤ |λ|

kn
nt

∣∣∣∣(1 + k)tα1α2...αt +Aαt
β

∣∣∣∣M |zn| −
∣∣∣∣(1 + k)tztpt(z) + ntAαt

βp(z)

∣∣∣∣.
Letting |λ| → 1, gives the required result.

2
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4. Proofs of the Theorems

Proof: [Proof of Theorem 1] Since by hypothesis, |f(z)| ≤ |F (z)| for |z| = k, any zero of F (z) that
lies on |z| = k is also zero of f(z). Hence, for any real or complex number λ with |λ| < 1, it follows
by Rouche’s Theorem, that the polynomial H(z) := λf(z) − F (z) has all its zeros in |z| ≤ k, k ≤ 1.
Therefore, applying Lemma 1 to the polynomial H(z), we have for |z| ≥ 1

ntAαt
|H(z)| ≤ (1 + k)t|ztHt(z)|. (4.1)

Since H(z) has all its zeros in |z| ≤ k, k ≤ 1 and |αi| ≥ k, 1 ≤ i ≤ t < n, by Lemma 2, the poly-
nomial Ht(z) has all its zeros in |z| ≤ k. Hence, for any real or complex number β with |β| < 1, it
follows from inequality (4.1) by direct application of Rouche’s Theorem that the polynomial G(z) :=
(1 + k)tztHt(z) + βntAαt

H(z) has all its zeros in |z| ≤ k. Applying Lemma 3 to the polynomial G(z), it
follows that

G(z) := λ

{
(1 + k)tzt

t∑
i=0

(n−m)t−iSif(z) + βntAαtf(z)

}
−{(1 + k)tztFt(z) + βntAαt

F (z)} ̸= 0

for |z| ≥ k. Since |λ| < 1, we conclude that for |z| ≥ k,∣∣∣∣zt t∑
i=0

(n−m)t−iSif(z) +
β

(1 + k)t
ntAαt

f(z)

∣∣∣∣ ≤ ∣∣∣∣ztFt(z) +
β

(1 + k)t
ntAαt

F (z)

∣∣∣∣.
This completes the proof of Theorem 1.

2

Proof: [Proof of Corollary 7] Since all zeros of F (z) lie in |z| ≤ k, k ≤ 1, by Lemma 1 for complex
numbers αi, β with |αi| ≥ k, 1 ≤ i ≤ t < n, β with |β| < 1 and for |z| ≥ k,

|ztFt(z)| >
nt

(1 + k)t
Aαt |β||F (z)|.

Hence we can choose argument of β such that∣∣∣∣ztFt(z) +
β

(1 + k)t
ntAαt

F (z)

∣∣∣∣ = ∣∣∣∣ztFt(z)

∣∣∣∣− ∣∣∣∣ β

(1 + k)t
ntAαt

F (z)

∣∣∣∣. (4.2)

Using triangle inequality on the left hand side and equation (4.2) on the right hand side of inequality
(21), we obtain∣∣∣∣zt t∑

i=0

(n−m)t−iSif(z)

∣∣∣∣− |β|
∣∣∣∣ Aαt

(1 + k)t
ntf(z)

∣∣∣∣ ≤ ∣∣∣∣ztFt(z)

∣∣∣∣− |β|
∣∣∣∣ Aαt

(1 + k)t
ntF (z)

∣∣∣∣.
Letting |β| → 1, gives us the required result.

2

Proof: [Proof of Theorem 2] Since p(z) does not vanish in |z| < k, q(z) = (z/k)np(k2/z) has all its zeros
in |z| ≤ k, hence applying Corollary 3, we have for all β, αi with |β| < 1, |αi| ≥ k, 1 ≤ i ≤ t < n and
|z| ≥ k, ∣∣∣∣ztpt(z) + β

(1 + k)t
ntAαtp(z)

∣∣∣∣ ≤ ∣∣∣∣ztqt(z) + β

(1 + k)t
ntAαtq(z)

