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Interpolation Error with the PCD Method on 3D-Composite Grid

Ahmed Tahiri

ABSTRACT: In this article, we present the interpolation error (the discretization error) with the PCD method
in 3D order on composite grid. As in 2D order, for all function/distribution that is locally H?2, the discretization
error (interpolation error) has an O(h)-convergence rate independently of the presence or not of the local mesh
refinement. Here, we prove that the present method has the same O(h)-convergence rate on 3D-composite grid.
In addition, its properties still valid in 3D order, namely the discrete versions of the Friedrichs inequalities
and the trace inequality.
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1. Introduction

The PCD (piecewise constant distributions) method is a discretization technique of the boundary value
problems in which the unknown distribution and its derivatives are represented by piecewise constant
distributions but on distinct meshes. It has the advantage of producing the most sparse stiffness matrix
resulting from the approximate problem. The aim of the PCD method is to produce a best accuracy
with lower computational cost. With this method we can introduce a local mesh refinement without the
use of the slave nodes. In this way, no interpolation is performed between the nodes of the interface
boundary (the interface boundary is the intersection between the refined zone and the remaining part
of the domain). Avoiding such interpolation, the resolution of the resulting linear system by iterative
methods, even if it is very large, is not difficult because we use a suitable preconditioning technique
for this discretization. The local refinement gives a better precision, locally and globally, with lower
computational costs particularly if the considered problem has an anomaly. For diffusion equations see
for example [4,5,6,16]. Using the PCD method we refer to [10,11,12,13,14,15].

For the boundary value problems in the case of the diffusion equation, the error analysis and the error
estimate are usually based on the use of the Bramble-Hilbert Lemma. Introducing local mesh refinement,
some authors use the Bramble-Hilbert Lemma and an inequality, known by II'in’s inequality, in order to
give an error estimate on a strip around the interface boundary, see for example R. D. Lazarov et al.
[6,8].

With the PCD method, the error estimate is similar to that proposed by the other methods with the
same regularity conditions (the smoothness of the needed solution). Our error analysis is based on the
use of Sobolev imbedding theorems and the use of local approximations of functions.
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The PCD method has the advantage, compared with other discretization methods, of producing the
most compact discrete stencil. Essentially, it does not make use of the so-called slave nodes that appear
in some finite element discretizations with local mesh refinement. Particularly, the graph of the discrete
matrix turns out to be the grid itself of the mesh used for the unknown distribution.

In this work, we present the discretization method in 3D order on composite grid, we recall that a
composite grid is a grid with local refined zone. The manner in which the interface boundary will be
manipulated and the discrete properties are also considered. Next, we study the discretization error
(the interpolation error), with the PCD method, and the convergence of the presented operators. In
subsequent paper we will discuss the discretization of the diffusion equations on 3D-composite grid and
its convergence.

2. The PCD Discretization
2.1. Discretization of the domain

We consider the domain of study a bounded open set of R? denoted by 2. We denote by I' = 9Q the
boundary of the domain 2. The principle of the PCD method is given in three steps. First, we split )
into M rectangular parallelepiped elements €2, such that:

M
Q=J%, Q%nNQ=0 if k#¢.
=1

Second, we define different sub-meshes on each element €2, to represent elements of H'(2) and their
derivatives. We denote the representation of v € H'(f2) by v, and the representation of its partial
derivatives ;v (i =1, 2, 3) by Op; vp (i =1, 2, 3).

Third, we require that the discrete representations v, of elements v in H*(2) must be continuous
across the elements boundaries.

Thus, if an element €2, has a common side with another element €, one must have that vp|q, = vila,
for all vertices of this side.

In each regular element (rectangular parallelepiped elements), vy, is a piecewise constant distribution
with 8 values which correspond to the nodal values of vy, at the vertices of this element. The operators
Oni (i =1, 2, 3) will be finite difference quotients taken along the edges of the element faces.

The values of 9p; v, (i =1, 2, 3) are obtained by a finite difference quotient between the value of vy,
at a vertex and the value of v, at the opposite vertex in the i-direction of this element.