∣∣∣∣. (4.3)
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Let m′ = min|z|=k |p(z)|. If p(z) has all zeros in |z| = k, then m′ = 0 and the result trivially follows form
inequality (4.3). Therefore, we suppose that all the zeros of p(z) lie in |z| > k, k ≤ 1, so that m′ > 0.
Further let λ be an arbitrary number satisfying |λ| < 1. Consider the polynomial g(z) := p(z) − λm′.
Sincem′ ≤ |p(z)| for |z| = k, by Rouche’s Theorem, g(z) does not vanish in |z| < k, so that the polynomial
h(z) = (z/k)ng(k2/z) = q(z) − λm′(z/k)n has all zeros in |z| < k and |g(z)| = |h(z)| for |z| = k. Hence
applying Theorem 1, we have for all β, αi with |β| < 1, |αi| ≥ k, 1 ≤ i ≤ t < n and |z| ≥ k,∣∣∣∣ztgt(z) + β

(1 + k)t
ntAαt

g(z)

∣∣∣∣ ≤ ∣∣∣∣ztht(z) +
β

(1 + k)t
ntAαt

h(z)

∣∣∣∣.
Substituting values of h(z) and g(z), we have for |z| ≥ k,∣∣∣∣ztpt(z) + β

(1 + k)t
ntAαtp(z)− λm′nt

(
zt +

β

(1 + k)t
Aαt

) ∣∣∣∣
≤
∣∣∣∣ztqt(z) + β

(1 + k)t
ntAαtq(z)−

λznm′

kn
nt

(
ξ +

β

(1 + k)t
Aαt

) ∣∣∣∣. (4.4)

Since q(z) has all zeros in |z| < k, k ≤ 1, choosing a suitable argument of λ in inequality (4.4), which is
possible by Corollary 4, we have for |z| ≥ k,∣∣∣∣ztpt(z) + β

(1 + k)t
ntAαtp(z)

∣∣∣∣− |λ|m′nt

∣∣∣∣zt + β

(1 + k)t
Aαt

∣∣∣∣
≤
∣∣∣∣ztqt(z) + β

(1 + k)t
ntAαtq(z)

∣∣∣∣− |λ||zn|m′

kn
nt

∣∣∣∣ξ + β

(1 + k)t
Aαt)

∣∣∣∣.
Letting |λ| → 1, we get the desired result.

2

Proof: [Proof of Theorem 3] Let m′ = min|z|=k |p(z)| and µ be any arbitrary number with |µ| < 1, then
by Roucher’s Theorem the polynomial T (z) = p(z) + µm′(z/k)n has all zeros in |z| ≤ k. Moreover, for
W (z) = (z/k)nT (k2/z) = q(z) + µm′, where q(z) = (z/k)np(k2/z), |W (z)| ≤ |T (z)| for |z| = k. Hence
using Theorem 1, we get∣∣∣∣ztWt(z) +

β

(1 + k)t
ntAαt

W (z)

∣∣∣∣ ≤ ∣∣∣∣ztTt(z) +
β

(1 + k)t
ntAαt

T (z)

∣∣∣∣.
Substituting the values of T (z) and W (z), we obtain∣∣∣∣ztqt(z) + β

(1 + k)t
ntAαtq(z) + µnt

(
zt +

β

(1 + k)t
Aαt

)
m′
∣∣∣∣

≤
∣∣∣∣ztpt(z) + β

(1 + k)t
ntAαtp(z) +

µntz
n

kn

(
ξ +

β

(1 + k)t
Aαt

)
m′
∣∣∣∣. (4.5)

Inasmuch as p(z) has all zeros in |z| ≤ k, choosing argument of µ on the right hand side of equation (4.5)
which is possible by Corollary 4, we obtain∣∣∣∣ztqt(z) + β

(1 + k)t
ntAαt

q(z)

∣∣∣∣− |µ|nt

∣∣∣∣zt + β

(1 + k)t
Aαt

∣∣∣∣m′

≤
∣∣∣∣ztpt(z) + β

(1 + k)t
ntAαt

p(z)

∣∣∣∣− |µ|nt|z|n

kn

∣∣∣∣ξ + β

(1 + k)t
Aαt

∣∣∣∣m′.

Letting |µ| → 1, gives us the required result. 2
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