We have shown in A. Tahiri [13] that the optimal local refinement rate is 2, in the case of 2D
discretization. Then, we introduce a local mesh refinement by subdividing the elements of the zone to
be refined by the ratio 2 in each direction i. e. each coarse element is subdivided by 8 fine elements. The
process defined previously on the regular elements still valid for the fine elements.

With the PCD method we can introduce a local mesh refinement without the use of the slave nodes.
In this way, no interpolation is performed between the nodes of the interface boundary (the intersection
between the coarse zone and refined zone). To avoid this interpolation which will create the slave nodes
we neglect the existence of the irregular nodes in the direction where we will approach the derivative.

At the interface boundary, such local mesh refinement produce irregular elements, that are coarse
elements with an irregular (refined) face. Figure 1 illustrates an example of (z2, x3)—irregular element,
i. e. element having a refined face in (x2, z3)—plan. On the same figure the dashed lines represent the
zones where vy, has a constant values.

In each irregular element, vy, is a piecewise constant distribution with 13 values (denoted vp; @ =
1,..,13) including 9 on the irregular (refined) face of this element and the 4 remaining are the values at
the regular face (the opposite of the refined face) of this element. The values of dp;vp, (i = 1, 2, 3) are
obtained by a finite difference quotient between these values and the neighboring value in the i-direction.

If in one direction, we do not find nearest neighbor of a node (both are located on the same grid line),
we will neglect this node that has no neighbor in the desired direction, in the aim to avoid the slave
nodes.

The principle of local mesh refinement with the PCD method is that we neglect the existence of the
irregular nodes in the direction where we will approach the derivative.
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Note that the interface boundary is reduced to a face of refined zone at (x;, x;)-plan, then the
problem will be posed for the approximation of the derivative in k-direction, where i, j, k € {1, 2, 3} and
i #J# ke

In this work, since the derivatives and their analyzes are similar, we limit the presentations and the
proofs only for the 1-direction.

More precisely, in the case of the shown example on figure 1, an (x2, x3)—irregular element. The
irregular nodes are located in the face (x2, 3). All its 13 nodal values contribute to get the values of
Onivp, (i =2, 3). But in the z1—direction only the values of vy, at the vertices 1, 2, 4, 5, 11, 12, 9 and 13
that contribute to get the dp1v; values. We neglect the existence of the irregular nodes, here the values
at the nodes 3, 7, 10, 6 and 8.

The representation Opivp, of the partial derivative dyv is defined by the following values, according
the example illustrated on figure 1.

Uh2 — Un1
h1 ’

Vh4a — Uhs

(On1vn )2 = i

(Oniop )1 =

Uh9 — Up13 Up11 — Vhl12

hl ’ hl
But for the derivatives in 2o and x3 directions all values contribute to define the approximate derivative.
for example, the values of the approximate derivative in x5 direction are given as follow :

(On1vn )3 = (Onivp)a =

Uhs — Uhl Uh12 — Uh13

(On2vn )1 = I . (Ohaup )2 = i
Vh3 — Up2 Vh4 — U3 Vh7 — Uh6
9 = s T U2y — Um0y S
(Onzvn)s = == (On2vn)s = == (On2vn)s = ===
Unh8 — Un7 Vh10 — VUh9 Vh11 — Uh10
B = s T U = U0 Z U — UhlL — Ynio
(On2vn)e = === (On2vn)7 0.5 % hy (On2 vn)s 0.5 % hy
12 "
h3 ”””””””””” i
,,,,,,,,,,,,,,,,,,,, 8 :
77777777777777777777 C 10
5 4 :
,,,,,,,,,,,,,,,,,,,,,, *7
h: § ’ 5
777777777777777777777 3 e
,,,,,,,,,,,,,,,,,,,, ‘ 6
X2 X3
1 h: 2 ‘Z X1

Figure 1: Irregular element having a refined face in (x2, x3)-plan

2.2. The PCD Spaces

The further handling and analysis of our discretization method require appropriate notation for the
various spaces involved, which we introduce now.

We denote by Hpg (respectively Hp; (i = 1,2, 3)) the subspace of L?(Q) of the piecewise con-
stant distributions used to define globally v;, the approximation of an element v of H(Q) (respectively
Onivn, © =1, 2, 3 the approximation of its derivative).
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The meshes used to define the above approximations (vy and O; vy, ¢ = 1, 2, 3) define themselves cells
in which these approximations are constants.

We denote the cells of these meshes by Qy;, £ € J;, i =0, 1, 2, 3 respectively. The measures of these
cells will be denoted by |Qy; |, ¢ =0, 1, 2, 3.

The elements are denoted by €y, £ € J = {1,...,M} (M is the number of elements). We similarly
denote the cells of the Hpg-mesh by Qg with £ € Jo = {1,..., N} where N is the number of the grid
nodes. It is important to note that each node of the mesh may be uniquely associated with a cell of
Hpp-mesh. We therefore denote them by Ny, £ € Jy.

We further denote by Hj, the space Hpg equipped with the inner product:

(Ohivn, Oniwp ) (2.1)
1

3
(vn, wp)n = (vh, wp) +

3

and its associate norm is denoted |.||s, and ||.|lo,o (or simply ||.|| if there is no confusion) denotes
the norm of L?(€)). In this paper, we use the standard notation for Sobolev spaces [1] for norms and
semi-norms.

We denote by h the mesh size defined by h = max(hy), ¢ € J, where hy = diam (), ¢ € J and
we denote by hg1, hgo and hys, the length, the width and the height of the element 2.

We note that, with the PCD discretization, for any pair of nodes of the mesh we can find a path connecting
these nodes (succession of mesh grid segments). Then, that Jp; v, has the following property:

Q
[ owndn = (@ - Py =123 (2:2)
P
for any pair of nodes {P, Q} of the mesh.

We sometimes need to assume that the discretization is regular. We hereby mean that there exist positive
constants C7, Cy > 0 independent of h such that:
Cih < hey he, hes

ClhBS‘QéoL|Q€1|7‘Q€2|7|Q€3|<C2h3; EGJZ‘,Z.:O,17273 (24)

IN

Csh forall £ € J (2.3)

The notation C' is used throughout this work to denote a generic positive constant independent of the
mesh size.

3. Properties and Interpolation

3.1. Discrete Properties of the PCD Discretization

The PCD discretization has properties which represent a discrete version of the Friedrichs inequalities and
the trace inequality. Using property (2.2), we have prove these properties in the case of 2D discretization,
the process used in the proof still valid in the case of 3D, see A. Tahiri [12,14]. Then, we can write:

Lemma 3.1 Let Q be a bounded polyhedral domain in R3. Then, there exists a constant C > 0, inde-
pendent of h such that:

1/2
lon lln < C (18 vn 1> + | Bna on 112 + | Ona v |12 + om %) > ¥ on € Hy, - (3.1)
Lemma 3.2 Let Q be a bounded polyhedral domain in R3. Then, there exists a constant C > 0, inde-
pendent of h such that:
/ (@) ds = |lonl% < C llunl Voo € Hy, . (3.2)
r

We note that lemmas 3.1 and 3.2 are important for proving the uniform coercivity of the approximate
boundary value problems. This uniform coercivity implies that the resulting linear system has a positive
definite stiffness matrix.
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3.2. Interpolation Error

As usual, the interpolation error (the discretization error) that can be obtained depends on the
regularity of v, an element of H*(§2). Here, we assume that v € H%(Q). In this case, v is continuous
on © and its nodal values are well defined. We denote by v, the nodal value of v at the grid point
¢ = (Tg1, Te2, Te3). We can then define its interpolant v; in Hj through the nodal values:

’U[(Ng) = ’U(Ng) for all nodes Ny, ledy. (33)
It means that vy|q,, = v(Ny) for all nodes Ny, £ € Jy.

since the derivatives and their analyzes are similar, we limit the presentations and the proofs only for the
1-direction.

By x;, we denote the right neighbor in 1-direction of x, if it exists.

By 7h; we denote the L?-orthogonal projection from L2(§2) onto Hp; (i =0, 1, 2, 3).

For any v € H?(Q2), we let 7, v denote the element of Hj, determined by r,0v € Hpg. Its values in
Hpi (i =1, 2, 3) are defined by ;i (rpov) (i = 1, 2, 3).

We call r;, the L?—orthogonal projection on Hy,, which is Hyo with the norm ||. || .

For all v € H?(Q), the interpolant v; in Hyg is defined by (3.3).
For all v € H%(Q), see for example Brezzi and Fortin [3] and Douglas et al. [7], we have

v — rov]] < Chlvli < Chljv|z2a (3.4)

and,
||817) — rhi(aiv) || S Ch |8iv|1’g S Ch ||U||2’Q (izl, 2, 3) (35)

where rp,; is the L?-orthogonal projection onto Hy;, (i =1, 2, 3).
rho v is defined by :

1
(rpov)e = —— vlx)de , VLeJp (3.6)
Q0] Sy,
Similarly, rp;(9; v) are defined by :
1
(’I“hi(aiv))gi: 8Zv(x)da: s VieJ; (izl, 2, 3) (37)
Qi | Ja,

Lemma 3.3 Let Q be a rectangular parallelepiped bounded open in R3 | for all v in H*(Q) and for all
d (3 < d <6), there exists a constant C' > 0 ( independent of h), such that:

Qayp = ‘(T‘ho’u)g — ’Ugl S Ch|Q¢Q|_1/d H’U”Wl,d(Qw) 5 VQ@(), {e J() (38)

(Ve — ve)
/1

0 = (Thlal ’U)gl — < Ch|le |_1/2|| v ||2)Q“ , VQu,leJ. (3.9)

where vy, respectively ve,, the value of v at the node x,, respectively ;.

Proof: First note that by Sobolev imbedding theorem, if v € H?(Q2) then also v € W 4(Q) for all d
such that (3 < d < 6), then (3.8) is well defined.

Since, v € H?(Q2), the restriction of v to Qg , respectively Qg , belongs to H?(Qy) , respectively H?(Qy1) .
The space C?( Qqp) , respectively C?( Q) , is dense in H?(2) , respectively H?(Qy) , it is sufficient to
prove (3.8) in C?( Q) and (3.9) in C?( Q).

Taylor expansion gives on a closed domain K , for all z,z¢ € K:

1
v(z) = v(xo) + /0 V()(tz + (1 —t)xo)(x — zo) dt (3.10)
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v(r) = wv(xo)+ Vu(zg) - (x — x0)
1
/0 H)(tx 4+ (1 —t)zp)(x —x0) - (x —xo) (1 — ) dt (3.11)

where H(v)(x) denotes the Hessian matrix of v at point x.
Taylor expansion (3.10) gives for all €y with xg =z, and Va € Qyp :

1 1
(rhv)e= ve + o /Qw / V()(tz + (1 —t)xe)(x — x¢) dt dx

Since |z —x¢| <h Vze Qg

ap=[(rpv)e —ve| < IQeol /Q / Ytz + (1 — t)zy)| dt dz
20

By using the change of variable z =tz + (1 — t)xy, then dz = t3dx.
We denote by Q,} the transformation of Qg by such a change of variable, since this change of variable
is convex, then Q,5 C Qo and |Q,] < t3|Qp|. Then

St 3 dtdz
|Qeo /Qw / 2| Xa,

where X , is the characteristic function of Qb -

Holder's 1nequahty for d such that (3 < d < 6) and d', (3 + 5 = 1) gives:

Ch 1 1/d ; 1/d
ap < —— (/ |V(v)(2) | dz> < / X ¢ t=3d dz) dt
|QEO ‘ 0 Qo Qo ©

Ch , ol ,
< 1ol | Qe 4 / 84 =3 gy
| Qo | 0

1
< Ch Qo™ v lwragaw) / =3/ dt
0

< Ch Qo ™% vllwracaw) since d > 3

Now, we consider the proof of (3.9):
For all defined Qy; , using (3.11) for (z = xp, 29 = x) and for (z = x¢p, 20 = ), Vo € Qy, subtracting
one from the other:

(v(zer) — v(@e)) = V() - (208 — T0) + PrE — D2

where

by = /O H(v)(txe + (1 — )) (0 — @) - (we —2) (1 — ) dt

oo = [ H@tres + (1= 02)wep =) - (=) (1 = D)

integrating over y1:

Vo(z) (xer — x¢) de — (veg — vp)

(pee — ¢o) dx

Qal Ja, ’ma Qu
since (z¢p — x¢) = (he1, 0,0) then,

Vou(z) - (g — x¢) = her O v(x)
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1
< dz +/ d9€>
her| Q1] </le | fee] Q |94

One may write since Then |z — 24| < hp Vze Qpn

Therefore

(vep —vy)

0, —
/1 hél

(rhnidiv)a —

1
/ | d¢| dz < Ch2 / / |Hw)(txe+ (1 —t)z)| (1 — t)dtde
Qll le 0

and

1
/ | ep| de < Chf, / / |H(v)(tzep + (1 —t)z) | (1 — t)dtdz
Qil le 0
Using the change of variable z = tx, + (1 — )z, then dz = (1 — t)3da:
/ | de| dx < C’hz1 / ‘Xm (1—1t)" 2dtdz
921 Qél
where, 0/, is the transformation of Q1 by this change of variable, and X, is the characteristic function

21
of Q.
With the Cauchy — Schwarz inequality, and since | Q5 | < (1 — )% | Q4 |, we obtain:

1 1/2 1/2
[ edar < e [ ([ meera) ([ e) om0z
Qo1 0 Qo1 Qe 0

1
|2 |12 / L- 08D 24 < Ch2 19012 o]l

The same can be written for ¢yp , whence it follows that:

v — v _
Oo1 = ’(Thlalv)él - (M;me)’ < Ch|Qn |7 vl -

We can prove the following lemma that gives the global interpolation error (the discretization error).

Lemma 3.4 Let Q be a rectangular parallelepiped bounded open of R3, for all v € H?(Q) and for all d
(3 < d < 6), there exists a constant C > 0 (independent of h), such that:

=3
lo = orlP+ ) 100 = dnivr > < Ch* ol q (3.12)

i=1

Proof: One may write for rpov and vy

I rov = vr 50 = > Il mho
Jo

=Y [Qolof
Jo

< CR2> 7 Q00 7 (0131 1aga,)
Jo

1/q 2/d
< on? <Z |Qm|<1—(z/d))q> <Z | v szél/fd (Q0) )

Jo

using Holder's inequality for d/2 and ¢ with 2 + % =1 = q(1-(2/d)) =
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1—(2/d) 2/d
Irhov — vr o < CH? (Zmzo > (Z 10115 10 (20 )
Jo

Jo
2

1-(2/d) 1/d
[rhov — v llpo < Ch? <Z|Qeo |) <Z 10115 1.4 (62,0 )
Jo

Jo

2
< OR? Q39 (Z ||v|§,szm> < CR|vlq
Jo

using Sobolev embedding theorem: H? — W14 with (3 <d < 6).
Triangular inequality and (3.4) give : ||v — vr[*? < Ch? [[v]35q
Let us now bound the error of the derivatives ||0;v — Op;vr|,i = 1,2,3. We present the proof for

the case ¢ = 1 since the proofs for the two other cases are similar.
Using (3.9), we can write for r,101v and Opivy

|7h1 O1v — Opavr ||20Q = Z | 7h1 O1v — Oparvr HQO,Q“
J1
Then
Irm &0 = dmvr b = D [Qal (0a)
J1
< cn (Z ||U|227Q“> < CR? vl
J1
Triangular inequality and (3.5) give : [[G1v — Opvr || < Ch ||v]20 O

4. Concluding Remarks

The main issue of the present work is the presentation of the PCD discretization in 3D order on
composite grid. To keep this presentation as simple as possible, this method was only formulated for
rectangular parallelepiped bounded open, because the choice of the appropriate meshes is rather simple.

Staying still with rectangular meshes we have investigated the question of feasibility of introducing
local mesh refinement without slave nodes. The main question to solve here was to prove the convergence
of this discretization and to estimate its convergence rate.

Our conclusion is that, for all function/distribution that is locally H?, the discretization error (in-
terpolation error) has an O(h)-convergence rate independently of the presence or not of the local mesh
refinement. This convergence rate shows that there is always convergence of the presented discretization
in the case where the distributions belong to H*.

In subsequent paper we will discuss the diffusion problem on 3D-composite grid and its convergence
with the PCD method. We will present a new error analysis that is not based on the use of the Bramble-
Hilbert lemma.
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